International Journal of [ § ] =
Mathematical Modelling & Computations II ”WH

Vol. 09, No. 03, Summer 2019, 187- 195

Sturm-Liouville Fuzzy Problem with Fuzzy Eigenvalue Parameter
H. Giiltekin Citil*

Department of Mathematics, Faculty of Arts and Sciences, Giresun University, Giresun,
Turkey.

Abstract. This study is on the fuzzy eigenvalues and the fuzzy eigenvalues of Sturm-Liouville
fuzzy problem with fuzzy eigenvalue parameter. We find fuzzy eigenvalues and the fuzzy
eigenvalues of the problem under the approach of Hukuhara differentiability. We solve an
example. We draw the graphics of eigenfunctions. We show that eigenfunctions are valid fuzzy
functions or not.

Received: 30 July 2019, Revised: 05 September 2019, Accepted: 20 September 2019.

Keywords: Sturm-Liouville problem; Fuzzy logic; Fuzzy eigenvalue; Fuzzy eigenfunction.

Index to information contained in this paper

1. Introduction
2. Preliminaries
3. Main results
4.  Conclusion

1. Introduction

To solve dynamic problems, fuzzy differential equation is very important topic. Thus,
many researchers studied fuzzy differential equation with different methods [1-3,8].
Sturm-Liouville fuzzy differential equation was defined by Giiltekin Citil and Altinigik
[6]. Sturm-Liouville fuzzy problem was studied in many papers [4,6,7]. But, eigenvalue
parameter was not fuzzy in these papers.

In this paper, we investigate the fuzzy eigenvalues and the fuzzy eigenvalues of
Sturm-Liouville fuzzy problem with fuzzy eigenvalue parameter.

The structure of this paper is as follows. In section 2 we give some basic definitions,
notations and theorems. In section 3 we define our problem, present the eigenvalues and
the eigenfunctions of the problems and solve an example. In section 4 we give conclusion.

2. Preliminaries

Definition 2.1 ([14]) A fuzzy number is a mapping u: R - [0,1] satisfying with the
following properties:
1. u isnormal, 3x, € R for which u(x,)=1.
2. u is convex fuzzy set:
u(Ax+ (1 - A)y) 2 min{u(x),u(y)} forall x,yeR, 1<][0,1].
3. u is upper semi-continuous on R.
4. supp u={xeR|u(x)>0} is the support of the u and its closure cl/(supp u) is
compact.

*Corresponding author. Email: hulya.citil@giresun.edu.tr

©2019 IAUCTB
http://ijm2c.iauctb.ac.ir



188 H. Giiltekin Citil /I]M?C, 09 -03 (2019) 187-195.

Let R, be the space of fuzzy sets.

Definition 2.2 ([12]) Let u be a fuzzy setin R,. The a-level setof u is

[u]”* ={xeR|u(x)>a}, 0<a<l.

Definition 2.3 ([14]) A fuzzy number u in parametric form is a pair [ga,ﬁa] of

functionsu ,, u,, 0<a <1, which satisfy the following requirements:

1. u,is bounded non-decreasing left-continuous in (0,1] and right-continuous at
a=0.

2. u,is bounded non-increasing left-continuous in (0,1] and right-continuous at
a=0.

3. u,<ii,, 0<a<l.

I

Definition 2.4 ([10]) For u,veR , and A€R, thesum u+v and the product Au are
defined by

[u+v]? =[u]® +[v]%, [Au]® = Au]®, Va[0,1].
Definition 2.5 ([5]) The metric is defined by
D:R.xR. >R, U{0},

D(u,v) = sup d([u]“,[v]*),

0<a<l

d ([u) 01 ) = max {lu, - v, |\fiw, ~ .}

on R, where [u]” =[u,.u,], [V]* =[vy.V,]-

Definition 2.6 ([11]) Let be u,veR ., [u]® =[u,.i,], [vI* =[v,.V,]. the product
u.v is defined by
[u,v]* =[u]*.[v]*, Va €[0,1],
where
(1101 = [ugit g J[vas Vi | = [was Wa ]

2
W =NV UV gl Vs T Vi s Wy = MaX (U Vg UGV g U VUGV -

Definition 2.7 ([15]) A fuzzy number u is called positive, denoted by u >0 if its
membership function u(x) satisfies u(x)=0, Vx<0.

