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1. Introduction

Let I C R be an interval with aj,a2 € I and a1 < az, and let f : I — R be a
convex function. The double inequality

f<(11+a2><a 1a /azf($)dx<f(a1)+f(a2)
2—a1 Jq,

2 2

is known in the literature as Hermite-Hadamard integral inequality for convex func-
tions. Both the inequalities hold in the reversed direction if f is concave. In recent
years, several generalizations and extensions have been considered for classical con-
vexity. One of the most important generalizations of the concept of convex function
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is that of preinvex function introduced by Hanson [6]. Ben-Israel and Mond [5] in-
troduced the concepts of invex set and preinvex function. Weir and Mond [20],
Noor [14] and Yang and Li [21] have studied the basic properties of the preinvex
functions. For recent generalizations and extensions of the preinvex functions, see
[2, 3, 7-10, 13, 17, 18].

1.1 Preinvexity and Hermite-Hadamard inequalities

Let us recall some definitions and known results concerning invexity and preinvex-
ity.

Definition 1.1 [21] A set & C R is said to be invex if there exist a function
7n: 3 x ¥ — R such that

a; + pn (az,a1) € S, Yaj,as €3, pe(0,1].

The invex set & is also called a n-connected set.

Definition 1.2 [20] Let f be a function on the invex set . Then, f is said to be
preinvex with respect to 7, if

flar+pn(az,a1)) < (1 —p) flar) + pf (a2), Yai,a2 €S, pel0,1].

It is to be noted that every convex function is preinvex with respect to the map
n (az2,a1) = ag — ay, but the converse is not true, see for example [20, 22].

To prove some results in this paper, we need the well-known Condition C intro-
duced by Mohan and Neogy in [11].

Condition C Let & C R” be an open invex subset with respect to n: I x & — R.
We say that the bifunction 7 satisfies the Condition C if for any a;,a2 € & and
€ 10,1],

n (a1, a1 + un (ag,a1)) = —un (ag, a1),

n(az, a1 + pn (az,a1)) = (1 — p)n(az,a1).

Note that for every aj,as € S and p € [0,1] and from condition C, we have

n (ay 4 pan (az,a1) , a1 + pin (ag,a1)) = (p2 — p1) n (az, a1) .

In [12] Noor has obtained the following Hermite-Hadamard inequalities for the
preinvex functions.

Theorem 1.3 Let f : & = [a1 + 7 (a2,a1)] — (0,00) be a preinvexr function on
the interval of real numbers I° and ai,ay € I° with a; < n(ag,a1). Then the
following inequality holds:

a as,a ar+7(az,a1) a a
f<2 1+ 1 (a2, 1))<n(1 / (f(m))dx<f<1)+f(2).

2 ag,al) a 2

Definition 1.4 [15] A nonnegative function f : & C [0,00) — R is said to be
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s-preinvex with respect to n for some fixed s € (0, 1], if

flar +pm(ag,a1)) < (1 —p)° f(a1) + p°f (a2)

for all aj,as € ¥, p€[0,1].

Definition 1.5 [16] A function f : & — (0,00) is said to be multiplicatively (or
logarithmically) s-preinvex for s € (0, 1)with respect to 7, if

f (a1 + pm (ag, 1)) < [f @) [f (a2))", ar,a2 € S, pe [0,1].

From the above definition, we have

In f (a1 + i (az,a1)) < I { [ (@)] 7" [f (@)}

=In[f (a)]"™"" +n[f (a2)]*
=(1—p)"Inf(a1) +pln f (az).

1.2  Multiplicative calculus
Recall that the notion of multlphcatlve 1ntegral is denoted by [ ( )dw while
the ordinary integral is denoted by f x))dz. This comes from the fact that
the sum of the terms of product is used in the definition of a classical Riemann
integral of f on [u,v], the product of terms raised to certain powers is used in the
definition of multiplicative integral of f on [u,v].

