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1. Introduction

In this paper, we concerned with the following a system of logarithmic viscoelastic
wave equations of Kirchhoff type with delay.

∂ttθ−M
(
∥∇θ∥22

)
∆θ+

∫ t

0
g(t− s)∆θ(s)ds+ α|∂tθ(x, t)|ℓ−1∂tθ(x, t)

+ β|∂tθ(x, t− τ)|ℓ−1∂tθ(x, t− τ) = θ|θ|p−2 ln |θ|k, x ∈ Ω, t > 0,

θ(x, t) = 0, x ∈ ∂Ω, t > 0,

∂tθ(x, t− τ) = f0(x, t− τ), x ∈ Ω, t ∈ (0, τ),

θ(x, 0) = θ0(x), ∂tθ(x, 0) = θ1(x), x ∈ Ω,


(1)
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where Ω is a bounded domain of Rn, with a smooth boundary ∂Ω. τ > 0 is a
time delay term and k,α,β are positive real numbers and p > 2. The initial datum
(θ0,θ1, f0) belong to a suitable space. The source term θ|θ|p−2 ln |θ|k appears natu-
rally in nuclear physics, optics, geophysics, supersymmetric and ination cosmology
[1, 3]. The problems without delay (i.e., β = 0) has been considered by many au-
thors during the past decades and many results have been obtained [2, 6, 10, 14]
and the references therein. In [13], Wu and Tsai considered the following equation

∂ttθ−M
(
∥∇θ∥22

)
∆θ+

∫ t

0
g(t− s)∆θ(s)ds−∆(∂tθ) = f(θ).

with the same initial and boundary conditions as defined in (1) and established
the global existence, asymptotic behavior and blow-up properties. Later, Wu [12],
extended the result of [13] under a weaker condition on g. In [5], Mahdi, Ferhat
and Hakem investigate the following initial boundary value problem for a system
of viscoelastic wave equations of Kirchhoff type with a delay term in a bounded
domain

∂ttθ−M
(
∥∇θ∥22

)
∆θ+

∫ t

0
g(t− s)∆θ(s)ds+ α|∂tθ(x, t)|ℓ−1∂tθ(x, t)

+ β|∂tθ(x, t− τ)|ℓ−1∂tθ(x, t− τ) = θ|θ|p−1,

with the same initial and boundary conditions as defined in (1) and established the
energy decay rate and the blow up of solutions. Recently, Piskin and Yuksekkaya
[11] consider a logarithmic nonlinear viscoelastic wave equation with a delay term
in a bounded domain

∂ttθ−∆θ+

∫ t

0
g(t− s)∆θ(s)ds+ α∂tθ(x, t) + β∂tθ(x, t− τ) = θ|θ|p−2 ln |θ|k,

with the same initial and boundary conditions as defined in (1) and they obtained
the local existence of solution by using the Faedo-Galerkin approximation and
under suitable conditions they proved the blow up of solutions in finite time. Mo-
tivated by the aforementioned works, in this paper by using the Faedo-Galerkin
approximation we obtain local existence of solution and finite time blow up of
solutions of the problem (1).
We assume the following conditions hold throughout the paper:

(A1) M(t) is a nonnegative C1 function for t ≥ 0 satisfying

M(t) = a+ btm, a > 0, b ≥ 0 and m ≥ 0.

(A2) the memory kernel g(t) : [0,∞) → [0,∞) is a bounded C1 function satisfying

g(t) ≥ 0, a−
∫ ∞

0
g(t)dt = η > 0 and g′(t) ≤ 0.

(A3) there exist positive constants d,γ, δ such that

γM(s)−
[
M(s) + δ

∫ s

0
g(y)dy

]
s ≥ sd, ∀ s ≥ 0,

where M(s) =
∫ s
0 M(u)du.
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The organization of the remaining part of this paper is as follows. In the next
section, we will give some preliminary lemmas which are useful in the main results
of this paper. In section 3, we will prove local existence theorem and finite time
blow up of solutions.

2. Preliminaries

In this section, we present some lemmas which are useful in our main results. As
usual, (·, ·) and ∥ · ∥p indicates the inner product in the space L2(Ω) and the norm
of the space Lp(Ω), respectively.

