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Abstract. The main aim of this article is to propose a computational method on the basis of
the reproducing kernel Hilbert space method for solving a hyperbolic initial-boundary-value
problem. The solution in reproducing kernel Hilbert space is constructed with series form, and
the approximate solution v,, is given as an m-term summation. Furthermore, convergence
of the proposed method is presented which provides the theoretical basis of the proposed
method. Finally, some numerical experiments are considered to demonstrate the efficiency
and applicability of proposed method.
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1. Introduction

In this paper, we consider a class of hyperbolic differential equations in the following
form:

0*u  Ou ou
— tau

ou ou 3 2 -
5852 e P + B(u’ + you’ + vyu), (z,t) € (a,b) x (0,7, (1)

where v = u(7,t) is a sufficiently differentiable function, « is a real parameter,
e > 0 is a positive real number and § > 0, v € (0,1), 70 = —(1 + 7). The initial

*Corresponding author Email: eb.amini.s@pnu.ac.ir

© 2025 IAUCTB
https://sanad.iau.ir/journal /ijm



2 E. Amini/ IJM?C, 13 - 038 (2023) 1-13.

and boundary conditions of these equations is given by:

u(T,0) = uo(T), a <T<LDb, (2)
u(a,t) = fi(t), 0 <t < T, (3)

and
u(b,t) = fa(t), 0 <t < T, (4)

where a,b € R, f1 : Q1 — R is a differentiable function with @1 = {(a,t) : 0 <t <
T}, and fo : Q2 — R is a differentiable function with @ = {(b,t) : 0 <t < T'}.

z—a

By changing of variable x = 7=%, we can rewritten Eqs. (1)-(4) in the following
form:

= 8,1)2 giz = at + ﬂuax + B(u® +you® +u), (2,t) € (0,1) x (0,T),

u(z, )—UO( ), (5)
u(0,t) = fi(t), t € [0,T7],

u(l,t) = fot), t €10,T).

where ug(z) = @g(a + (b — a)x). Using the following transformation:

{(m ) = ( 1) = U(x,t) — uo(x) + Uo(x),
Ule,t) = A(H(1 )+ fot), Uo(a) = Ule,0),

Eq (5) can be rewritten in the following form:

(ﬁm%-%—ﬁﬂﬂ%%@—aﬂﬂmw%@%—%w+w—%w
—28v (U + up — Ug)v — fyv = F(z,t,v, ax) (x,t) € (0,1) x (0,7),

v(z,0) =0, (6)
v(0,6) =0, t € [0,T],
o(1,1) =0, t € [0,T],
where
v e O*U+wu—Uy) 0oU a AU + up — Up)
F(x, t,v,—) = e S _
bt ) = ar a2 o hoa T T,

+ 5((U + ug — U())3 + ﬁVO(U + ug — UQ) + 5’}/((] + ug — UO)

- U@ + Bv® + 3B(U + up — Up)v® + Brov’.

+b—a ox

The concept of reproducing kernel was first applied by Zaremba [1] to obtain the
approximate solution of boundary value problems for harmonic functions. In 1909,
Mercer [2] examined the functions which satisfy reproducing property in the theory
of integral equations. He called these functions as positive definite kernels. The con-
cept of reproducing kernels was systematized by Aronszajn [3] around 1948. From
1980, Cui and co-workers [4, 5] are pioneers in linear and nonlinear numerical anal-
ysis based on reproducing kernel theory. Recently, a lot of research works have been
devoted to the application of RKHS method to solve several linear and nonlinear
problems such as variational problems depending on indefinite integrals [6], delay
differential equations of fractional order [7], nonlocal initial-boundary value prob-
lems for hyperbolic and parabolic integro-differential equations [8], Black-Scholes
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equation [9] and so on [10-14].
In this paper, we define the RKHS 7—[53’2) (Q). In the following, by using two meth-

ods, we investigate the existence of the solution in the RKHS 7—[%3’2) (Q).

The structure of this paper is as follows. In Section 2, we give our main results con-
cerning to our numerical method. We present an analysis of the numerical method
in this section. In Section 3, validations using typical cases with available numerical
results in the literature are performed to demonstrate the accuracy and efficiency
of the proposed method. Finally, some concluding remarks are presented.

