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Abstract. The aim of this paper is to provide a stability analysis for models with a general
structure and mass action incidence; which include stage progression susceptibility, differential
infectivity as well, and the loss of immunity induced by the vaccine also. We establish that
the global dynamics are completely determined by the basic reproduction number Rg. More
specifically, we prove that when Rg is smaller or equal to one, the disease free equilibrium is
globally asymptotically stable; while when it is greater than one, there exist a unique endemic
equilibrium. We also provide sufficient conditions for the global asymptotic stability of the
endemic equilibrium.
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1. Introduction

Infectivity or infectiousness can vary greatly in time for diseases that progress
through a long infectious period. Among infected and infectious persons, ameliora-
tion of the disease state can occurs. It can result from a host’s immune action or
more commonly from treatment. On the other hand, heterogeneity in the sensitive
host population can be the result of many factors such as genetic variations, social
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behaviors, immunization states. For instance, the hepatitis B vaccine is gradually
effective, according to the number of doses of vaccine already taken. As a result,
vaccinated people can still contract the disease and susceptibility varies during
the vaccination process. There have been several studies of models with a general
structure including variable infectiousness and infectivity. But little study on the
importance of variable susceptibility.

The global dynamics of a mathematical model for infectious diseases, which
progress through separate steps, with various degrees of infectivity in infected hosts
and possibility of improving was analyzed in [5]. The structure of this model can
deal with various complex interactions between different classes of infectiousness.
It can handle models with different classes of latency and infectiousness. Thus, this
model encompassed the deterministic stage progression model in [4] and therefore
the ones in [7]. Note that difference in susceptibility was not considered in [5].

In [6], compartmental differential susceptibility models in a general setting were
considered. Homogeneous infectiousness of infected individuals was assumed, so
that they were aggregated into one group of infected individuals. On the other
side, the susceptible population was divided into multiple subgroups according to
the susceptibility of individuals in each group. It was assumed that there was no
flow between susceptibles subgroups. That is to say, each susceptible individual
remained in his group until he is infected. In addition, the influx was supposed to
be distributed into all the subgroups of susceptibles. Modified versions of models in
|6] were studied in |2]. Therein, the infectiousness was considered non homogenous.
Indeed, infected individuals were supposed to progress through distinct states of
the disease. Moreover in [2]|, based on the ages of susceptible persons, a model in-
cluding a stage progression (with flow among the susceptible compartments) among
five classes of susceptible individuals was formulated to describe the dynamics of
Hepatitis B virus infection.

Stage progression susceptibility models were also formulated to describe the dy-
namic of Hepatitis B virus infection in [9, 14]. Actually, in order to complete the
vaccination process against Hepatitis B, three or four doses must generally be taken
several times, and there are fixed time intervals between two successive doses. In
these both papers, the differentiation in susceptibility therefore resulted from the
fact that people who have not completed the vaccination process may still con-
tract the disease. Considering the time to obtain immunity and the possibility to
be infected before. However, they are less susceptible to develop the infection than
fully susceptible persons. Such consideration was also present in [10, 12, 13], in
which the efficiency of vaccine was assumed to be non-complete. It should be noted
that, contrary to assumption that the vaccine induces immunity for life as regarded
in |9, 14|, some authors considered that immunity further to vaccination was not
permanent when modelling the transmission of Hepatitis B virus [8, 18|.

In this work, we consider stage progression susceptibility models in a general
setting. We suppose that the influx is distributed in the subgroups of susceptible
people, and we take into account flows between the infected and infectious com-
partments. In fact the model is constructed so that it encompasses the models in
[2, 5,9, 18]. Since it is presented in a general setting we add hypotheses for biolog-
ical soundness. Our goal is to establish the global dynamics of the general model.
The organization of the paper is as follows. In the next section, we derive a stage
progression differential susceptibility and infectivity epidemic model that extends
and generalizes the model in 9] in the absence of vertical transmission. We formu-
late a general differential susceptibility and infectivity epidemic model of which the
form can be taken by the proposed model. Also, we establish its basic properties
in section 3. Thereafter, in section 4, a simple formula for the basic reproduction
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ratio Ry is given, the global stability of the disease free equilibrium when Ry < 1 is
proven and the existence and uniqueness of an endemic equilibrium when Ry > 1 is
established. In section 5, we provide the expression of the disease free equilibrium
of the proposed model, also some conditions under which its endemic equilibrium
is globally asymptotically stable. Finally the work is summarized in section 6.

2. A stage progression susceptibility model with differential susceptibility

Suppose an infectious disease spreads in a population. Assume there is a vaccine
against the infection and that the vaccine-induced immunity does not last life-
long. Suppose infected individuals are completely removed or isolated, or that they
acquire lifelong total immunity after recovery. Assume, as it is generally consid-
ered, the infectiousness is independent of the susceptible classes. Furthermore, the
susceptible individuals are taken into account on the basis of their inherent sus-
ceptibilities. In fact, the total host population is partitioned into : n groups of
susceptible individuals S;, i = 1,2,...,n; m groups of infectious/infected individ-
uals I, j = 1,2,...,m; a group for successfully vaccinated persons V'; a group for
individuals who are removed from the infection process R.

Investigating transmission dynamics is our main interest. Hence we neglect de-
mographic effects in the population. Assume that a constant influx A is distributed
into the n groups of susceptible people, such that A; enter the group S;,i =1,--- | n,
and > Ay = A. Forany i, 1 <i<n—1,0; >0, denotes the progression rate
from the group 5; to the group S;y1. Only individuals in the group S, can get the
status of vaccinated at a rate m. Vaccinated persons lose their immunity and return
to the group S, at a rate 0. As a matter of fact, for some diseases a boost dose of
the vaccine is often necessary after a period has elapsed.

We model new infections using the mass-action law. «; €]0;1], i = 1,--- ,n,
denotes the susceptibility of persons in the class S; and 5; > 0, j = 1,--- ,m,
the infectiousness of persons in the class I;. Hence, 3;; := «;3; is the transmission
rate of I; for S;. As soon as susceptibles in a group S;, are infected, they enter the

infection group I; with infection rate \; := Z;n:l Bij1;. Thus the total incidence
is given by A := > | A;S;. From the group I; they progress through a series of
stages I, j = 2,--- ,m, with the possibility of recovering at the rate v; > 0 at each

stage. For 1 < j < m —1, k; > 0 denotes the progression rate from the jth stage to
the (j + 1)th stage, and 6,41 > 0 denotes the amelioration rate from the (j + 1)th
stage to the jth stage. Furthermore, infected individuals from the group I,,_o can
directly progress to the group I,,, at a rate k/,_, > 0, and those in the group I,
can directly return in the group I,,—2 at a rate §/, > 0.

Moreover we take into account the differences between the death rates. Thus, for
i = 1,---,n, pu; denotes the death rate of the class S;; and for j = 1,--- ,m, v;
denotes the one of the class I;. Besides, p, and p, are respectively the death rates of
peoples in compartments V' and R. The population transfer among compartments
is schematically depicted in the transfer diagram in Figure 1. The parameters are
gathered in Table 1. For convenience, we set m —2=¢, m—1=p and m = f,
in order to get closer to the notations used in [9]. In that paper, a compartmental
model is proposed to study the propagation of the hepatitis B virus. One of the
novel features of that model is that the population of carriers is divided into four
groups, denoted (E), (C), (P) and (F).

Finally, we assume that the biologically relevant hypotheses H; and Hs that
follow are satisfied [2]. Notice that the accessibility is defined here according to the
graph theory.
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e H; : Any "susceptible" compartment is accessible from a "susceptible" com-
partment with recruitment.

e H5 : Any infected-infectious compartment is accessible from at least one
compartment which is an "entry-point" for infection.

Vil¢

Figure 1. Diagram transmission of a general model with one vaccinated class, one removed
class, n susceptible classes and m infected/infectious classes. The transitions between the
compartments (C), (P) and (F) in [9] justify the triangular shape in this transfer diagram.