Definition 2.8 ([12]) Let u and v be two fuzzy sets. If there exists a fuzzy set w such
that w =v+w, then w is called the H-difference of uand v and it is denoted by u ©v.

Definition 2.9 ([13]) f:(a,b) > R and ¢, €(a,b). If there exists f’(to) e R such
that for all A>0 sufficiently small, Elf(t0 +h)®f(t0),f(t0)®f(t0 —h), and the
limits hold

hmf(’o +h)© 1 (1) :limf(%)@f(to —h) = /(1.

h—0 h h—0 h
f is Hukuhara differentiable at ¢.

Theorem 2.1 ([9]) Let [ :(a,b) > R be Hukuhara differentiable and denote
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01 =[ £ 0. [.®)]
Then, the boundary functions j: ., and fa are differentiable,
/@) =[f20.7,0)]
and f7,(t)< f7,(0).
Definition 2.10 ([6]) If p'(x)=0, r(x)=1 and Ly=p(x)y"+q(x)y in the fuzzy

differential equation (p(x) y')' +qg(x)y+ Ar(x)y =0, where p(x), p'(x), g(x), r(x)
are continuous functions and are positive on [a,b], the fuzzy differential equation

Ly+Ay=0 )
is called a fuzzy Sturm-Liouville equation.
Definition 2.11 ([6]) [y(x.40)]" =[(x.40).7(x.2)]#0. we say that A=1, is

eigenvalue of (1) if the fuzzy differential equation (1) has the nontrivial solutions
Z(x,/io);t 0, )7(x,/10)¢ 0.

3. Main results

We investigate the fuzzy eigenvalues and the fuzzy eigenfunctions of the Sturm-Liouville
fuzzy problem

V' +[A]1%y =0, xe(a,b), )
[4]% y(a)=[B]* y'(a), (3)
[C1% y(b)=[D]* y'(b), 4)

where [A]% = [/I

—a’

Za] positive fuzzy eigenvalue parameter,

(41 =]4,.4, ], [B1" =[ B,.B, ). [C]“ =[¢,.C, ], [D1* =[ D,,.D,, |
are symmetric triangular fuzzy numbers, [y]% = [ Va ,fa] is positive fuzzy function.

Using the Hukuhara differentiability and fuzzy arithmetic, from the fuzzy differential
equation (2), we have the equations

Vot2daye =0, ¥+ 1,7, =0.
From this, the solutions of the above equations are obtained as

Yo () =1 (@) c0s(y2, %) + ¢, (@)sin(y/ 4, %),

7o (0) = es(@eos (I, x) + ea@sin ({2, %),

[P0 AN =[ 8, (%2, )8 (%7 )]
be the solution of the fuzzy differential equation (2) satisfying the condition (3).
Then, we have

Za(a):cl(a)cos(@a)+cz(a)sin(\/Za)=§a, )
X’a(a)=—cl(a)\/Zsin(\/Za)+cz(a)\/Zcos(\/Za):Aa, 6)

Let
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)7a(a)=c3(a)cos(\/Za)+c4(a)sin(\/Za)=§a, %
y’a(a)=—c3(a)\/Zsin(\/Za)+c4(a)\/Zcos(\/Za)=Za. (8)

From (5) and (6),

From (7) and (8),
Ea\/Zcos(\/Za)—Aa sm(\/Za)
cs(a) = T
A4, cos(\/Za)+§a\/Zsin(\/Za)
cyla)= T
Then, -
[N =[ b (. 20) B (%2 )]
éa(x,za){B“ o ol 43;4asin(ﬁa)}os( 7u)
{Aam(@a)% Ly sin %“)}m( 7.%)
_( _) [EQ\/ZCOS(\/Za)—Zasm(\/Za) ( _ )
o, (x4, )= — cos(+/4, x
a a \/Z a
Zacos(\/Za)+§a 2, s1n(\/Za) _
+ \/7 sm( lax)
Again, let