2. Reproducing kernel Hillbert space

Definition 2.1 [15] The RKHS #H1[0, 7] is defined by
H%Mﬂz{uﬂ&T}»RMGAﬂQﬂ,deLﬁQﬂ}.

Also, the specific inner product in H3[0,77] is of the following form

T
<%m}@=umwmy+A o (t)' (t)dt,

and the norm is given by:

[Jul] HE = 4/ (u,u) HL>

where u,v € Hi.

The Hilbert space H3[0,T] admits the following reproducing kernel:

1+s, s<t
1 o ) x b
k*”_{1+us>t

Definition 2.2 [16] The RKHS H3[0, 1] is defined by
H3[0,1] = {v:[0,1] = Rv,v,v" € AC[0,1],v(0) = v(1) = 0 v"" € L?[0,1]} .

Also, the inner product in H3[0, 1] is of the following form

1
(v, u) 3g370,1) = v(0)u(0) 4+ v'(0)u'(0) + v(1)u(1) +/0 " (x)u" (x)dx,

and the norm is given by:

H3[0,1] = 4/ (v,v) H3[0,1]5

lv

where v,u € Hj.
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The Hilbert space H3[0, 1] admits the following reproducing kernel:

120( ) (yx - 4yac + ny
+(y* — 5y% — 120y + 120)9@ + y H, x>y,
1}%( ) (zy — 4z + 6zy?
+(z* - — 120z + 120)y + %), y > .

Ry(z) =

Definition 2.3 [17] The RKHS #2[0, 7] is defined by
H2[0,T] = {v 0, 7] — Rlv,v" € AC[0,T]
w(0) =0, v € L2[0,T]} .
Also, the specific inner product in .#2[0, T is of the following form

’

’ T 17 1
(0,4) 2oz = v(0)u(0) + ' () (0) + /0 o (bl (),

and the norm is given by:

20,1 = A/ (0:0) wzo,1)s (7)

where v,u € H3.

The Hilbert space .H3[0, T] admits the following reproducing kernel:

t+7_737 2 )
Qg(t):{s tg °

t
ts+ 5 — L s>t

Definition 2.4 [8] Let Q = [0,1] x [0, 7] € R2. The RKHS """ (Q) is defined by
15D (Q) = {ulu € C(Q), d,0iu € L(Q)},

Also, the specific inner product in Hgl’l)(Q) is of the following form

1
(u,v)4,0.0 = u(0,0)v(0,0) +/ Oru(x,0)0v(z, 0)dz
2 0

T T rl
+/ 8tu(0,t)8tv(0,t)dt—|—/ / Oz 0pu(x, t)0x0pv(x, t)dadt,
0 0 0

and the norm is given by:

1
2

lullpgr = (),

where u,v € "Hgl’l)(ﬂ).

Theorem 2.5 [8] Let Q = [0,1] x [0,T] C R?. Then the Hilbert space ’Hél’l)(Q)
admits the following reproducing kernel

KL (1) = ky(2)ki (0).
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Definition 2.6 [18] Let Q = [0,1] x [0,7] € R2. The RKHS H{*?(Q) is defined
by

13D (Q) = {0]020w(x,t) € C(Q), BP0%v(x,t) € L2(),
v(z,0) = v(0,t) = v(1,t) = 0}.

Also, the specific inner product in 7—[53’2) () is of the following form

1
(V,U) (@) = 020(0,0)0:04u(0, 0) +/ D20 (x,0)030pu(x, 0)dx
0
T T 1
+/ D, 0%(0,1)0,02u(0, t)dt +/ / D302 (x, 1) 020 u(x, t)dxdt,
0 o Jo
and the norm is given by:
[ullyyeo = ((u, umgw)%,

where v, u € H;S’Q)(Q).

Theorem 2.7 [19] Let Q = [0,1] x [0,7] € R2. Then the Hilbert space 7—[53’2)(9)
admits the following reproducing kernel

K32 (x,t) = Ry(2)Q3(1).

2.1 Solution in the reproducing kernel Hilbert space

2.1.1 First method to calculate the approrimate solution

Suppose that the solution of the problem (6) belongs to RKHS H§3’2)(Q). When-
ever a nonlinear operator F'(z,t,v, %) belongs to reproducing kernel Hilbert space
1Y (Q), then linear operator £ : 1S () — HI"V () well-defined and as fol-

lows:

e 0% v a  OU +uy—Uy) o' v
G-afor "ot b-a'  ow  h-all Tw Wy,

Lo(x,t) = 5
- 35(U + ug — Uo)v — 25’}/0((] + ug — UQ)U — Byv.