The transmission dynamics of infection are governed by the following system of
differential equations:

S1=A1 —a1S1 — M5y,
Si = Ai — aiSi + 0,181 — AiSs, i=2,,n—1
Sn =A,+0V —apSy, +0,-15,—1 — A\,

V=uS,— (u+0)V,
. n
L= Z AiSi + 0213 — b1 17,
=1
I = kj1lj1 + 8j1lj1 — bilj, j=2-,m=3
I = km—3Im—3 + 0pI, + 671 — bel.,
Iy = kelo + 6717 — by,
Iy =K.+ kyl, —bsIy,

m
R=Y vl — R,
j=1

where

bi=ki+vi+7; be=ketk+0c+ve+Ye; bp=ky+0p+vp+p and by =0+ 0 + vy + s
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Table 1. Description of parameters.

Parameters Description
A, i=1,---|n Recruitment rates of persons who enter the compartment 5;
0;, i=1,---,n—1 | Progression rate from the group S; to the group S;;1
ai, 1=1,---,n, Susceptibility of persons in the groupe .S;
Bj, j=1,---,m Infectiousness of persons in the class I;
kj, 3=1,---,m—1 | Progression rate from the stage I; to the stage I,
Y, J=2,---,m Recovering rate at the stage I;
wit=1---n Mortality rate of susceptible individuals in groupe S;
vi, j=1,---,m Mortality rate of infected individuals in class I;.
Oit1 Amelioration rate from the stage I;11 to the stage I;
kLo Rate of direct progression from the stage I,,,_o to the stage I,
or Amelioration rate from the stage I,,, to the stage I,,_»
s Vaccination rate of individuals in the groupe S,
o Rate of waning vaccine-induced immunity
o Mortality rate of vaccinated persons
Ly Mortality rate of removed

In this paper, we use the bilinear mass action incidence to model new infections.
However, The proofs of stability results we will establish are still true in both fol-
lowing cases. On the one hand, when new infections are modeled using the standard
incidence mass action and the total population size N is constant, and on the other
hand when the model deals with proportions instead of numbers of individuals.
From the point of view of the structure of models, we have the following.

Remark 2.1.

o If we consider only one class for susceptible individuals (n = 1), if we remove
the class of vaccinated persons V. (m = o = 0) and the transitions between the
compartments I, et I, (k. = 6} = 0), and if we consider that only the infected
persons in the last stage of infection can recover (y; =0, i=1,--- ,m—1), then
from Model (1) we get the stage progression infectivity model with amelioration
in [5], therefore the one investigated in [4].

o When we remove the stage progression susceptibility (6; =0, i =1,--- ,n—1) and
the class of vaccinated persons V', Model (1) corresponds to the situation where
there is mo flow between susceptible classes. Moreover, if we do not consider the
amelioration of the state of infected persons (6; = 0, j = 2,--- ,m) and the
transitions between the compartments Ip,—o et I, then from Model (1) we obtain
the differential susceptibility model studied in [2], and consequently that proposed
in [6].

o When Ay =0, i=2--- nand 6; #0, i =1,--- ,n— 1, Model (1) corresponds
to the case where all the recruitment is in the first class of susceptibles Sy, and
susceptible people progress successively through different stages. In addition, if
we remove the class of vaccinated persons V', then Model (1) generalizes the one
studied in [9] in the absence of vertical transmission.

From now, the following notations will be used throughout this paper. We use
the ordering in R™ generated by the cone R’. We will write: z <y, if y — z € R'};
r<yifr<yand z # y;, x <y if x; < y; for all index i. For any vector = in
R", diag(z) will denote the n x n diagonal matrix, whose diagonal elements are
the components of . We will denote by ( | ) the usual inner product on R™. Let
{e1, -+ ,en} be the canonical basis of R”. We will denote by 1 the vector given by
1=(1,---,1)! =e; + -+ e,, where the superscript ¢ denotes transpose. Finally,
we will use the same notations regarding R™.

Setting S = (51,S52,...,5,) and I = (I1,Is,...,Iy) , the model (1) can be
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written under the form

S=A+oVe, + AsS — (8| I)diag(a)S,
V=(n,9) = (1 +0)V,
I = (8| I)Pdiag(a)S + A7,

R=(y,I)— R,

with:

A= (A17A27"' 7A7L)t7 n= (00, 70171-)t7 V= (7177’27"' 77m)t7 H= (Mlvlwr"' hun)t? V= (l/lv]/??‘” 7Vm)t7

a = (a17a27” ° 7a’n)t7 ﬁ = (51762>' o >/8’m)t7 A~S = *dmg(/4+7l) +AS7 AI = 7dzag(l/+'y) +AI

P, Ag and Aj being respectively the m x n, n x n and m X m matrices defined
below

-6, 0 0 - 0
11---1 61 =6 0 --- 0
0000
=|.. . .|, As=] 0 06 0f,
bo 00 0 b
0 0 6,-1 0
—k1 02 0 0 0 0 0 0
k1 7(k2+52).'-.'- 0 0 0
0 ko L 0 : : :
A = 0 0 R Om—3 0 0 0
0 o —(km—g 4 Om—3) O 0 0
0 : 0 Km_s — (k4 ke+00) B, 5
0 0 0 0 ke —(kp + 9p) df
0 0 0 0 A kp —(5f—|-5})

Since in System (2) the variable R only appear explicitly in its equation, we may
reduce this system to the following equivalent system.

S=A+oVe,+ AsS — (8| I)diag(a)S,

V=09~ (1 +0)V, (3)
I = (8| I)Pdiag(a)S + A;I.

Ag is a compartmental Metzler matrix, whose column sums are zero, i.e., the
sum of the elements of each column is zero, the same for A;. It is obvious to see
that Ag and A; are also compartmental matrices. Furthermore, because w >0 and
v > 0, each susceptible compartment and each infected-infectious compartment is
outflow-connected. Thus using Gershgorin theorem [16], it follows that the matrices
Ag and Aj are asymptotically stable. Thus, the matrices Ag and A; are Metzler
and asymptotically stable. So when there is no transmission, the infected and the
infectious disappear.
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Set
g t

:fl—i— e .
S S Nv+0n77

It is obvious to show that e,n’ > 0. Hence g is also a compartmental matrix. Fur-
thermore, g is asymptotically stable. Indeed keeping in mind that ¢ is a sthocastic
vector, for all j, j = 1,...,n the sum of all entries of the jth column of g is:

n
o o o
o+ o ;:1 i15 (NJ 77]) #v+a77] Mg — 15 o + 0

— (g +m5) +

We will use the following properties repeatedly in the sequel : a Metzler matrix
M is stable if and only if —M~! > 0. Also if a Metzler matrix M is stable, then
—M~'z > 0 for all z > 0.

3. Basic properties of the model

3.1 Some useful lemmas

Lemma 3.1. Let a vector x € R} and the matriz
M(z) :=g —diag(z).

For anyi,j7 € N, i #j, anyk € N, k > 2, if <Agej|ei>:O for all p € N,
1<p<k—1, then

<M(m)kej | ei> = <A'§ej | ei>.

Proof The proof is made by induction on k. Firstly, notice that for all vector a
one has:

diag(a)e; = aie; (4)
(diag(a)Ase; | ei) =Y a{er | Ases) (e | ei) = a; (Ase; | ;) (5)
=1

Besides, using the expression of g, then the one of AS, we can rewrite the matrix
M(x) as

M(z) = As — diag(pp +n+ ) + B,

where, keeping the definition of the vector n in mind,

o o o
B := ennt = diag (0,0, ..., = diag(ey).
L g( HUJFU) o to g(en)

Denote (e;); = the jth component of the vector e,. We easily get

(Be; | ei) = (m (ej | e) - (6)
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Let us prove the claim for k = 2. Assume that
<A56j ’ €i> = 0.
We can easily show the following

diag(en)diag(e,) = diag(en), (7)

diag(p +n + x)diag(en) = diag(en)diag(p +n+x) = (n + Nn + Tn)diag(ey,).
(8)

Keeping relations (4), (5), (7), (8) and the last expression of B in mind, we have

(M(z)%; | e:)

(owiy

— < <A5 —diag(p+n+z) + diag(en))

My + O

X (AS — diag(p+n+x) + MUUI Udiag(%)) e | ez->

o
= ( Ake; — (u; +n; +x;)Ase; +
<S’J (ke +nj j)Ase; o + 0

Agsdiag(en)e;

v
— (i +mi + 2)Ase; (s +mj + x5)%ej | e¢>

g

diag(en)e; +

Hy T 0 My + 0O

2
am
di n)ej | e ).
+<,uu+0> iag(e )ej|e>

Since ¢ # j and by hypothesis we respectively have

+ < —2(n + M + ) diag(en)Ase;

(ej | e;) =0 and (Agej | e;) =0. (9)
Moreover, we have
(Asdiag(en)e; | €;) = 0. (10)

Because Agdiag(e,) is a matrix whose columns are zero, except its nth column
which is the nth column of the matrix A;. And this column is zero by the definition
of As.