Lemma 2.1 ([4], Lemma 3.2) There exists a positive constant C > 0 depending
on Ω only such that

[∫
Ω
|θ|p ln |θ|kdx

]s/p
≤ C

[∫
Ω
|θ|p ln |θ|kdx+ ∥∇θ∥22

]

for any θ ∈ Lp+1(Ω) and 2 ≤ s ≤ p, provided that
∫
Ω |θ|p ln |θ|kdx ≥ 0.

Lemma 2.2 ([4], Corollary 3.1) There exists a positive constant C > 0 depending
on Ω only such that

∥θ∥22 ≤ C

[(∫
Ω
|θ|p ln |θ|kdx

)2/p

+ ∥∇θ∥4/p2

]
,

provided that
∫
Ω |θ|p ln |θ|kdx ≥ 0.

Lemma 2.3 ([4], Lemma 3.4) There exists a positive constant C > 0 depending
on Ω only such that

∥θ∥sp ≤ C
[
∥θ∥pp + ∥∇θ∥22

]
,

for any θ ∈ Lp(Ω) and 2 ≤ s ≤ p.

In order to prove the local existence result, we introduce the new variable z as
in [9].

z(x,σ, t) = ∂tθ(x, t− τσ), x ∈ Ω,σ ∈ (0, 1),

which implies that

τ∂tz(x,σ, t) + ∂σz(x,σ, t) = 0 in Ω× (0, 1)× (0, 1).
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Therefore, problem (1) can be transformed as follows

∂ttθ−M
(
∥∇θ∥22

)
∆θ+

∫ t

0
g(t− s)∆θ(s)ds+ α|∂tθ(x, t)|ℓ−1∂tθ(x, t)

+ β|z(x, 1, t)|ℓ−1z(x, 1, t) = θ|θ|p−2 ln |θ|k, x ∈ Ω, t > 0,

τ∂tz(x,σ, t) + ∂σz(x,σ, t) = 0 in Ω× (0, 1)× (0, 1)

z(x, 1, t) = f0(x,−τσ), x ∈ Ω, t ∈ (0, τ),

θ(x, 0) = θ0(x), ∂tθ(x, 0) = θ1(x), x ∈ Ω,

θ(x, t) = 0, x ∈ ∂Ω, t > 0.


(2)

For any regular solution of (2), we define the energy as

E(t) =
1

2
∥∂tθ∥22 +

1

2
(g ◦∇θ)(t) +

1

2

[
a−

∫ t

0
g(s)ds

]
∥∇θ∥22 +

b

2(m+ 1)
(∥∇θ∥22)m+1

+
ϱ

2

∫
Ω

∫ 1

0
zℓ+1(x,σ, s)dσds+

k

p2
∥θ∥pp −

1

p

∫
Ω
|θ|p ln |θ|kdx,

where

τ
ℓβ

ℓ+ 1
< ϱ < τ

[
α(ℓ+ 1)− β

ℓ+ 1

]
, (3)

(g ◦∇θ)(t) =

∫ t

0
g(t− s)∥∇θ(t)−∇θ(s)∥2ds

and by simple calculations, we have

∫ t

0
g(t− s)

(
∇θ(s),∇θt(t)

)
ds =− 1

2
g(t)∥∇θ(t)∥2 + 1

2
(g′ ◦∇θ)(t)

− 1

2

d

dt

[
(g ◦∇θ)(t)−

(∫ t

0
g(s)ds

)
∥∇θ(t)∥2

]
.

Lemma 2.4 Let (θ, z) be the solution of (2). Then, for some C0 ≥ 0, the energy
satisfies

E′(t) = −C0

[
∥∂tθ(t)∥ℓ+1

ℓ+1 +

∫
Ω
zℓ+1(x, 1, t)dx− (g′ ◦∇θ)(t) + g(t)∥∇θ∥22

]
≤ 0.

(4)

Proof Multiplying the first equation in (2) by ∂tθ, integrating over Ω and using
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integration by parts, we get

d

dt

[
1

2
∥∂tθ(t)∥22 +

1

2

(
a−

∫ t

0
g(s)ds

)
∥∇θ(t)∥22 +

1

2
(g ◦∇θ)(t)

+
b

2(m+ 1)
(∥∇θ∥22)m+1 +

k

p2
∥θ∥pp −

1

p

∫
Ω
|θ|p ln |θ|kdx

]
+ α∥∂tθ(t)∥ℓ+1

ℓ+1

+ β

∫
Ω
|z(x, 1, t)dx|ℓ−1z(x, 1, t)∂tθ(x, t)dx+

1

2
g(t)∥∇θ(t)∥22 −

1

2
(g′ ◦∇θ)(t) = 0.