[y (e AN =¥ (%2,) 70 (. 2,) ]
be the solution of the fuzzy differential equation (2) satisfying the condition (4). Then, we
have

Vab) = (@)cos(2,b)+ e (@)sin([4,b)= D, ©)
V()= ¢ (@2, sin(\J2,b)+ 5 (@2, cos({2,b)=C,, (10)
ya(b)=c3(a)cos(\/Zb)+c4(a)sin(\/Zb)=5a, (11)

7, (0) = ~cx (@A, sin(E,b) + .y (@2, cos(\Z,b)=C.,. (12)
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From (9) and (10),
cl(a):l_)a A, cos(@;il—ga51n( /_1ab)
Cz(a):Cacos( /Iab)t/il Ay s1n( iab)
From (11) and (12), -
D7, cos(\/Zb)—Casm( /Iab)
cs3(a) = =
c cos( /lab)+5a\/Zsin( 7 b)
cyla)= =
ﬂ“a
Then,
[y (e AN =y, (6. 2,): 70 (% 2,)]5
'Ka(x,/la)={Da e COS( &j/i—)_gasm(@b)}cos( lax)
+[Cacos(\/2b)n:/li7: A, sm( ﬂab)]sm( /lax)
Wa(x’Za)z[Da\/Zcos( /1\7;—Casm( ﬂab)}os(\/ix)

[(_?a cos(\/Zb)+5a\/Zsin( Iab)}in( _

The eigenvalues of the fuzzy boundary value problem (2)-(4) if and only if are consist of
the zeros of functions VZ(Qa,lga )(x,ia) and I/I_/(Za Wy )(x,za) [6].
Since
W (ot o) (% 20) = B (x.2)
IERAARANS

making the necessary operations, we obtain

W (40w )(2e) F{r cos(y/Z, (a=h))(B,C, - 4,D,)
—s1n(\/:(a—b)) (4,C, +2,B,D a)}
1_ {\/Zcos(\/Z(a—b))(Eaéa —Zaﬁa)
—sm(f(a b))(Z C,+ _aEa_a)}

o (%2e) =

Ao )= 9 (x
(7). (x

v
7

W(fara)(2a)=
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Example 3.1 Consider the eigenvalues and the eigenfunctions of the fuzzy problem

Y'+[4]%y =0, (13)
[11% »(0) = y'(0), (14)
[2]% (1) =[0]* y'(D) (15)

where
[01 =[-1+a,l-«a], [1]? =[a,2-«], [2]* =[1+a,3—-«],
[v]% = [ Va ,)7“] is positive fuzzy function.
Let
(406 AN =[ 8o (320 )-8 (. 2) ]

b 1) =) e i ).
J (x,za):cos(@x)+["-J%'Jsm(@x)

be the solution of the fuzzy differential equation (13) satisfying the condition (14) and
e A1 =[v, (x2,).7, (%2, )]
-1+o) oS 1+ a)sin
Ve (x,ia) [ \/7 (\/\/77) (r)}cos(rx)

[(1+a)cos(\/Z)+\(/i+a)\/7s1n(\/7)}in(\/zx)’

7 (5 5)- (“ N (@ G-asin( {7, )}OS(JZX)

((3a)cos(\/Z)+(l a)\/7s1n( )J

sin (, |2, x)
be the solution of the fuzzy differential equation (13) satisfying the condition (15).

From this, we obtain
sin (\/T )

Vf(ﬂaav_/a)(&a)zcos(\/f)(l+2a a ) N
W(q?a,nﬁa)(Za)zcos(\/z)(l+2a_a s1n( )

Computing the values A, satisfying the equa‘mon
W (ot a)(24)=0

for each « €[0,1], we get infinitely many values as
a=0=4,,=0.860334, 1,, =3.42562, 1,5 =6.4373, A,,=9.52933,...