Also, denoting (Ay), ; the coefficient of the nth line and the jth column of the
matrix (Ag), we have

(diag(en)Ase;j | €i) = ((As)n,j€j | €i) = (As)n,; (e; | €) = 0. (11)

Since diag(en)Ag is a matrix whose lines are zero, except its nth line which is the
nth line of the matrix As.
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Likewise, (ey); being the jth component of the vector e,, we have

(diag(en)e; | ei) = ((en)je; | €i) = (en);j (ej | €:) = 0. (12)

Therefore, plugging (9), (10), (11) and (12) in the expanding expression of
(M(z)%;j | e;), we get

<M(x)26j | ei) = <A%ej | ei).
Now, assume the truth of the statement for some k£ € N, k > 2. Suppose,

<Agej,ei> =0, forallp, 0<p<Ek. (13)
n

Since M (x)te; = Z (M (x)ey, e;) e;, we have
=1

(M(@)*e; | o) = (M(@)he; | M(z)'e:)

=1

\/

By (13) we have
<Agej,ei> =0, forallp, 0<p<Ek—-1.

Then by induction assumption, we get (M (z)"e; | ;) = (Ake; | e;). Hence,
n

(M@ ey L) =3 (M(@)er | ei) (Abe; | er).

=1

Substituting M (z) = Ag — diag(n +n + x) + B into the right hand side of above
relation and using relations (4) and (6), we obtain

(M(@) e | o)

om
oy + 0O

=" (User e =) e )+ = (eahi e ) (e | )
=1

= 2”: (Aser | ei) <A§€j | el>

=1

+ i (-(Mz +m 4+ x) + (en)l> (e; | €i) <A’§ej | el>.
=1

o
Hy + 0
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Since (e; | €;) # 0 only if i = [, reducing the second sum on the right, we obtain
<M(x)k+1ej | ei>

n

=Y (Aser | e <A’§ej | 61> + ( T (en)i — (i +mi +$i)) <AI§€J‘ \ €i>~
=1

My + 0

By (13), we have (Afe; | ¢;) = 0. It follows that

n

<M($)k+1€j | ei> = Z (Ase; | e;) <Alfgej | el>.

=1

On the other hand, by some properties of the inner product, we have
<A§+1€j | €i> = <A'§€j | A§€i>

<AS€J | Z (Aser | e >

Z (Ager | e <A]§ej | el>.

=1

o~

Hence
<M(x)k+1ej | ei> = <Alfg+lej | ei>.

Therefore by induction the claim is true for all K € N, k > 2. |

Lemma 3.2. For any vector x € R, we have
— s — diag(x)] P A > 0.

Lemma 3.3. For any vector ¢ > 0, we have
~\—1
- (AI) Pe> 0.

Using Lemma 3.1, the proof of Lemmas 3.2 and 3.3 are easy adaptations of the
analogous ones in [2].

3.2 A compact positively invariant absorbing set

Proposition 3.1. (Positive invariance of the nonnegative orthant) The
nonnegative orthant I]?Z}JrnJr2 is positively invariant for the System (3).

Proof System (3) can be rewritten in the following form:
S=A+oVe,+ AsS — (8| I)diag(a)S,

V=n5) = (1 +0)V, (14)
I=AI,
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where: A = Pdiag(a)SS3" + Aj.

On the boundary S = 0 the first equation of System (14) becomes S = A+
oVe, > 0 and on the boundary V' = 0 the second equation of System (14) becomes
V = (n,8) > 0. Therefore, for all ¢ > 0 and initial data S(0) > 0 and V/(0) > 0, the
components S and V of the solutions of System (14) are positive, whenever they
exist.

In addition, A; is a Metzler matrix, furthermore Pdiag(a)SB* + A; > 0. Ac-
cordingly A is a Metzler matrix. It is well known that a linear Metzler matrix let
invariant the nonnegative orthant. Thus the nonnegative orthant R is positively

invariant for the system I = AI. R 3 ]
Let P(t) = (S | 1) +V + (I | 1). After replacing Ag and A; by their respective

expressions, and adding all equations in System (3), we find that
P=(A|1)=(u]S) —mV —(v|I) (15)
Set:  po =min{u1, -, pun} and vy = min{vy, - , vy} and let o be defined as

o = min { g, ftv, Vo } -
It follows from (15) that

P< (A1) = goP. (16)

Lemma 3.4. (Boundedness and dissipativity of the trajectories) For any
small e >0, let

0. = {(S,V,I) e RVl o< P K Ay —i—a}.
¥o

The trajectories of the System (3) are bounded and the compact set Qe is a positively
invariant compact absorbing set for (3).

Proof Relation (16) implies that:

Al
limsup P(t) < (A1) .
t—+o00 0

Hence, the trajectories of the System (3) are bounded and €2, is an absorbing set.
Let H be the function defined as follows:

H: R SR
z=(S,V,I)— (S| 1)+ V+(I|1).

H is a differentiable application and its gradient is given by:
_ +m+1
VH(z)=1, Vo e R},
Let X be the field defined in the following manner:

X : Ri—i—m-ﬁ-l N [R:L_ﬁ-m-i-l
T = (S,VEI) — (Xl,XQ,Xg)
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with:
X1 =A+0Ve,+ AgS — (B | I)diag()S,
Xo=0,8) = (b +0)V,
X3 = (B | I)Pdiag(a)S + A;l.
For all z € H! <<AHI> + 8), we have
%0
S A1
(X(z) | VH(z)) =S4V +1 and P = < (,0‘ ) +e.
0
Thus,

(X(z) | VH(z)) =P <(A]1)—¢@oP < —¢<0.

By using the theorem of the barrier (which derives from lemma on page 324 in [17]),
we conclude that §2. is a positively invariant set. |

Moreover, without infection the dynamic of System (3) comes down to the fol-
lowing differential equation

& = Apx + By. (17)

=(7) = (3 he) 2=()

Any equilibrium of (17) satisfies the following equations:

where

A+oVig+ AgSE =0,
{ ) 09 S 2 (18)
(n | So) = (o +0)Vg = 0.
The second equation of (18) yields
. _ (n,56)
Vo = . 19
=t (19

Plugging this in the first equation of (18) and using the relation (n, S§) = n*Sg ,
we obtain

—|As + enn'| S5 = A

Py + 0
ie.,
—SSS =A
Since g is a stable Metzler matrix we have _51 > 0. Therefore

-1

Sp=—3'A=—|Ag+ Jaennt A.

Mo
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It follows from Lemma 3.2 that Sj > 0. Which in turn implies that V{j* > 0, since
n > 0.

Proposition 3.2. The set Q such as
Q={(S,V,I) e Q., S(t) <S5y, V(t) <Vy}

is a positively invariant compact set for System (3).

Proof From System (3) and System (18), we deduce that on the boundary S = Sg,
we have

S =—aViq+oVe, — (8| I)diag(e)S; = =0 (Vg = V) ¢ — (B | I)diag(e)S; < 0.
Also, keeping Equation (19) in mind, on the boundary V' = V{, we have

V=08~ (p+0)V5 =S — S5 =—nS5;-5) <0.

Therefore, €2 is a positively invariant set for System 3. |

4. Basic reproduction number and equilibria

4.1 Basic reproductive number, local stability of the disease free equilibrium

A key concept in epidemiology is the basic reproduction number, commonly denoted
by Rg. Usually, Ry is defined as the expected number of secondary individuals
produced, in a completely susceptible population, by a typical infected individual
during its entire period of infectiousness [3].