(5)
Integrating (5) over (0, t), we get

[
1

2
∥∂tθ(t)∥22 +

1

2

(
a−

∫ t

0
g(s)ds

)
∥∇θ(t)∥22 +

1

2
(g ◦∇θ)(t)

+
b

2(m+ 1)
(∥∇θ∥22)m+1 +

k

p2
∥θ∥pp −

1

p

∫
Ω
|θ|p ln |θ|kdx

]
+

∫ t

0
α∥∂sθ(s)∥ℓ+1

ℓ+1ds

+ β

∫ t

0

∫
Ω
|z(x, 1, s)dx|ℓ−1z(x, 1, s)∂sθ(x, s)dsdx+

1

2

∫ t

0
g(s)∥∇θ(s)∥22ds

− 1

2

∫ t

0
(g′ ◦∇θ)(s)ds =

1

2
∥θ1∥22 +

1

2
∥∇θ0∥22.

(6)
Multiplying the second equation in (2) by ϱ|θ|ℓ−1θ and integrating over Ω× (0, 1),
we get

ϱ
d

dt

∫
Ω

∫ 1

0
|z(x,σ, t)|ℓ−1z(x,σ, t)dσdx

= − ϱ

τ(ℓ+ 1)

∫
Ω

∫ 1

0

∂

∂σ
|z(x,σ, t)|ℓ+1dσdx

= −ϱ
τ

∫
Ω

[
|z(x, 1, t)|ℓ+1 − |z(x, 0, t)|ℓ+1

]
dx

= −ϱ
τ

∫
Ω
|z(x, 1, t)|ℓ+1dx+

ϱ

τ
∥∂tθ(t)∥ℓ+1

ℓ+1.

(7)

Now multiplying the equation (7) by 1
2 and then adding to (6), we get

E(t) +
[
α− ϱ

τ

] ∫ t

0
∥∂sθ(s)∥ℓ+1

ℓ+1ds+
ϱ

τ

∫ t

0

∫
Ω
|z(x, 1, s)|ℓ+1dxds

− β

∫ t

0

∫
Ω
|z(x, 1, s)|ℓ−1z(x, 1, s)∂sθ(x, s)dxds

+
1

2

∫ t

0
g(s)∥∇θ(s)∥22ds−

1

2

∫ t

0
(g′ ◦∇θ)(s)ds = E(0).
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Differentiating with respect to t on both sides, we obtain

E′(t) +
[
α− ϱ

τ

]
∥∂tθ(t)∥ℓ+1

ℓ+1 +
ϱ

τ

∫
Ω
|z(x, 1, t)|ℓ+1dx

− β

∫
Ω
|z(x, 1, t)|ℓ−1z(x, 1, t)∂sθ(x, t)dx

+
1

2
g(t)∥∇θ(t)∥22 −

1

2
(g′ ◦∇θ)(t) = 0.

From the Youngs inequality, we get

E′(t) +

[
α− ϱ

τ
− β

ℓ+ 1

]
∥∂tθ(t)∥ℓ+1

ℓ+1 +

[
ϱ

τ
− βℓ

ℓ+ 1

] ∫
Ω
zℓ+1(x, 1, t)dx

+
1

2
g(t)∥∇θ(t)∥22 −

1

2
(g′ ◦∇θ)(t) ≤ 0.

By (3), for some C0 > 0, we have

E′(t) = −C0

[
∥∂tθ(t)∥ℓ+1

ℓ+1 +

∫
Ω
zℓ+1(x, 1, t)dx− (g′ ◦∇θ)(t) + g(t)∥∇θ∥22

]
≤ 0.