There is the following relation between Riemann integral and multiplicative in-
tegral [4].

Proposition 1.6 If f is Riemann integrable on [u,v], then f is multiplicative
integrable on [u,v] and

/ (f (x»dx = efuv In(f(x))dz

In [4], Bashirov et al. show that multiplicative integral has the following results:

Proposition 1.7 If f is positive and Riemann integrable on [u,v], then f is mul-
tiplicative integrable on [u,v] and

(f @) = 12 (@)
f x)g(m)) f (f (z))* .
)dz f (f(z)
I (g x)
<w> = [ (f (@)™ f;j (f (@)™, u<w <w
5 f;( (1’) =1 and f d (fvu (f (:E))dm> ‘

w (g (@)™,

2. Main results

In this section we establish some Hermite-Hadamard type inequalities for multi-
plicatively s-preinvex functions. We also obtain integral inequalities of Hermite-



256 S. Ozcan/ IJM2C, 09 - 04 (2019) 253-266.

Hadamard type for product and quotient of preinvex and multiplicatively s-
preinvex functions.

Theorem 2.1 Let & C R be an open invex subset with respect ton: 3 x & — R
and ay,ay €  with a; < a1 + n(ag,a1). If f is a positive and multiplicatively
s-preinvex function on the interval [a1, a1 + n (az,a1)] and n satisfies Condition C,
then

1
s—1

()] ([ )

< [f (ar) f (a2)]V/ D (1)

Proof Since f is a multiplicatively s-preinvex function, we have for every u,v €
[a1,a1 + 1 (a2,a1)] with pu = %

/ <W> =/ (u+”“;“>) < (f @) (f )V

Now let w = a1 + (1 — p) n (a2, a1) and v = a1 + pn (az,a1) . From Condition C,
we have

flar+ (1 —p)n(az,a1)+

n (a1 + pn (az,a1) a1 + (1 — p)n (a2aa1))>
2

(2p — 1)77(a2,a1)>

flar+ (1 —p)n(az,a1)+

2a1 —1—?7(@2,(11))
2

2

f

—~ 7 N 7N /N

N

< (f (a1 + pm (az,a0))) " (f (a1 + (1 — p) n (az, a1))/*"

Taking logarithms of both sides of the above inequality leads to

g (2RO < (7 o o)) (F a0 ) ) )

= %ln(f (a1 + pn (az,a1))) + %m (f (a1 + (1 — M)n(a%al)))l/gs .
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Integrating the above inequality with respect to u on [0, 1], we have

In f (2@1 + 772(a2, a1)>

1 1
< [ W@t dit g [ @+ 0= (5. du
1 i 1 ai+n(az,a1) 1 a1
=2 | n(aa) /. U@ = e e /m%m) n{f (@) dﬁﬂ]
1 [ 1 a1+n(az,a1) 1 ar+n(az,ar)
“Flimard, | UG U df]

1 1 a1+n(az,a1)l p
= — n Xz Z,
v (f (@)

which implies that

ay+n(az,a1)
2511y <2a1 +77(a2,a1)) < : 1 / I (f () dz.
n a1

2 as,ar)

Thus, we have

s—1

2 1 ajy+mnlaz,ay
! (2@1 + 7 (a9, a1)> < e< S +n( >1n(f(z))d$)

n(ag,ay)
2

a1+n(az,a1) e m
-/ (F ) .

Hence, we obtain

s—1

a as, ar)\ > a1+n(az,a1) D)

which completes the proof of the left hand side of (1). Now consider the right hand
side of (1).

1

(/a1+77(a2,a1) (f (x))dx> n(ag,ay) _ (6(faa11+n(a2,a1) ln(f(;t))dac)> n(ag,ay)

— et (2 () (@) der)
— oy n(far+pn(az,a1)))du

< edo W((F(@) " (f(a2))"" )dp
— oo ((=p)* In far)+p° In f(az))dps

o (In(F (@) F(a2)) 8+ )
= [f (1) f (ag)] /D).
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Hence, we get the inequality
ai1+n(az,a1) n(a;,ru)
< / (f (w))dx) <If (@) f (a)]/0FD. (3)
Combining (2) and (3) gives the desired result. [ |

Remark 2.2 If we choose s = 1, then Theorem 2.1 reduces to Theorem 3.1 in
[18].