The disease free equilibrium of System (3) is X = (53, V", 0,0), where

-1

enT/t A and Vvo* — <77sz>

St =—'A=—|Ag — diag(pu +n) + .
0 S S g(/j, 77) Mv+o_ Mv+0-

To derive the basic reproductive number of our model, we use the next generation
approach. It is defined by Van den Driessche and Watmough as the spectral radius
of the next generation matrix [15]. Using the notation in [15] on the System (3) the
derivatives DF and DV are given by:

0 0 0 0 —Ag + (8| Ddiag(a) —oe, ptdiag(a)S 0

B 0 0 0 0 _ —nt (o + 0) 0 0
DF =148 1)Pdiag(a) 0 Pdiag(a)spi 0 | ¥ = 0 0 -A o0
0 0 0 0 0 0 —1tdiag(y) pr

Denote Fthe matrix for the new infection terms and 1% the matrix for the remaining
transfer terms. We have F' = Pdiag(a)S§B" and V = —A;. So the basic reproduc-
tion number R which is the spectral radius of the matrix F'V ! is given by

Ro = p (Pdiag(0) S8 (~An ")
By writing

Pdiag(a)S38'(~A;)~" = [Pdiag()Sg] [8'(~4n) "],
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it is obvious to see that Pdiag(a)Sg8Y(—Ar)~"! is a rank one matrix. Therefore,
p (Pdiag(@)$3B! (~Ap) ™) = B'(=Ar)~ Pdiag(a) 5.
Hence the basic reproduction number of the System (3) is defined by:

Ro = (8| (~An)~" Pdiag(a)S; )

By the Theorem 2 in [15], we claim the following.

Proposition 4.1. The disease free equilibrium X is asymptotically stable if Ro < 1
and unstable if Rg > 1.

4.2 Global stability of the disease free equilibrium

Theorem 4.1. If Ry < 1, then the disease free equilibrium X is globally asymp-
totically stable on the nonnegative orthant [R’frmﬂ.

Proof Let consider the following Lyapunov function: U = <B | — AI_II > We have

:<5| —21;1['>
— <5 | —A;! ((ﬂ | I)Pdiag(a)S+z‘~11])>
:<5|<ﬁ‘[>( )szag()>*<5|l>a

ie.,

=811 ((81 (~47") Pdiag(a)$) ~1). (20)

Firstly, suppose Ro < 1. On the set Q, we have S < S§. It follows from (20) that
in this case

U<(B|1)((B] (-A7") Pdiag(e)S5) — 1) ,

U<(B[I)(Ro—1).

Hence, U < 0 and U = 0 if and only if (3 | I) = 0. The dynamics of I then
obeys I = AII Since A; is a stable Metzler matrix, I = 0 only if I = 0, which in
turn implies R =0, § = S5 and V = V. Therefore the largest invariant set in 2
contained in {(S,V, I, R) € Q, U= 0} is reduced to the disease free equilibrium
X;. Given that 2 is an invariant compact set. By LaSalle invariance’s principle
[1, 11], the disease free equilibrium is globally asymptotically stable in €.

Now, suppose Ry = 1. Substituting 1 by the expression of R in the right hand
side of (20), we get

=8| 1) ((81 (~4;") Pdiag(a)$) - (B | (~A1)~' Pdiag(a)S;))
— (311 (8] (~Ar") Pdiag(a) (S5 = 9))
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We have S < S§ and a > 0, then diag(«) (S5 —S) = 0. It follows from Lemma
3.3 that the vector (—Af) Pdiag(a) (Sg — S) > 0. Given that 5 > 0, it follows
that <B | (—Af) Pdiag(a) (S§ — S)> > 0.

Thus U < 0 and U = 0 if and only if (3 | I) = 0. We can conclude as previously,

that the disease free equilibrium is globally asymptotically stable on the nonnegative
orthant [R’}fm'H when Ry = 1. |

4.3 Existence and uniqueness of an endemic equilibrium

Proposition 4.2. Model (3) has a unique endemic equilibrium X* in the nonneg-
ative orthant if and only if Ro > 1. Furthermore X* is in the positive invariant
compact €.

Proof The endemic equilibrium X* of System (3) can be deduced by the system
A+ oV*q+ AsS* — (B | I')diag(a)S* =0,
<777 S*> - (MU + U)V* = 07
. (21)
(B | I")Pdiag(a)S* + AfI* =0,
1'diag(y)I* — uR* = 0.

From the second and the last equations of (21), we respectively have:

* t Q*
pro ST St (22)
Hy +0 iy + 0O

and

_ 1'diag(y)I*
pr

R*

Plugging (22) in the first equation of (21) yields

06n77t

T+ As — (8| Idiag(a) | 8" = A

—[s = (B | I")diag(a)] " = A (23)

s is a stable compartmental matrix. Hence, for any I > 0, the matrix ¢ —
(B | I)diag(a) is also a stable compartmental matrix. From Equation (23), it then
follows that

S* = —[s— (8 | I")diag(a)) " A = =M ({8 | I"))"A, (24)

where M is the stable Metzler matrix, depending linearly on the real variable x > 0,
defined as

M(z) =g —zdiag(a) =g —diag(za).



16 Kouenkam et al./ IJM?C, 11 - 04 (2021) 1-37.

Furthermore, A is a Metzler matrix. The third equation of (21) then involves

I = (8| I (—,21;1) Pdiag(e)S™. (25)

From (24) and (25), we deduce that finding (8 | I*) is sufficient to determine S*
and I*.
Substituting (25) into (8 | I*), we obtain

@11 =81 1) (8| (~A;") Pdiag(e)s").
As a result, we find
(B I*)=0 or </3 | (—fll_l> sz’ag(a)S*> =1.
If (8] I*) =0, then I* = 0. From which it follows that R* = 0, S* = S} and
V = V. In this case, we obtain the disease free equilibrium.

Suppose <B\ (—fll_l) Pdiag(a)5*> = 1. Substituting (24) into this relation
yields

<5 | (—[11—1> Pdiag(e) (=M (B | I*)7) A> 1

Which means that (8 | I*) is solution of the equation H(x) = 1, where H is the
function of the real variable z > 0 defined by

H(z) = <5 | (—A;l) Pdiag(a) (~M(z)™) A>.

H(z) is a strictly decreasing function. Indeed, M (z) = —diag(a). Thus, the
derivative of H is defined by

H(z) = <5 | (—A;l) Pdiag(a)M(z)~ (—diag(a)) M(m)_1A> .

By Lemma 3.2, we have —M (x)~'A > 0. In addition, o > 0, therefore
diag(«) (—M(l‘)_l) A>0
which in turn, by the fact that M (x) is a stable Metzler matrix, involves
—M (z)"diag(a) (—M(z)"') A > 0.
Accordingly,
diag(«) [—M(az)_ldiag(a) (—M(x)_l) Al >0,

ie.,

—diag(a)M(x)~ (=diag(a)) M(x) 1A > 0.
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By Lemma 3.3, we have
- (—/Nl;l) Pdiag(a)M (z)~! (=diag(a)) M (z) 1A > 0.
Since 8 > 0, it follows that
H(z) <O0.

The function H(x) satisfies hl}rl H(xz) = 0. In fact it is easy to see that the
T—r—+00

determinant |M (z)| is a n degree polynomial in x, and that any cofactor of M (x)
is a polynomial of which the degree is strictly less than n. In addition, we have
H(0) = Ry. Consequently, the equation H(xz) =1 has a unique positive solution if
and only if Rg > 1.

Furthermore, from Equation (24) we have by Lemma 3.2 that S* > 0. Also,
since & > 0 we have by Lemma 3.3 that (—fl;l) Pdiag(«)S > 0. Hence, it

follows from Equation (25) that I* > 0. Therefore, the equilibrium found is an
endemic equilibrium.

On the other side, we have S* = —M ({8 | I*))"*A and S; = —M(0)~*A. But

d(—M(x)™)

S = M(@)" (~diag(a)) M(z)

= — (=M (2)7") (diag(e)) (—M (2)7").
Since —M (z)"' >0 and diag(a) > 0, it follows that

_ ~1
=M@ _,
dx
Thus S* < S5.
Besides, it follows from Equation (22) that

ts*

V< = Vg

\“U+J

Therefore, the Endemic equilibrium found is in €.