■

3. Local existence and finite time blow up solutions

Theorem 3.1 Let θ0 ∈ H2(Ω) ∩W, ω0 ∈ W and f0 ∈ L2(Ω × (0, 1)), then there
exists a unique solution (θ, z) of problem (2) defined on Ω×(0,T) for some constant
T > 0 satisfying θ ∈ L∞(

(0,T),H2(Ω)∩W
)
, ∂tθ ∈ L∞((0, T ),W), where W = {θ ∈

H2(Ω) : θ(0) = θt(0) = 0} is the closed subspace of H2(Ω) endowed with the norm
equivalent to the usual norm in H2(Ω).

Proof We prove this theorem by Faedo-Galerkins method. In the next step, we
obtain approximate solution of the problem (2).
Step 1: Approximate Solution: Let {φj}∞j=1 be a complete orthogonal system
of W and and Wr = span{φ1, · · · , φr}, for each r ∈ N Moreover, we defne Vr =
span{ψ1, · · · , ψr}, r ∈ N and we can find a set of bases {ψi(x,σ)}ri=1, which is a
subset of L2(Ω× (0, 1)), such that

ψi(x, 0) = ϕi(x), i = 1, 2, · · · , r.

Choosing {θ0r} and {ω0r} in Wr and {z0r} in Vr such that θ0r → θ0 strongly in
W, ω0r → ω0 strongly in W, and z0r → f0 strongly in L2(Ω × (0, 1)). We define
approximates solution in the form

θr(x, t) =

r∑
i=1

ϕi(x)gir(t),

zr(x,σ, t) =
r∑

i=1

ψi(x,σ)hir(t),
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where (θr(t), zr(t)) are solutions of the following system:

∫
Ω
(∂ttθr)ϕidx−

∫
Ω
M

(
∥∇θr∥22

)
∆θrϕidx+

∫
Ω

∫ t

0
g(t− s)∆θr(s)ϕidsdx

+

∫
Ω
α|∂tθr(x, t)|ℓ−1∂ttθr(x, t)ϕidx+

∫
Ω
β|z(x, 1, t)|ℓ−1z(x, 1, t)ϕidx

=

∫
Ω
θr|θr|p−2 ln |θr|kϕidx in Ω× (0,T),∫

Ω
[τ∂tzr(x,σ, t) + ∂σzr(x,σ, t)]ϕidx = 0 in Ω× (0, 1)× (0,T)

zr(x, 1, t) = f0r(x,−τσ), in Ω× (0, 1),

θr(x, 0) = θ0r(x), ∂tθr(x, 0) = θ1r(x), x ∈ Ω,

θr(x, t) = 0, x ∈ ∂Ω, t ∈ (0, 1).



. (8)

We obtain (8) has a unique solution
{(

gir(t),hir(t)
)}r

i=1
defined on (0,T) by using

the theories of ordinary differential equation. Rest of the proof is very similar to
Theorem 3.1. in [11, 15], so we omit details here. ■

Theorem 3.2 Let θ0 ∈ H1
0(Ω) ∩ H2(Ω), θ1 ∈ H1

0(Ω) and f0 ∈ L2
(
Ω × (0, 1)

)
be

given. Assume that the assumptions (A1)–(A3) are fulfilled. Let p > k. Then for
any initial data satisfying E(0) < 0, the solution of (2) blows up in finite time.

Proof Let H(t) = −E(t) and using the Lemma 2.4, we obtain

H′(t) ≥
[
α− ϱ

τ
− β

ℓ+ 1

]
∥∂tθ(t)∥ℓ+1

ℓ+1 +

[
ϱ

τ
− βℓ

ℓ+ 1

] ∫
Ω
zℓ+1(x, 1, t)dx

+
1

2
g(t)∥∇θ(t)∥22 −

1

2
(g′ ◦∇θ)(t).

(9)

Hence,

0 < H(0) ≤ H(t) ≤ 1

p

∫
Ω
|θ|p ln |θ|kdx ≤ k

p
∥θ∥p+1

p+1. (10)

Next, we let N(t) = ∥θ∥22 and differentiating twice, we get

N′(t) = 2

∫
Ω
(∂tθ)θdx

and

N′′(t) = 2∥∂tθ∥22 + 2

∫
Ω
(∂ttθ)θdx. (11)
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Using the first equation in (2), we get

N′′(t) = 2∥∂tθ∥22 − 2M
(
∥∇θ∥22

)
∥∇θ∥22 + 2

∫
Ω

∫ t

0
g(t− s)∆θ(s)θ(t)dsdx

− 2α

∫
Ω
|∂tθ(x, t)|ℓ−1θ(t)∂tθ(x, t)dx

− 2β

∫
Ω
|z(x, 1, t)|ℓ−1θ(t)z(x, 1, t)dx+ 2

∫
Ω
|θ|p ln |θ|kdx.