Remark 2.3 If we choose 7 (az,a1) = b—a and s = 1, then Theorem 2.1 reduces
to Theorem 5 in [1].

Theorem 2.4 Let I C R be an open invex subset with respect ton: I x ¥ — R
and ay,az € S with a; < a1 +n(ag,a1). If f and g are positive and multiplicatively
s-preinver functions on the interval [a1,a1 + 1 (a2, a1)] and n satisfies Condition

C, then

s—1

[f <2a1 + nz(ag,a1)> . (2&1 + 772(a2,a1)>} 2

ai1+n(az,a1) e a1+n(az,a1) e n(az,a1)
<(/ (. [ (9(2)

<[(f (ar) f (a2)) - (9 (a1) g (a2))]/CFV. (4)

Proof Since f and g are positive and multiplicatively s-preinvex functions and 7
satisfies Condition C, we have

In <f <2a1 +772(a2,a1)> g <2a1 +772(a2,a1)>)
I (f <2a1+n az, a )) ( <2a1+n2(a2,a1)>)
1/2°

<t ((F @+ o, )V (F (01 + (1 ) an, ) )

10 (g (a4 pm (a2, @)V (g (a1 + (1= ) m (az, 1)) )

= % M (f (a1 + pn(az,a1))) +In(f (a1 + (1 — ) n (az,a1)))]

to (g (ar + pm (a2, 00))) +1n (g (ax + (1~ ) (a2, ).
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Integrating the above inequality with respect to u on [0, 1], we have

n <f <2a1 + 772(a2,a1)> g <2a1 —|—772(a2,a1)>>

< /01 [215 In(f (a1 +pn (a2, a1))) +In(f (a1 + (1 —p)n (QQ’GI)))] i

1
- [21 In (g (a1 + i (az, 1)) + o= In (g (a1 + (1 — )y (az, a1>>>] dp

25

a1+n(az,a1) a1
_21[(1/ ! ln(f(:c))dx—l/ ln(f(w))dx]

n (a2, a1) n(az,ar) 1+n(az,a1)
1 1 /a1+7](¢12»a1)1 ( ( ))d 1 ay | ( ( ))d
4 n(g(z))dr— / n(g(r))azr
25 | n(az,a1) Jo, 1(a2,01) Ja, +n(as,a1)

1 1 a1+n(az,a1) : p 1 a;+n(az,a1) , p
= n x xr+ —- n x x|,
5 e /. F@pdes s [ (9(@))

which implies that

o511 (f <2a1 +n2(a2,a1)) g <2a1 +772(a2,a1))>

1 ai1+n(az,a1) a1+n(az,a1)
/ In(f(x))dx+ / In(g(z))dx.

< - -
“ n(az,a1) Ja, n(az,a1) Ja,

Thus, we have

s—1

<f (2(11 + 772(a2,a1)> . (2@1 + 772(a2,a1)>>2

fa1+n(<12 1 In(f(z ))da+- fa1+n(a2 U In(g(a ))dx)

(az ay)

e(ﬂ(az ay)

1
ﬂ1+n(02 a) In(f(z)) d$+f01+77("2 a1) ln(g(m))dx) n(az,ay)

1
( Joatnteza n(f(z)) )z f‘”*’(“? *D In(g(x ))dx)m

a1 +n(az,a1) e a1+n(az,a1) e 71(a21»a1)
(. [ (9() .
ay

Hence, we attain

(f <2a1 + 772(a2,a1)> g <2a1 - 772(a27a1)>)2

a1+n(az,a1) de a1 +n(az,a1) de ”(“;“1)
< / (f (@) / (9 () . (5)

s—1
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Consider the second inequality in (4):

a1+n(az,a1) e ai1+n(az,a1) e n(aql,fn)
/ (Fant. [ (9())