Hence, we can rewritten the problem (6) as follows:

Lo(a,t) = Fla,t,v, 50), Q
v(z,0) =v(0,t) = v(1,t) = 0.

Theorem 2.8 Let L : 7—[;3’2)(52) — ”Hél’l)(Q). Then L is bounded linear operator.

Proof 1t is sufficient to show that ||Lv|,,a.0 < vl 2. By using the norm of
2 2
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Hilbert space Hgl’l), we obtain
1
”,C’UH,H(LU = <£’U,U>,H(1,1) = EUQ(O,O) +/ (8x£v(g,0))2dx
2 2 0

T T (1
+ / (0 Lv(0, t))th + / / (0z0:Lv(x, t))zdxdt.
0 o Jo
By applying the reproduction property, we obtain

(W0 )y LK (5 D) gy = Lo(y, 9),

D)
(v(.,.), 9y EK“ ) (o Dy = 0yLo(y, 5),
w(.,.), Os L‘K32 s Dpen = OsLo(y, 5),

D)

(0(.,), OO LK

o, S)( ) = 0,0:Lv(y, s),

H(S 2) —
‘We remind that

’a;:jv(% S)‘ < MinvHHga,Q),i =0,1,2,57=0,1, (9)

where M;; are positive real number.
Therefore, we get

|1£0(0,0)* < exflv]l o, (10)
1
| (@000 dy < calllypo (11)
0
T
/ (DuLo(0, 5))2ds < calo]ly o, (12)
O 2
T 1
|| @.cotv.oPdvds < el (13)
0 Jo 2
where ¢;, © = 1,2,3,4 are positive real number. By combining the inequalities
(10)-(13), we obtain the inequality (9). Hence, the proof of the Theorem 2.8 is
completed. ]

Since L is a bounded linear operator, then we can define uniquely the adjoint
operator L* : ”Hgl’l)(Q) — H§3’2)(Q). Suppose that {(x;,t;)};2, be a subset count-
able dense in the domain €. By using the adjoint operator L*, the functions ¥;(x, t)
are defined by

vile,t) = Ky

ﬁi(m,t) = L*K/Ji(x,t),i = 1, 2, cee

(.’L',t)7'i: 1727”' )

3,2

Theorem 2.9 Suppose that K(z},S) (z,t) be a reproducing kernel 0f7-[§3’2)(9). Then,

we get
Vi@, t) = Ly, K, s)(xat)‘(y,s)z(:ci,tiﬁi =1,2,---,

where the subscript (y, s) of the linear operator L indicates that L is a function of

(y,5).
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Proof By using the properties of reproducing kernel K> o )(:c t), it is found

Vi(z,t) = L;(x,t) = (L iy, s),K(ifS) (,1)) 32 (0
= <w2(ya 8)7 (y, S)K(y s)(‘r t)>H(1 (@)

32
= Ly K o) (@) (y,0)=(: 1)

where the subscript (y, s) of the linear operator £ indicates that £ is a function of
(Y, 8)- n

o0

Theorem 2.10 Suppose that the sequence {(x;,t;)};~, be dense in . Then
{0i(x,t)}22, is a independent linear sequence in the RKHS 7—[(3 2)( Q).

Theorem 2.11 Suppose that the sequence {(x;,t;)}°, be dense in Q. Then the
sequence {U;(x, )}, is complete in 7-[( )(Q)

Proof Let v(z,t) € 7—[53’2)((2). Since (v(a:,t),ﬁi(x,t))ﬂég,.a) =0, it is found

<’U,’l9i>,H(23.2)( Q) = <U L* 1/11>H(3 2)(9) = <,C’U ¢1>H(1 1)(9) == ,C”U(CCZ, z) = 0 i € N.

Since the subset {(z;,t;)};=; be dense in €, we obtain that
Lo(x,t) = 0.

Since the solution of Eq. (8) is unique, we get
v(x,t) =0, V(z,t) € Q.