In sight of achieving the proof, we see from the preceding analysis that if Ry = 1,
then the equation H(x) =1 has a unique solution which is obtained for z = 0, i.e.,
(B | I*y = 0. In this case, we find again the disease free equilibrium. [ |

5. Global dynamics of Model (1)

5.1 Disease free equilibrium

By a straightforward computation, we find that the disease free equilibrium of
Model (1) is X§ such as X§ = (S5, V', I5,0), with S§ = (S35 Sgas -+ - Sen), 1§ =
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Sé;l :/(:117
L ML+ ML a6+ AT e
Soi = ; , 1=2,---,n—1,
Hl:l a
e an(pto) ML 0+ 0 M T a T 0+ A T
on _,vaﬂ- + Hylbn + O lin H?:l ap '

and

—_ man A TS 00+ 3000 M LS [T 6+ AT a
0 HoT + [y fin + Opn H?:l aj

Moreover, it follows from Theorem 4.1 that the disease free equilibrium X of
: : - +ml
Model (1) is globally asymptotically stable on the nonnegative orthant R’™"
when Ry > 1.

5.2 Endemic equilibrium

Suppose R > 1, then by Proposition 4.2, there exist a unique endemic equilibrium
X* for Model (1).

Theorem 5.1. Assume Ry > 1.

* In the case where 0; = 0, ¢ = 1,--- ,n— 1, the endemic equilibrium X* is
globally asymptotically stable on the nonnegative orthant [R’}fmﬂ.

* In the opposite cases, if w;S; + BinSHIy = N;, for all i, i = 2,--- ,n, then the
endemic equilibrium X* is globally asymptotically stable on the nonnegative
orthant [R’ffm“'l.

Proof For the proof of Theorem 5.1, see 6. |
Remark 5.1.

o The stability condition of the endemic equilibrium is fulfilled when A; = 0 for
all i, i =2,--- ,n. That is to say Model (1) is a stage progression susceptibility
model and all the recruitment is in the first stage. Therefore, when in addition
m =0 =0, Theorem 5.1 generalizes analogous theorem in [9] in the absence of
vertical transmission; also the one in [13].

e In [5], the incidence of the disease is modeled by a general function. For the
special case of the mass-action law, Theorem 5.1 extends its analogous one. Just
consider that n =1 and remove the class V.

o When we remove the stage progression susceptibility (0; =0, i =1,--- ,n—1)
and the class of vaccinated persons V', Theorem 8.1 in [2] becomes a special case
of Theorem 5.1, the corresponding theorems in [4, 6, 7] too.

6. Summary
For many diseases, infectivity or susceptibility can evolve. Cases of HIV infection

and HBYV infection are illuminating examples. In this paper, we have addressed
this issue by proposing a general model encompassing those of |2, 6, 9, 18]. The
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model includes the difference in susceptibility, the difference in infectivity and the
loss of vaccine-induced immunity. We have used mass action incidence to model the
transmission. Furthermore, we have consider different death rates and a constant
influx distributed into the susceptible classes. From a biological point of view, we
have considered two relevant hypothesis.

We have derived an explicit formula of the basic reproduction ratio Rg. Further-
more, we have proven the global stability of the disease free equilibrium when the
basic reproduction ratio Rg < 1 and the existence of a unique endemic equilibrium
when Ry > 1. As regards to the stability of the endemic equilibrium when it exists,
we have established that it is globally asymptotically stable in the case of a stage
progression susceptibility model with recruitment only in the first stage, generalis-
ing by the way the analogous results in [9] in the absence of vertical transmission.
Also in the case where there is no flow between susceptible individuals with no
constraint on recruitment, extending by the way analogous results in [2, 5] and
therefore in [4, 6, 7]. In the general case of a differential stage progression suscepti-
bility class of models, we have provided some conditions under which it is globally
asymptotically stable.
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Appendix A. Some useful results

The first lemma is obvious to establish, that is why we have omitted their proofs.

Lemma 6.1. Let (uy,) and (vy,) be two sequences of real numbers.
For alln > 2, we have

ZZul(l—vj):Zuj (j—l—Zvl>. (26)
=2

=2 1= =2

For all n > 5, we have

n n—3
w(l—vj) = Z u;j (n—4—2vl> . (27)
j=n—2

For alln > 2, we have

n—1 n n i—1
YD DT ith itk 2
i=1 k=i+1 =2 k=1

Lemma 6.2. Let be the following positive constants:

A =1;
Ay = T 2 BaST
k1
gy = ZEZm S A
kj1lj_y (29)
 (Opby 4 kpby) Ac+ by 35, BipST + kp 201 Bir ST
" bpby — kpds ’
(5}()17 + 5p5f)Ac + 0y E?=1 BipSi + by E?:l BifSi
Ap = .
bpby — kpdy
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The constants Aj, j =1,---,m, satisfy the following relations

A —1=0,

k1dy —biAr+ > BaS =0,
i=1

kA + 840 —biAj+ ) BySi =0, j=2--,m=3,

=1
n 30
keAp + KLAp + 6cAm_s — beAc+ Y BicSi =0, (30)
i=1
kpAg + 0pAc — bpAy + > BipSi =0,
i=1
Sp Ay + 0pAc—bsAr + > BisSi=0.
i=1
Proof The following equilibrium equations, where A} = Z;n:l Bij L5, holds :
A1 — (p1 +61)ST — A1ST =0,
Ap+0oV* = (pn+7)S) — NS+ 60,15, _1 =0,
Sy — (uy +0)V* =0,
S NS+ oI5 — byl =0, (31)
i=1
kj_lf;,1+(5j+1 ;+1—bj1;:0, j=2,---,m-—3
k-3, 34 0pLy + 0417 — bl =0,
kel + 6715 — byl =0,
kLI + kpl, —bpls = 0.

Let us first show that the constant A, is positive. Indeed, it follows from the
expression of A, that

ki AsIi = bi I = B Sy},
=1

Keeping in mind the expression of A}, one deduces from the fifth equation in
System (31) that

n n o m
bily — Zﬂilsﬁf = Zz&jsﬂj + 6215 > 0.
=1

i=1 j=2

Hence, k1 A2l > 0, which in turn implies that As > 0.
Now, the first, the second, the fifth and the sixth relations in (30) are easy to
establish. Hence, we will show only the third and the fourth relations in (30).
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In order to prove the third relation in (30), we first consider the case j = 2. Using
the expression of A3 and A; as given in (29), we have

ko Az + 92 A1 — baAg + Z Bia S}
i=1

1 n m n
== (Z > BuSiI; + Ay (5315 — bol3) + 0oI5 + > 5i255«15> .
2

i=11=3 i=1
It follows from the sixth equation in System (31) that
0313 — boI5 = —ky I7.

Then,

3

Z BuSIIf + Ay (0315 — boI3) + 0al3 + > BinSi T3

1 =1

.
Il

3 {\4

=3

m
Z ﬁzlSZ*Il* — k‘lAQIf + 52[5
=2

I
—

7

Keeping the fifth equation in System (31) in mind, plugging As into the right hand
side of this relation yields

n m n

SN T BaSH + As (0515 — boI3) + 6215 + > BinSi I
=1 [=3 =1

n m n
= Z Zﬁilsﬂl* = b7 + Zﬁﬂsﬂf + 0215

=1 [=2 =1

n m
=D BaSiIF = bulf + a1

=1 [=1
= 0.

Therefore,

n
koAs + 0241 — ba Ao + Z BiaS; = 0.
i=1

Hence, the third relation in (30) holds for j = 2.