1
. e(f;11+"1(a2,a1) ln(f(x))dl‘-i-faall+"(a2’a1) ln(g(a:))dx) n(ag,a1)

1

— (en(fh 1) ( [y In(f(ar+pm(as,an)))dp+ [ In(g(ar+pn(az,a1)))dp) > n(az;a1)

— oJo m(f(ar+pn(az,ar)))du+ [ In(g(ar+un(az,a)))dp
< edo (@) 77 (F(a2)) dpt [y n((g(a1)) =" (g(a2))"" )da
— oJo ((A=p)*In f(ar)+p" In f(az))du+ [3 (1=p)* In g(a1)+4” In g(az))dp

_ (@) f(az))’d " pin(glar)g(az)) 0

= [(f (a1) f (a2)) . (g (a1) g (a2))]/CFV).

Hence, we have

1

a1+n(az,a1) i a1+n(az,a1) i n(az,a1)
/ (. [ (9(=)

<[(f (1) f (a2)) - (9 (a1) g (a2))]Y/<FY. (6)

From the inequalities (5) and (6), we get the inequality (4). [ |

Remark 2.5 If we choose s = 1, then Theorem 2.4 reduces to Theorem 3.2 in
[18].

Remark 2.6 If we choose 7 (a2,a1) = b —a and s = 1, then Theorem 2.4 reduces
to Theorem 7 in [1].

Theorem 2.7 Let & C R be an open invex subset with respect ton: I x ¥ — R
and ay,az € S with a; < a1 +n(ag,a1). If f and g are positive and multiplicatively
s-preinver functions on the interval [a1,a1 + 1 (az,a1)] and n satisfies Condition

C, then

2571 1
2a, 2,01 as az,a1 T\ n(ag,a
f (#) _ (fal +n(az,a1) (f (x))d > (az,a1)

g (2ot J e (g (o)

(7)

Proof Since f and g are positive and multiplicatively s-preinvex functions and 7
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satisfies Condition C, we can write

2a1+n(az,a1) )

(o) ()

<t ((f (an + pm (aze @)V (F (ar + (1= ) (ar,02))' )

—1n (g (@ + un (a2,00)) 7 (g (1 + (1 = ) a1, 02)) V)

- % o (f (a1 + pn (a2, a1))) + I (f (a1 + (1 — p) n (a1, az2)))]

— e [0 (g (@ + iy (a2,01))) + 0 (g (o + (1~ )71 (a1,02))]

Integrating the above inequality with respect to u on [0, 1], we have

<2a1 +n(az,a1) )

( a1+17 a2,a1 )
1
28

(I (f (a1 + pn (ag,a1))) + 10 (f (a1 + (1 = p) 1 (a1, a2)))] dps

1
<

S

1
_/0 % [n (g (a1 + pn (az,a1))) +In(g (a1 + (1 — ) n(a1,a2)))] du

a1+n(az,a1) a,
- [1 / In(f @)oo+ In (f () dm]

n (a27 al) 1+n(az,a1)

L]_1 /al+n(a2’al)1 (g(x))d ! /al In (g (2))d
I n(g(z))de + —— n(g(z))dx
2% | n(az,a1) a; I 1 (az,a1) a1+n(az,a1) !