Hence, the sequence {9;(z,t)};, are completed in RKHS 7-[(3 2 (Q). [ |

The sequence {¥;(x,t)}°, is convergent in completed RKHS 7—[92)(9), so the
solution v(z,t) can be expressed as follows:

[e.e]

v(z,t) = Z civi(x,t).

i=1

Now, with the choice m-sentence of Eq. (14), the approximate solution P,,v(x,t)
is presented by

m
Pyhv(z,t) = vp(x,t) = Ppo(x,t) = Z

where P, : 7-[53’2)( Q) — {Vi(x,t)}™, be orthogonal projection.
Now, we approximate the Coeﬂi(nents ¢; with a repeat process.
(3,2

For the first approximation, we select the function vy, (z,t) € Hy )(Q) and
assume that

m

Unym = Zci7n19i(x, t), n=2,3,...,
=1
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where ¢;,, 1 = 1,...,m, n = 2,3,..., with a duplicate process are calculated by
using
m
> inli(@, )| )=o)
i=1
ov —1
ZF(I';t,Un—l,m; nax ’m)’(gj7t) (IJ,J) J — 1 n:2737~..

2.1.2 The second method to calculate the approximate solution
Let the subset {(x;,t;)};°, be countable dense in Q. We define the functions
0;(x,t) as follows:
Oi(z’ t) = K?z;?s) (l’, t)|(y,s):(x1;,ti)7i =1,2,---

Theorem 2.12 Suppose that the sequence {(z;,t;)};2, be dense in Q, then the
sequence {0;(x,t)}:2, be linear independent in Hg )(Q)

Proof Assume that the relation " a;0;(x,t) = 0 is established for the sequence
{ai}iZy.
Therefore, we chose As(z,t) € HéS’Q)(Q) such that

As(xs,ts) =1, Ag(xy, t) =0, 1=1,2,...,m, | # s,

Hence, we obtain

Z (x,t) Z;QZ i (2 t>>7—t(3 20

aiAS(a:i,ti) =dag, S= 1,2, ceey T

Il

.
Il
—_

Therefor, the sequence {6;(x,t)}3°; be linear independent in RKHS 7-[(3 2 (). m

Theorem 2.13 Suppose that the sequence {(x;,t;)}2, be dense in 2, then the
sequence {0;(x,t)}72, be complete in RKHS Hg‘m)(Q)

Proof Assume that v(z,t) € 7—[92)(9). Since (v(x,1), 0i(l’,t>>,}_{;3,2) =0, we get
v(xg, t;) = 0.
Since the subsequence {(z;,%;)}5°; be dense in €, we obtain that
v(z,t) =0.
Therefore, by applying the Theorem 2.11 the sequence {6;(z,t)}°; be complete in
RKHS 7—[%3’2)(9). This completes the proof of Theorem 2.13. [ |

The sequence {6;(z,t)}°, be complete in RKHS Hgg’Q)(Q), so the solution v(z,t)
is given by:

= Cibi(a,1).
=1
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Now, by chose m-sentence of the Eq. (14), the approximate solution P,v(z,t) is
presented by

m

Ppo(z,t) = vp(x,t) = Ppo(z,t) = Z Cibi(z,1).
i=1
where P, : ’Hés’Q)(Q) — {0;(x,t)}™, be orthogonal projection.
Now, we approximate the coefficients C; with a repeat process.
For first approximation, we select the function vy ., (z,t) € 7-[%3’2)(9) and assume
that

m
Unm = Z Cinbi(z,t), n=2,3,...
=1

where the coefficient C;,,, ¢ = 1,...,m, n = 2,3,... with a duplicate process are
calculated by using

Z Cz,n»c‘gl ('T’ t) | (z,t)=(z;,t;)

=1

(92) —1 .
— F(.Ii,t?’l)n_l,m, %”(I,t):(xj,tj)?j = 1, e, my,n = 2,

2.2 Convergence analysis

Theorem 2.14 Let v be a real constant. Then

B = {vam(@ )| [onmllyen <7} € C@Q),

18 a bounded set.

Proof We know that
||”n,mHoo S e’ an,m”yfv”(g)a

where « is a positive real constant.
Thus for all (z,t) € Q and vy, 4, (z) € B there exist v < oo such that ||vpm|lec < 7.
This complete the proof of the Theorem 2.14. [ |

Theorem 2.15 Let v be real constant. Then B = {vn,m(x,tﬂ [vnmll4@» < 7} -

C () is egicontinuous set.