Now, we have to establish the third relation in (30) for j, 3 < j < m — 3.
Substituting A;41 by its expression as given in (29) into the left hand side of the
third relation in (30), we have

ijj-i-l + (5]‘Aj_1 — bjAj + Z /Bl]Sz*

i=1

1* Z Z BuSiIf + 6,17 Aj_1 + Aj (8541151 — bI}) +Z&]S*I*

i=1l=j+1
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From the sixth equation in System (31), we deduce that

Then,

Z Z BaS;I; + 6;IF Aj—1 + Aj (8j41 15y — bsI}) +Z@]5*J*
=1 Il=j5+1 =1

= Z Z@,S*Il + O A 1 — kI, A

i=1 l=j

Taking into account the fifth equation in System (31), substituting the expression
of A; into the right hand side of the above relation, we easily obtain

Z Z BaSiIf + 017 Aj1 + Aj (8j41 15y — biL}) +26US*I* = 0.
i=11=j+1 i=1
Therefore,
kjAj + 0451 = bjAj+ > Bi;S; = 0.
i=1

Hence, we have established the third relation in (30) for j =2,...,m — 3.
We next show that the fourth relation in (30) holds true. Combining the height
with the ninth equations in System (31), we obviously get:

1¢ (keby + kedy)

I’ =
? bpby — kpoy (32)
I = I¥ (kcky + KLby)
bpby — Ky
Recall m — 2 = ¢, thus by the third relation in (30), we have
g = S BT YU By SE T+ S By i 0k Ay
: Bl s |
From the seventh equation in System (31), we obtain
k-3l 5 = —0pl, — 0717 + bl (34)

On the one hand, substituting the expressions of I} and I} as given in (32) into
(34), we get

AT

kpsl® o= —17"¢
2im=s bpbf - kp(sf

(35)

where

A1 = b, (bpbf — kp5f) — 5p (k‘cbf + kééf) — 5} (k:ckp + k?ébp)
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On the other hand, using the same expressions of I; and I;, we have

n n n .AQI*
ieSTTE i ST L i f ST = ———5— 36

where

A = (byby = kpbp) Y BicSi + (keby + kids) > BipSi + (keky + Kiby Zﬁzfs*

i=1 i=1

Substituting (35) and (36) into (33), we get by an easy computation

Ao + 0:.Am—3 (bpbf — k'pfsf)

A, =
Ay

(37)

Plugging A, and A; as defined in the System (29) into the fourth equation in (30),
we easily have

Ay + O0cAm—3 (bpbf — kp5f) —A1A.

keAp + KLAf + 6cAm 3 — beAc + ) BicS; =

i=1 bpbf - k’p(Sf
(38)
Substituting (37) into relation (38), we obtain
kcAp + kéAf + 50Am—3 - bcAc + Z Bch: =0.
i=1
This achieves the proof. |

Appendix B. Proof of Theorem 5.1

To prove the global stability of the endemic equilibrium, we make use of a Lyapunov
function V such as

n

V(t) =Y (Si— S;n(S:) + B(V — V*In(V)) + zm: A (I; = I In(I))
j=1

i=1

where B =

and Aj, j=1,---,m are positive constants defined in (29).

[y + 0
The derivative of V(¢) along the trajectories of System (1) is given by

V(t)= i(l—i)s+3(1—$>v+2A< Z)IJ

=1

Using the first, the second and the third equations of System (31), we can rewrite
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—Z[azf’* <1—§*>+A*S* )\Z-SZ-] <1_§>
R )

V*
+B7TSn<1—V)+B(NU+O')( +Alz)\5< >
I* m—3 I*
+ Z 6]+1A I]—',—l <1 - I> Z k] 1A I] 1 <1 — I>
j=1 J =2 J
/ 1
Z biA; L + Ac (km—sIm—s + 671 + 0pI, — bele) (1 — T

I I
¥ Ay helo+ 871 — byl (1 )y (et ity st (1- ).
p f

To simplify the notation in what follows, we will denote by:

V. — L. P _ Iy, _ 1 ; . — S ;
U:V*ayc_ﬁa yp_é7 yf_jifw yj_ﬁv 1<]<m_3a xz_§7 1<z<n

For convenience, define Uy, 1 < k <n and Wy, 1 <k < n — 1 respectively by

U <1—S*>< Sk>_2 T (39)

and

Wy = xp +
Tk+1 Tk+1

Accordingly, we have

* V*
anS Uy + o (V = V*) (1 - ?) + BrS, <1 - v) + By + 0)(V* — V)

*

" Sn " Sn v "
=a,S; U, — JVS—n —aV (1 - Sn) + BnS, <1 v ) + B(py +0)V

+ V[U - (:uv + U)B]
* x« U * 1 * 1
=a,SpUp — oV i oV (1 - > + BrS) <1 — > + Bty +0)V*

Tn

+ V[U — (pw +U)B]
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The fourth equation in System (31) implies

pr o O (41)
Mo + 0

Then, using the expression of B and Relation (41), we get

*

anSiU, + o (V = V¥) (1 - g”) + BrSy, (1 - VV> + B(pw +o)(V* =V)

n

In In

=anSpUn — P VA v <1 — 1) +oV*z, <1 — 1> +oV*
v

1 n
=a, S, Uy, +oV* < by — — — :E)

T T v

=a, S Uy — oV*U, + oV*U,.
where

Upy=2- — - (42)

Tn v

Substituting a, = uy, + 7 and Relation (41) in the previous sum, we obtain,

« Sy . Sy Ve «
anSyUp, — UVS—n — oV < — Sn> + BnS, <1 -V > + By +0)V

_ S, (MHW) VUL
My + 0

On the other hand, we have

- S\ 1
Zai—l (Si—l - 5211) <1 - SZ> = Z 0i—157 4 (961‘—1 + Yol 1)
i=2 v

€Ty €Ty
i=2 1 4

n—1
= 0,57 W;,
=1
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Wfk] VAT 1<1—> ZbAI <1—>

b

m—4
=Y kjAjl ( ) Z b; AT ( )
j=1 y]—H
m—4 m—4 Y
=Y (kjAj — kjAja Dl + Z i AT = by 3Am_3Im 3.
=1 j=1 Yirer 53

Substituting the four above relations into the previous expression of V(t), expand-
ing, then rearranging some terms, we obtain

) 1 n
V(t) :Kl( )+O’V U +Z)\*S* (1 — :L') + (Al — 1)2)\252 +Il (k‘lAQ — blAl)
i=1 ¢ i=1
n m—4 m—4
— A 1Z>\S + 7 L (ki Ajer + 65451 — b Ay) = Y kAl
1 > 1 Yj+1
1= J Jj=
m—2
+ Zb A Z(SAJ II* Yi +5m 3Am 4Im 3_bm 3Am SIm 3
j=2 Yi-

+ Lo (keAp + kLA + 6 Apm—s — beAc) + I, (kpAy + 0pAc — by Ay)

1
+ If (5pr + 53“40 — bfAf) — A, (k‘mfglmfg + 5}If + 5plp) ; + bcACI:

1 1
+ bpApLy +bp Apl; — Ay (kele + 651f) v Ay (kpI, + kLI.) o
p f

where

n—1
=05 Wi + SUs (“"U i “”“”) + Z a;S:U; (43)
i=1 o + 0

n n m
Notice that Z AiS) = Z Z Bi;S;1; and recall that m —2=¢, m —1=p and
i=1 i=1 j=1
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m = f. Therefore,

= 1
:Kl(t)‘FUV*Uv—f—Z)\:SZ* <1_JJ> +(A1—1 Z)\S —|—Il<]€1A2—b1A1

=1 =1

k; AJ’+1 + 6jAj71 - bjAj + Z/BUS’Z*>

=1

+
M:
=
W
~
|
Es
.M:
R
n
+
3
&
!
—

— Z kj AJHI* -+ Z b; AT Z ;A 11* + 1 <kcAp + KAy

+0cAms —beAe+ Y @CS;*) +1, (kpAf +0pAe — byAp+ > ,BipS;‘>

i=1 i=1

+ 1y <5pr + 07 Ac—brAr+ Y B f5;> +beAcd] + by AL + by Al
=1

— A (5}Ifyf + 5p[pyp) ; —Ap (kcfcyc + 5fIfyf) ;p — Ag (kpjpyp + keI yc) @

In addition, we have Z)\*S* = iiﬁmsz*fj and ; Z)\S
i—1 j=1 e

i=1

x
Z Z BiiSiI; Zyj . Hence, cancelling some terms by substituting relations in (30)
=1 j=1
into V (t), we get

V(t) =K\ (t) + oV*U, + ZZ@JS*J* < ) + 17 <b1 — klAgz;>

=1 j=1

m—3

_ZZﬂ”S*I*x:;IJ Z <b A —k Aj+ly+1 —9; AJ 1y] 1)

=1 j=1 7j=2

I <bCAC — Ay — k:QAﬂC)
Yp Yr

— 8o Apsl?

m—3

+ I (prp —5,A k;pAfyp> +T; <bfAf — A 5pryf> .
yr Ye Yp

Ye

Later on, the third relation in (30) yields

ijj+1 = bjAj — (5]'Aj_1 - ZBUS:; ] =2, ,m— 3.
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Thus, for j =2,--- ,m — 3, we have

bjA kAJ+1 (SAjl —bA<—yJ>+5Ajl(yJ _y3>
y j+1 Yj—1 Yi+1  Yj-1

n
2 Busi

i=1 j+1

On the other hand, it follows from the fifth equation in System (31) that

b It = 6515 + Z Zﬁwsﬂj,

=1 j=1

and from the second relation in (30) that

k1Az = b1 — > BnSi.