1 1 a1 +n(asz,a1) 1 a1 +n(az,a1)
- / In(f @)oo In (g (x)) d

2571 1n(ag,a1) n (az,a1)

which is equivalent to

2a1+n(az,a1

s—1 f( n2( )>
2°7 " In

g <2a1+7](a2,a1)>

2
1 a1+77(a2,a1)1 f ) J 1 a1+r](a2,a1)1 p
< —F— n(f(z))de — —— n (g (x))dz.

s . G- s | (o)
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Thus, we have

s—1

f <2a1+772(a2,a1)> 2
[g <2a1+772(a2,a1)> ]

falJr n(as,aq) In(f(z))de— n(az — fa1+ n(ag,a) In(g(= ))dx)

77(02 ay)

( fa1+n(a2 La1) In(f(x))dz— fa1+n<a2 »a1) ln(g(x))da:) n(02 ay)
1
Qe In(f@)da\ e
fa1+ n(ag,ay) In(g(x))dx
1
( a1+17 as,a1) (x))dx n(ag,ay)
a1+n(a2,a1 ( dz ’
z))

2a1+n(az,a1) 2 ai as,a T ﬁ
{f(ﬂ)] <<fal+77( ) )(f(x))d> (ag,a1)

g (2a1+77 f;ﬁrﬂ(az,al) (g (w))dw

a))

Now, consider the second inequality in (7):

Hence,

N~

N~

(fa“:”(“Q’W (f <w>>dx> e
Jrmes) (g (a)*

1
ef:11+"(a2’a1) In(f(x))dz\ nlaz.a1)
o efaﬂ11+n(az>@1) In(g(z))dz

1
_ <ef51”"(“2'““ In(f(x))da— [y 1n<g<x)>dx) az.an)

— (e(fo1 In(f (a1+un(az,a1)))dp— [ 1n(g(a1+w7(a27a1)))du)> Tz

— oo W(f(ar+un(az,an)))du— [y n(g(ar+un(az,ar)))du
< e m((F(@) O (Flaz) Y f; 1n(<g(a1>>“*“>‘*<g<a2>>“‘*)du
— oJo ((A=p)* In f(ar)+p" In f(az))du— [ (1=4)* In g(a1)+4* In g(az))dp

— eIn( (@) f(@2))0 ¥ In(g(ar)g(az)) o #

Consequently,

) (7 )y T N -
f;ll1+77(a27111) (g (x))dz
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By using the inequalities (8) and (9), we get the inequality (7) which is the required
result. u

Remark 2.8 If we choose s = 1, then Theorem 2.7 reduces to Theorem 3.3 in
[18].

Remark 2.9 If we choose 7 (a2,a1) = b—a and s = 1, then Theorem 2.7 reduces
to Theorem 9 in [1].

Theorem 2.10 Let & C R be an open invexr subset with respect ton: I x F — R
and ay,as € S with ay < a1+n (az,a1) . Let f and g be preinver and multiplicatively
s-preinver positive functions, respectively, on the interval [a1, a1 + 1 (az,a1)]. Then,
we have

flay)
_ \U@)

" e (g(a1) g (ag)V/ D

(ﬁfﬁl*”(‘”’“l’ ( <x>>‘”> e
Jrmes) (g (@)

Proof Note that,

<f$*”(“2’“1’ (f <a:>>dx) T
Jrtmes) (g (@) ®

1
(ef:11+"(a2’a1) ln(f(z))d:):) n(az,a1)

ef:11+n(a2,u1) In(g(z))dz
1
_ (eff;*”(“?’“” In(f (a))da— [ 1tz en) 1n(g(z>)dm> azan)

— oJo m(f(ar+pn(az,a1)))du— [ In(g(ar+pn(az,ar)))dp

oo In(f(ar)+u(f(az)—f(ar)))dp—fy In((g(a1))* =" (g(a2))"" )du

1
flag) \ fla2)—f(a1) 1,8,
1“((%) >‘1—ln(g<a1>g(a2>>fo e an

N

(f(ay))f e

e.(g(a1) g (a2))

1/(s+1) "

So, the proof is completed. |

Remark 2.11 If we choose s = 1, then Theorem 2.10 reduces to Theorem 3.4 in
[18].

Remark 2.12 If we choose 7 (a2, a1) = b—a and s = 1, then Theorem 2.10 reduces
to Theorem 11 in [1].