(12)

Using Hölder’s and Youngs inequalities to get

∫
Ω

∫ t

0
g(t− s)∇θ(s)∇θ(t)dsdx

=

∫ t

0
g(t− s)∥∇θ(t)∥22ds+

∫
Ω

∫ t

0
g(t− s)∇θ(t)

(
∇θ(s)−∇θ(t)

)
dsdx

≥ −(g ◦∇θ)(t) +
3

4
∥∇θ(t)∥22

∫ t

0
g(s)ds

(13)

Using (13) in (12), we get

N′′(t) ≥p∥∂tθ∥22 + 2pH(t) + (p− 2)(g ◦∇θ)(t) +

[
3− 2p

2

]
∥∇θ(t)∥22

∫ t

0
g(s)ds

− 2a∥∇θ(t)∥22 − 2b
(
∥∇θ(t)∥22

)m+1
+ a(p + 1)∥∇θ(t)∥22

+
bp

m+ 1

(
∥∇θ(t)∥22

)m+1
+ d∥∇θ∥22 − 2α

∫
Ω
|∂tθ(x, t)|ℓ−1θ(t)θ′(x, t)dx

− 2β

∫
Ω
|z(x, 1, t)|ℓ−1θ(t)z(x, 1, t)dx+ ϱp

∫
Ω

∫ 1

0
zℓ+1(x,σ, t)dσdx.

(14)
Using (A3) to get

N′′(t) ≥p∥∂tθ∥22 + 2pH(t) + (p− 2)(g ◦∇θ)(t) + d∥∇θ∥22

− 2α

∫
Ω
|∂tθ(x, t)|ℓ−1θ(t)θ′(x, t)dx− 2β

∫
Ω
|z(x, 1, t)|ℓ−1θ(t)z(x, 1, t)dx

+ ϱp

∫
Ω

∫ 1

0
zℓ+1(x,σ, t)dσdx.

(15)
Now we define the functional

G(t) = H(t)1−σ + 2εN′(t).



K. R. Prasad, M. Khuddush and B. Bharathi/ IJM2C, 11 - 03 (2021) 1-11. 9

Differentiating on both sides and using (15), we obtain

G′(t) = (1− σ)H(t)−σH′(t) + 2εN′′(t)

≥ (1− σ)H(t)−σH′(t) + 2εp∥∂tθ∥22 + 2pεH(t) + ε(p− 2)(g ◦∇θ)(t)

− 2εα

∫
Ω
|∂tθ(x, t)|ℓ−1θ(t)θ′(x, t)dx

− 2εβ

∫
Ω
|z(x, 1, t)|ℓ−1θ(t)z(x, 1, t)dx

+ εϱp

∫
Ω

∫ 1

0
zℓ+1(x,σ, t)dσdx+ εd∥∇θ∥22.

(16)

By Hölder’s inequality and from (10), we have∣∣∣∣∫
Ω
θ|∂tθ|ℓ−1(∂tθ)dx

∣∣∣∣ ≤ ∥∂tθ∥ℓℓ+1∥θ∥ℓ ≤ c1∥θ∥
ℓ+1

p+1

ℓ+1∥θ∥
1− ℓ+1

p+1

ℓ+1 ∥∂tθ∥ℓℓ+1

≤ c2∥θ∥
ℓ+1

p+1

ℓ+1H(t)
1

p+1
− ℓ+1

(p+1)2 ∥∂tθ∥ℓℓ+1

(17)

By Youngs inequality and (9), we get∣∣∣∣∫
Ω
θ|∂tθ|ℓ−1(∂tθ)dx

∣∣∣∣ ≤ c3

[
ξ

1

p+1 ∥θ∥ℓ+1
ℓ+1H(0)