Proof By applying the Theorem (2.14), we obtain that

3,2

3,2
(y ’s/)(.’IJ,t) — K u,su)(l‘, t)>7-lé3’2)‘

|Un,m(y/73/) - Un,m(y”73”)‘ = ‘<Un,m($>t)aK (y

3,2 3,2
< ”’UmmH,H(;,z) ||K(y',sl) - K(y”,s”)”?‘lg&'m
3’2 ’ 1 372 ’ "
<7 HayK(y,s) (33, t)’y:(lfc)y'+cy” (y -y ) + 85K(y’s) (Hf, t)‘s:(lfc)surcs" (S -S )HH&‘“)

<w(ly —y'|+1]s —s"]),
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where w is a real constant.

By choosing § = 7, we get
ly =y [ +1s =8| <6 = |vnm®,8) —vam(y ,s )| < e
for all (y',s"),(y",s") € Q. This completes the proof of the Theorem 2.15. [ |

Theorem 2.16 Suppose that ||vnm| e be a bounded set. Then there exist sub-
sequence {Vn, m}orqy € B and v(x,t) € C(Q) such that

hmn—)oo,m—wo anmm - UHOO =0.

Proof Assume that the set B be eqicontinuous and bounded. So, each sequence
in B has a subsequence of convergence in C'(£2).
Thus there exist a subsequence {v,,_,}2°; in B such that

hmn—>oo,m—>oo anmm - UHOO =0,

Hence, it is found

aUn,{fl,m

‘C'Unmm(mjatj) = F(x7tavn,€fl,ma Oz

)|(z,t):(;rj,tj)aj =1..m~r=12..

Since £ and F be a continuous functions of v, we obtain that

ov

Lyu(x,t) = F(x,t,v, a—x)

In the following theorem, we derive condition for existence and uniqueness of
the solution vy, ,,. Furthermore, we establish uniformly converges of the sequence

{Un,m}zo:y

Theorem 2.17 Assume that the condition of the theorem 2.16 is confirmed. If the
solution of the Eq. (8) is exist and unique then

lim  ||opm — | — 0.
n—00,M—00

Proof Assume that the sequence {v,;,}, -, C B is not convenes to v.
Thus, there exist a positive number ¢y and subsequence {v,, m},~,; C B such that

vn,.m — vlloo = €0, K =1,2,... (14)

Since {vn,m},.~; C B be a subset of bounded and continuous functions, then
there exits a su%sequence of {vp,,m},>; such that convergence to v. Without loss
of generality, we may assume that the sequence {vy,_,} 1 uniformly convergence
to .

Hence, it is found

Im  |jvp, m — V]jec — 0. (15)

K—00,m—00

The existence and uniqueness of the solution of the Eq. (8) show that Eq. (15)
contradicts with the Eq. (14). This completes the proof of the Theorem 2.17. ®
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3. Numerical experiments
The methods presented in this paper are applied on two examples to illustrate the
efficiency and the applicability of the proposed methods.
Example 3.1 The generalized Haxley-Burgers equation with initial and boundary

and conditions are considered as follows:

G = G+ ougt & A + 0w + ), () € (0,1) X (0,1),
u(z,0) = 3[1 + tanh(ai1x)], 0 <z <1,

u(0, 1) [1 4 tanh(ai(—azt))], 0 <t <1,

u(l,t) [1 4 tanh(a1(1 —ast))], 0 <t < 1.

The exact solution of this question is given by:

I
NSNS

u(z,t) = %[1 + tanh(a1(z — ast))].

(=)ot VATER)

where a1 = %(—a + /a2 +803) and ag = % —

Method 1 Method 2
m = 30 m = 30
T; t; n =10 n =10
0.1 1] 0.05 8.7412¢ —8 1.8756e — 7
0.1 || 0.10 2.8756e—7 2.2321e—06
0.1 ] 1.00 6.8135¢—7 8.9134e—7
0.5 1] 0.05 3.5820e —7 4.9612e —7
0.5 0.10 3.9124e—7 4.1258e—7
0.5 1.00 2.5621le—6 5.1263e —6
0.9 005 7.378e —8 89125e—7
0.9 ] 0.10 5.4236e—7 1.2031le —6
0.9 1.00 7.0219¢ —7 2.1206e — 6

Table 1. Absolute error for different values x and ¢ (aw = 0,8 = 1) (Example 3.1).