Consequently

I (bl - klAle)
Y

=b I (1 — yl) —i-ZﬂﬂS*]*yl
= 0oI3 (1 - > + ZZ@jS*I* (1 - ) T Zﬁﬂs*f* Ll

=1 j=1

Hence, substituting the three above relations into V(t), we obtain,

V(t)
1
K\(t) +0V'T, +ZZBUS*I*< A)+521; (1-“)
i=1 j=1 L Yo

n m xz
+ZZ@‘J‘S:I; <1—>+ZB“S*I*?/1 ZZ/BZ]S*I* y]

i=1 j=1 Y2 =11

m—3 yi n m—3 Y ”
+ bAI*(_ J>+ B@ S*T* j+ 5A I*< _ J)

jz_; S Yit1 ;] ; Tyin Z Ty g

* yC * yc yc * y
S Ay_sl? I (bCAC L f) + I (b,,Ap — 5, A
m—3 Ip Yr Ye

yp) *< / Yr yf)
—k A= | + 17 (brAr — 0 A — 0, A, .
P fyf f i) f Ye ! pyp

Furthermore, the sixth equation in System (31) implies

bjf;:kj_lf;_1+5j+1f;<+1, 71=2,---,m—3.
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Thus, using the expression of A;, as given in (29), we obtain

n m
b]A]Ij* = k’jfll;_lAj + (Sj+1l;<+1Aj = 5jAijI;< + Z Z /BZZIZ*SZ* + 5j+1AjI;<+1.

i=1 1=
As a consequence,
m—3
biAT (1 ~ Y )
= Yj+1
m—3 n m—3 m y;
§jAj1IF + > BuliS; (1 - ?)
=2 i=1 j=2 |=j Yi+1
m—3 Y
+ Z 5j+1AjI;+1 < - 7,] >
— Yi+1
J
m—3 n m—3 m y;
- §;Aj L7 + > BuliS; (1 - ?)
=2 i=1 j=2 |=j Yi+1
m—2 )
+ 6451 (1 - yﬂ*) .
=3 Yi

By the relation (26) in Lemma 6.1 and the relation (27) in Lemma 6.1, it is straight-
forward to establish,

n m—3m-—3 n m—3 m
- Z BaSi I <1 - yj) + Z Z BuSFIf < — yj)

=1 j=2 I=j Yi+1 1=1 j=2 l=m—2 Yi+1
n m-—3 J y
. l
S wsn (i
i=1 j=2 1= Y1

n m—3

im1 I—2 Yi+1
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Then, we get

m—3 )
sty (1=
= Yi+1
n m—3 J
BySi [j—-1-Y Yo Z S (Biel} + Biply + Bisl})
P =2 Yq+1
m—3 .
S SEA T S gy (2= BB g (122
1— Ji+1 = Yji+1 Y Y3
8 Ap_sI? (1 - ym‘3> .
Ye

Thus, substituting the three above relations into V(t), we obtain,

V(t) = Ki(t) + Ko(t) + oV*U,

n 1 n m-—3 1 Ty -1 Y
+Zﬁi152[1 <2—xi—> Bij S 1 ]—1—1———#—2—
i=1 Ti) 3 = Z; Y1 = Ui+
1 T3y m—3
+3 BeSi i (m—2— — -2 N L
Z * ( T 1 ZZ; Yi+1
1 iy m—3
+3 8BS (m—2 - — -2 N A
Z b T Y1 ZZ; Yi+1

where

Ko(t) = — 8. Ap_sI* + I* <bcAc — koA Ye - kgAfyc) + I <prp Sy AL — A2
Yp Yr Ye yf

+ I (bfAf 5fA 9 _ (5pr§;£> .

)

Let us find a suitable expression of Ks(t). From the fourth, the fifth, the sixth
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and the seventh equations in (30), we deduce respectively that:

(

beAe =kcAp + kLAf+ 6cAp_3 + Zn: Bic ST,
=1
bpAp :kpAf + 0pAc + i 5%’1)537 (44)
=1
bpAs =87 A, + 8F A + zn: Bif St
\ =1
As a result
Ks(t)
— kAT (1 - ;’;) +0p AT (2 - zp) + 07 AT < - Zﬁ) + 8L ATE (2 — yrye)

n n n
_ kcApfg% . k;AfI;;;’; +3 BeSIT + 23 B SiT + 2 By ST
p i=1 i=1 i=1

From the height and the ninth equations in System (31) we have respectively:
ks = byIs — KI5 and 6,15 = b,I% — koI?.

Then, taking into account the second and the third relations in System (44), we get

n
kpAfDy = b Agly — KLAGIY e, kpAply = 0;AplG + 67 Ay — KLAGTE + > BigSi T}
=1

(45)

and

SpApls = byAp I — ko ATy i, OpApIF =kyApLs + 6,A L7 — ke AL+ BipSiTY.
=1

(46)

Substituting (46) into (45), we easily deduce the relation

OpAcly = ke AT} + KLAfIY — 05 AT; =Y BipSiLy = > BipSiT;.  (47)
i=1 =1

Plugging (45) and (47) into Ks(t), we get the suitable expression of Ka(t) that



Kouenkam et al./ IJM?C, 11 - 04 (2021) 1-37. 33

follows

Ks(t)

zaprr;< —y”—yf)wa[f (1+y—yp—)+kA 1*( pr/C)
Ys Yp Ye Ys Ye Ye Yp

n n
+ KA <1 - y) 3 BeSi I+ > BpSi I
Ye Yr Ut i=1 i=1 Ye

n
+Y BipSiI; <1+yp — p)
i=1 ¢

yr

= (A, — KLASTY) <2 _ Y yp) + AT <1 +_tp_ yf) KA

Yr Y Ye Yr Ye
Y Yr y = - y
x (3% 9 Y >+k:AI*< p—c>+ BieSTIY 4+ BipSiLi=t
< Yo Yp Yf Yo Up ;ZC%C;ZPZP?/C
+ Zﬁzfs*ff (1 y o y’”) .
Ye yr

=1

Replacing K»(t) by its above expression in V(t), factoring and rearranging some
terms, we obtain

V(t)

= Ki(t)+ oV Uv+;ﬁi15ill <2xi $> + 0L AT <1+ 77777

+ kA, I <2—zi—z;>+k;/1ffg <3—yp—yf—yc>

m—2
+ (67 AT} — KLASIY) <2 — % Z) + 3 8A T (2 _ @ _ 3{] )
Jj=2

Yr Yj Yj—1

M:

Bq)s*]*( + %

n m-—3 o J
_I_ZZﬁ”S*I*(]_I_l_;_xzyJ_Z >+

i=1 j=2 b 1= i1 Ye
1z 1z 73y
iYp * T% 1Ye l
-— - "= + BicS; T - -
Ty lz;yz+1> Z - ( SN lz;ym)
-3
Y  Yp 1 TiYf Yt
I 1l B
; i f< Ye Yr I Y1 lz; yl+1>

Recall that m —2 = c. Substituting the expressions of I, I; as given in (32), and
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the ones of A, Af as defined in (29) into the previous expression of V(t), we have