Theorem 2.13 Let & C R be an open invexr subset with respect ton: I x F — R
and ay,az € S with a; < a1 +1n(ag,a1). Let f and g be multiplicatively s-preinvex
and preinver positive functions, respectively, on the interval [aq,a; + 1 (a2, a1)].
Then, we have

1

(f;l*”(“”” ( <x>>dx> e

Jortmeaa) (g (z))%

e. (f (a1) f (a))"/ D

(9(@)7D

<
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Proof Note that

1

(f;?*”(“”‘“ (f <x>>dw> T
St (g (@) ®

1
efaa11+"<a2'a1) In(f(z))dx \ n(az.a1)
- efaa11+vz(a2»a1) In(g(z))dx

1
_ (ef::*"“’z'““ In(f (@))da— [ 1tz 1n<g(a:>>d:c) a2

— oJo m(f(ar+pn(az,an)))dp— [ In(g(ar+pn(az,ar)))dp

(@) ((a2))" )y [} In(g(an) +pu(a(az)—g(ar)))dp

1
1n(f(a1).f(a2))f& podp_jp < ( (g(ag))9(a2) ) glag)—g(al) ) 41

(9(a1)9(a1)
=e

e. (f (a1) f (az))/D |
(Geen)

g(al))y(al)

Remark 2.14 If we choose s = 1, then Theorem 2.13 reduces to Theorem 3.5 in
[18].

Remark 2.15 If we choose 7 (a2,a1) = b—a and s = 1, then Theorem 2.13 reduces
to Theorem 12 in [1].

Theorem 2.16 Let & C R be an open invexr subset with respect ton: I x F— R
and ay,as € S with ay < a1+n (az,a1) . Let f and g be preinvexr and multiplicatively
s-preinvex positive functions, respectively, on the interval [a1, a1 + 1 (a2, a1)]. Then,
we have

1

a:+n(az,a1) e a1+n(az,a1) i n(az.a1)
/ (f (@) / (9 ())

(f(az))! @2\ Fam—F@D ( 1/(s4+1)
FTPRiC (g (a1) g (a2))
_ () .

X

e

Proof Note that

ai1+n(az,a1) da a1+n(az,a1) da m
[ (. [ (9(@))

1
< a1+n(a2 1) 1p f(w))da:+fa1+'7(a2 a) In(g(z))dx )m

1

< n(az,a1) (f(ar+pun(az,a1)) du—&—fé 1n(a1+,un(a2,a1))du)) n(ag,aq)
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— oJo m(f(ar+pn(az,an)))dpt [} In(g(ar+un(az,ar)))du

< edo (F @) +u(f(az)=Fan)dp—fy m((9(a) ™" (g(a2))"" ) dp

1
In < ( (f(ag)(a2) ) Flaz)=F(a1) > 71+1n(g(a1)g(a2))f01 rm
=e

(f(ag))f (@)

(a2))1/(s+1)

((f<a2>)f<“2))f(az)lfm) (o (an)g

(f(a2)) V)

e

Consequently,

1

a1+n(az,ar) e a1+n(az,a1) e n(az,a1)
/ (. [ (9(=)

ay ay

as))f(@2) ﬁ .
(Ul 2N T (g (an) g (a2)) )

e

<

This completes the proof. [ ]

Remark 2.17 If we choose s = 1, then Theorem 2.16 reduces to Theorem 3.6 in
[18].

Remark 2.18 If we choose 1) (a2, a1) = b—a and s = 1, then Theorem 2.16 reduces
to Theorem 13 in [1].

3. Conclusion

In this paper, integral inequalities of Hermite-Hadamard type for multiplicatively
s-preinvex and preinvex functions are established in the setting of multiplicative
calculus. Some integral inequalities of Hermite-Hadamard type for product and
quotient of multiplicatively s-preinvex and preinvex functions are derived in multi-
plicative calculus. It has shown that, previously known results can be obtained as
special cases from our results. It is expected that idea of this article may attract
interested readers.
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