+

(a+a2+4a(a—1)),

(C-a)3-a)+ A, (1-a)).
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a=02= Ay, =1.11126, Ay,, =3.59271, Ay,3=6.53924, A, 4 =9.60059,...
a=05= 45, =1.45177, Ays5, =3.92146, 4,55 =6.77379, A5, =9.77371,...
a=08= Agg;=1.79362, 455, =4.43323, Ag53=7.28305, Ay, =10.2246,...
a=1=4,,=2.02876, 1,, =4.91318, 1,; =7.97867, 4,5, =11.0855,...
We show that this values are 4, ;, k =1,2,..., foreach a€[0,1].
Again, computing the values Za satisfying the equation

W(BosW N Ay) =0
for each « €[0,1], we get infinitely many values as
a= 0:/101 =2.9435, /102 =6.14365, /103 =9.32479, /104 =12.4894,.

a=02=7y,, =2.81708, Zy,, = 6.04784, 1, =9.25532, Zy,, =12.4358,...

@ =0.5= 7,5, =2.57385, 25, = 5.82593, Zy5, =9.0853, 2y, =12.3017,...

a=0.8= 2y, =2.26141, 1o, =5.38696, 2y, =8.65855, o5, =11.9215,...
a=1= 17, =2.02876, /112_491318 Ay =7.97867, 2, =11.0855,..

We show that this values are /Ia w0 k=12,..., foreach a€[0,1].

Then, the eigenvalues are[1, | [ aks? ] with associated eigenfunctions

[¢ Ja:[¢ (x }“ak) ¢ (x’za,k):|’
Qa(x,/_la,k)zcos( /_Ia’kx)+[\/z)7}in( /_Ia,kx),
Ja(x,za’k)=cos( /Ta,kx)+{\7%}in( /kax)

and

[1// xl :| [ 0,( ak):'//a(xj’ak)]
- <>w—<j¢;><>w_ eor( 2
Zak
(1+ aycos(Zy . )+ 1+ a2, sin(\Z )| (i)
\/7 sin( /4,4 %),
B [ TS

N e O o P Y ot
ﬂ“a,k ’

+
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A AT 5. (7
¢ (a“ k)zo, (aa k)ﬁo, B (%2 k) P (3204 )
a a ’&a 6_a ’Za 7 2
Yolodoa)y o Welobes) oy (g, )0 (5),

[¢(x,ﬂk)]a and [y/(x,lk )]a are valid o — level sets.
Let draw the graphics of [¢(x,ﬂk)]a and [l//(x,lk)]a for «=0.5and k=1.
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Figure 1. g5 (x.4qs,) (red), Bos(x.4gs,) (blue), ¢y (x.2,,) = (x.4,,) (creen).
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Figure 2.y (xs40,5,1) (red), ¥os (x’/TO,S,l) (blue), V_/l(xaél,1>:‘/71 (x’zl,l) (green).

We can see that [qﬁ(x,/lk )T is a valid a-level set in Figure 1 and [n//(x,/'tk )]a is a

valid «a —level set for xe(0.239161,1) in Figure 2. But, since the solution function
[v]? is positive fuzzy function, [y/(x,i p )Ja is not solution. That is, the eigenfunction

is [¢(x,/1k )]a with associated the eigenvalue [1,]“ for @ =0.5 and k=1.
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4. Conclusion

In this study, we investigate the fuzzy eigenvalues and the fuzzy eigenfunctions of
Sturm-Liouville fuzzy problem with fuzzy eigenvalue parameter under the approach of
Hukuhara differentiability. Since eigenvalue parameter is fuzzy, the eigenvalues depend
on «. Thus, different eigenvalues and eigenfunctions are obtained foreach o, 0 <a <1.

Also,

eigenfunctions must be valid « — level sets.
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