The absolute error values for proposed methods reported in tables 1 and 2. The
results suggest that, the proposed methods are suitable for finding approximate
solutions with high degree of accuracy.

Example 3.2 The generalized Haxley-Burgers equation with initial and boundary
conditions are considered as follows:

x _8t+au6x+ﬁ(u +’70u +/7u) ( )6(0,1)><(0,1),
(z, )zﬁ—f[tcmh( =), 0<z <1,

u(0,t) = 3 — %[tanh(ﬂ)] 0<t<1,

u(1,t) = 3 — L[tanh(BU=2)) 0 < ¢ < 1.

The exact solution to this question is given by:

u(z, t) :% Liann(BE=2)y;

9%u
Era
u

[\]

r—o«

where r = mandq:w.
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Method 1 Method 2
m = 30 m = 30
T; t; n =10 n =10
0.1 | 0.05 5.6534e —8 8.1743e —7
0.1 ] 0.10 2.7430e —7 9.1496e — 6
0.1 | 1.00 4.4321e—8 6.1298¢ — 7
0.5 ] 0.05 6.8921e —8 4.1075e¢ — 7
0.5 ] 0.10 3.1209¢ —7 1.1690e — 6
0.5 | 1.00 3.3407¢ —7 6.8356e — 6
0.9 || 0.05 7.1763e —8 2.2567¢ —7
0.9 || 0.10 2.1093¢ —7 1.8754e—6
0.9 || 1.00 2.1856e—7 9.6114e—6
Table 2. Absolute error for different values z and t (o = 0,5 = 1 v = 0.001)(Example
3.1).
t=0.1 [a=57y=08 a=5~y=05 a=37=08 a=37=05
m =40,n = 10 2.4521e — 4 3.9814e — 4 4.8927e¢ — 4 3.7310e — 4
t=04 a=5,yvy=08  a=5v=05 a=3,y=08 a=3,vy=0.5
m =40,n = 10 9.3745e — 4 1.6721e — 4 7.935¢ — 4 9.5614e — 4
t=20.9 a=5,7y=08 a=5v=05 a=3,y=08 a=3,vy=0.5
m =40,n = 10 3.8241e — 3 1.4987e¢ — 3 4.5267¢ — 3 5.1573e — 3
Table 3. Maximum error in the first method, g =1 for t = 0.1,0.4,0.9 (Example 3.2).
=0.1 ||0z=5,’y=0.85 a=5,y=05 a=3,vy=08 «a=3,7v=0.5
m =40,n = 10 4.1512e — 4 4.3212¢ — 4 4.8927e¢ — 4 5.4192e — 4
t=04 a=57vy=08  a=57v=05 a=3,y=08 a=3,vy=0.5
m =40,n = 10 6.1096e — 4 5.4012e — 4 7.935¢ — 4 1.8346e — 3
t=20.9 a=5,y7y=08 a=5v=05 a=3,y=08 a=3,vy=0.5
m =40,n = 10 4.2649¢ — 3 4.2309¢e — 3 2.1643e — 3 6.2395¢ — 3

Table 4. Maximum error in the second method, 8 =1 for ¢ = 0.1,0.4,0.9 (Example 3.2)

The maximum error values for proposed methods are reported in tables 3 and 4.
The results indicate that our methods are suitable for finding approximate solutions
with high degree of accuracy.

4. Conclusion

In this paper, by applying the methods based on reproduction kernel Hilbert space,
the approximate solution of the Generalized Huxley-Burgers equations are ob-
tained. First, the appropriate RKHS according to the initial and boundary condi-
tions are defined. Afterwards, the building reproducing kernel are discussed. Since
the Gram-Schmidt pronominalization process is unstable due to the rounding error
of the process, this removal from the reproduction kernel method in solving this
kind of nonlinear problems. In the following, we presented that the approximate
solution be a uniformly convergence to the exact solution. In some of the future
research, we can find error estimation and calculation the convergence rate of the
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reproduction kernel method for nonlinear partial differential equations.
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