−l′ − ξ−ℓ′H(0)l−l′H′(t)H(t)−l
]
,

(18)
where σ = 1

p+1 − ℓ+1
(p+1)2 >, ξ > 0,σ′ = ℓ+1

ℓ . Letting 0 < σ < σ′. Similarly, we can

have∣∣∣∣∫
Ω
|z(x, 1, t)|ℓ−1θ(t)z(x, 1, t)dx

∣∣∣∣ ≤ c3

[
ξ

1

p+1 ∥θ∥ℓ+1
ℓ+1H(0)

−σ′

− ξ−ℓ′H(0)σ−σ′
H′(t)H(t)−σ

] (19)

Applying (19) and (18) in (16), we have

G′(t) ≥
[
(1− σ)− 2ε(α+ β)H(0)σ−σ′

ξ−ℓ′
]
H(t)−σH′(t)

− 2ε(α+ β)ξ
1

p+1 ∥θ∥ℓ+1
ℓ+1H(0)

−σ′

+ 2εp∥∂tθ∥22 + 2pεH(t) + ε(p− 2)(g ◦∇θ)(t)

+ εϱp

∫
Ω

∫ 1

0
zℓ+1(x,σ, t)dσdx+ εd∥∇θ∥22.

(20)

But, for sufficiently small ε, we have[
(1− σ)− 2ε(α+ β)H(0)σ−σ′

ξ−ℓ′
]
≥ 0.

So, put s = ℓ + 1 ≤ p + 1 such that ∥θ∥sℓ+1 ≤ c1
(
∥∇θ∥22 + ∥θ∥p+1

p+1

)
, where



10 K. R. Prasad, M. Khuddush and B. Bharathi/ IJM2C, 11 - 03 (2021) 1-11.

c = 2(α+ β)ξ
1

p+1H(0)−σ′
c1 and taking d > c. Then

G′(t) ≥ ε(d− c)∥∇θ∥22 − εc∥θ∥p+1
p+1 + 2εp∥∂tθ∥22 + 2pεH(t)

+ ε(p− 2)(g ◦∇θ)(t) + εϱp

∫
Ω

∫ 1

0
zℓ+1(x,σ, t)dσdx+ εd∥∇θ∥22

≥ εµ1∥∇θ∥22 − εµ2∥θ∥p+1
p+1 + εµ3H(t) + εµ4∥∂tθ∥22 + εµ5(g ◦∇θ)(t),

(21)

where µ1 = d − c,µ2 = c,µ3 = 2p,µ4 = 2p and µ5 = p − 2. Next, using the
technique of Messaoudi [8], we suppose that p = 2µ6 + (p − 2µ6), where µ6 <
min{µ1,µ2,µ3,µ5}, then (21) takes the form

G′(t) ≥ ε(µ1 − µ6)∥∇θ∥22 − ε(µ6 − µ2)∥θ∥p+1
p+1 + ε(µ3 − µ6)H(t)

+ ε(µ4 − µ6)∥∂tθ∥22 + ε(µ5 − µ6)(g ◦∇θ)(t)

≥ εχ
[
∥∇θ∥22 + ∥θ∥p+1

p+1 +H(t) + ∥∂tθ∥22 + (g ◦∇θ)(t)
]

≥ εχ
[
∥θ∥p+1

p+1 +H(t) + ∥∂tθ∥22
]
,

(22)

where χ > 0 is the minimum of the coefficients of ∥θ∥p+1
p+1, H(t) and ∥∂tθ∥22. Now

choose an ε so that

G(0) = H(0)1−σ + 2ε

∫
Ω
θ0θ1dx > 0.

Thus, we have

G(t) ≥ G(0) > 0, ∀ t ≥ 0.

Similarly as in [7], we also obtain

G(t)1/(1−σ) ≤ C
[
∥θ∥p+1

p+1 +H(t) + ∥∂tθ∥22
]
, ∀ t ≥ 0, (23)

for some number C > 0. Combining (22) and (23), we arrive at

G′(t) ≥ εχ

C
G(t)1/(1−σ), ∀ t ≥ 0.

A simple integration over (0, t) yields

G(t)σ/(1−σ) ≥ 1

G(0)−σ/(1−σ) − εχtσ/[C(1− σ)]
, ∀ t ≥ 0.

This shows that G(t) blows up in finite time

T∗ ≤ C(1− σ)

εχσG(0)σ/(1−σ)
.

This completes the proof of theorem. ■
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