V(t)
kL 5hby AT kb AT?
= Ki(t) + oV*U, + L2 ¢ (2—yf—yc> 4 oepifiete (2—yp_yc>
bpbf — kp(Sf Ye bpbf — kp(Sf Ye yp
Y yf kckpd's AcI? Ye YF  Up kLo p AL} Yp
+¢ LAy 1 - (3-=_=L_ e I el (E R
Yr bpby — kpdy Yo Ye bpbg — kpdy Ye
m—2
yf yC) £3 y]— *
— =g 5~A»_1I.(2— >+ B SEITU,
Yp Yy J; 742 J y; y] 1 Z i1 1
n m-—2 n n
keby I kLo I
17 *I*Z 7 * 7 *
+;jz;ﬁ]’gzj J bbf*kéfzﬂps p1 bbf*kjéfzﬁps P2

kibpll kekpl? &
e NT B S Zy, A+ o N B SITZ
+bbf—k5fzﬁf P20 by — kydy Zﬂfsff?

with
] T
ZJ:J_F]-_*—Z*%— yl = ’ ,TL—2,
llyl+1
m—3
7o LTy N Y Ve
& Ty S Y Y
m—3
7 :mH_l_%_Z Yoo Ye Yr
" Ty Sy yp o Y
m—3
2 :m_i_w_z Yoo Ye
! x; Y1 - Ji+1 0 Yr
m—3
Z; :mH_l_M_Z )
? x; Y1 Vi1 Yp yr’
and

k.6"b,A.T* kLb, I n
= 0y Apls — KLAGIE 4 ST I
<=0y CfC+bpbf—kp5f+bbf—k5fzﬂzf5 Iz

£ is a positive constant. Indeed, substituting the expression of I}k into System
32), the ones of A, and A as defined in (29) into &, we easily get
P f ’ Yy g

kpdy (keby + kedp) 15 30y BipSE + kpdy (keky + keby) 13370 Bir Sy
(bpbs — kpdy)®

2
ky Aol {k (5p5fbf +ky (37) > + iy (807 + 5}@,)]
(bpby — kydy)? '

&=
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In the case where 6; = 0, for all 4, ¢ = 1,---,n—1, , we have a; =
and the first sum in Kj(t) is zero (see (43)). Then, keeping in mind the above
definitions of Z,,, Z,,, Zy,, Zy, and Zj, j = 2,...m — 2, also the one of U,
i=1,...n, asgiven in (39) and the one of U, as given in (42), by the property
that the arithmetic mean is greater than or equal to the geometric mean, it is easy
to see that V(t) < 0. Moreover V(t) =0 onlyif S; = S5 1<i<n, V=V*

I
1 J* If’
{(S,1;,V,R) € 2,1 <i<n, 1 <j<m, V = 0} is reduced to the endemic
equilibrium. Since trajectories of System (1) are bounded, by Lasalle’s invariance
principle [1, 11], the endemic equilibrium is globally and asymptotically stable on
the compact 2.

Let us continue the proof in the case where parameters 6;, i =1,--- ,n — 1, are
not all zero. Firstly, let us find a suitable expression of K (t).

It follows from the n first equations in System (31) that fori=1,--- ,n—1,

and 2 < j € m. Thus the largest invariant set contained in the set

S = .
%ﬁ—“m 4—22 wS; - A+ Y By ). =1 n—1. (48)
k=i+1 7j=1

Indeed, It follows from the third equation in System (31) and relation (41) that,

* MUT[-S’:; * * Tk
0,15 _; = wnS, — An nSI
1971 uv+0+ +J§15J

Hence, Relation (48) is valid for i = n — 1. Afterwards, suppose that Relation (48)
holds for some ¢, 2 < i < n — 1. We deduce from the second equation in System
(31) that

0;-15F | = —A; + 1S + 0,57 +ZﬂUS*I*
7=1

By the induction assumption,

* * Tk UWS . *
OrSty = — Aot ST+ S BySiT 4+ L > | eSi - et S St
j=1 Hro k=i+1 j=1

n
NUT"S *
+3 | Sk — Akt Zﬂk]SkI
My +o e =

Therefore, (48) is valid for ¢ — 1. By induction, the relation (48) holds for all ¢,
1<i<n—-1.
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Now, since a; = (u; +6;), i=1,...,n—1, we have
n—1 n—1
i=1 i=1

n—1 n—1
=3 wSiU+ Y 0:S; (Ui + W)

=1 i=1
% /,Lv’ﬂ'S * < * Tk
_st Ui +Z o Z Sk = Ak + Y BeSiIy | | (Ui + W),
i=1 v k=i+1 j=1

Using relation (28) in Lemma6.1, it is obvious to see that for all sequence of real
numbers (u, ), for all n > 2, we have

i—1 n
ZzukU+W Z U; Uk—i-Wk Zuz(Tz_Uz)
1 -

=1 k=i+1 =2 k=

where for i =2,...,n,

Ti=i+1—mi— ——
’ 4o Zl’k-f-l

Therefore, keeping relation (48) in mind and substituting a, = p, + 7, we have

Ki(t)
n—1
x o, MomSy P Sy
= STU; S U, T, — U,
;uu Sy Un o (T = Un)

—1—2 MS* A; +Zﬁ1]S*I* T _Ul))

_Z 5*U+“”7T+S”T +Z 1Sy — A+Z,B”S*I* (T, - Uy)
=1 7j=1

n

S n
—mslUlJru +”T +Z (T: — U)Z,BUS*I* > BaSihU+ Y AU

j=2 =2 =2

n

+ Z (1S} + B S;IT — N;) T;.
i—2

Notice that,

m—2

ZﬁzgS*I* Z BijSi Lj + BipSi Iy + BipSi 1.

=2
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Keeping all this in mind, substituting the expressions of I and I; as given in

System (32) into the last expression of V(t), we obtain

V(t)
:UJv7TSn *
_aVU4%m&+&ﬁﬂ1M+§:AU+M T+§:m5+&ﬁll
=2 =2
kLo b, ALY . keopbr ALl c
)T fp<2_yf_y>_|_7’fc<2_yp_y)
bpby — kpds Ye bpby — kpdy Ye  Yp
Y yi kekpOp ALy (0 ye oy yl kL5,0 p ALTE
+e(2- +—t— (3 e liee
Y bpbf—k‘p5f Yp  Ye b bf—k‘ 5f

m—2
% <3_yp_yf_y°’> + > 8 A T (z—yﬂfl_y] 1) 2613511*21

n m—2 n
- kb I . k.o IF .
+ E Bl]SZ Ij Zi]’ + 7}) ! g ﬁsz Zp1 + b b —fk‘ (5f § ﬁsz D2

n

ok L2
__eTpte zS*IZ —_<cPc lS*IZ,
+bbf—k5fzﬁf 1n bbf—kéfzﬁf fo5

where

~ 1 TiYq —

szzl'f_]_i_liy]_z Z Ui =2 7"'7”7 j:27"‘7m_27
r1 n e 1 Tkt -1 yl+1

i—1

- 1 )
Zplzi"‘m_l_*_&_%_zﬂ_z Y
T Yp U1 i 1$k+1 -1 yl+1

i—1

~ 1 )
Zm:Hm_f_M_&_iLf_Z Tk _Z Yi
r1 y1 yr Yp k1$k+1 llyl—H

i—1
~ 1 T . T
T n yr = Tkl -1 yl+1
_ 1 2 i—1 m—
R Bt R Wt O
r1 Y1 Yp  Yf el Tk+1 yl+1
Hence, if p1;S] + i1 S;I7 > Ay, for all ¢, i =2,--- ,n, as in the previous case, by
the arithmetic geometric inequality, it is easy to see that V' (¢) < 0, and that the
T
equality holds only for S; = S}, i =1,---,n, V =V* and I—i = I—i, j=2,---,m
j 1
Therefore in this case where parameters 6;, ¢ = 1,--- ,n — 1, are not all zero,

we conclude as previously that the endemic equilibrium is globally asymptotically
stable on the nonnegative orthant [RTfme when ;S + B STIT = Ay, for all 4, i =
2,-+- ,n. This achieves the proof of Theorem 5.1. |



