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Numerical Solution of Nonlinear System of Ordinary Differential
Equations by the Newton-Taylor Polynomial and Extrapolation
with Application from a Corona Virus Model
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Abstract. In this paper, we consider a nonlinear non autonomous system of differential equations.
We linearize this system by the Newton's method and obtain a sequence of linear systems of ODE.

We are going to solve this systemon [0, NI]= UE=1[(k —1)I,kI] for some positive integer N and
a positive real 1>0. For this purpose, in the first step we solve the problem on [0,1] .By
knowing the solution on [0, 1], we solve the problem on [I,21] and obtain the solution on

[0, 21] . We continue this procedure until [0, NI]. In each partial interval [(k —1)I,kI], first of

all, we solve the problem by the extrapolation method and obtain an initial guess for the Newton-
Taylor polynomial solutions. These procedures cause that the errors don’t propagate. The sequence
of linear systems in Newton's method are solved by a famous method called Taylor polynomial
solutions, which have a good accuracy for linear systems of ODE. Finally, we give a mathematical
model of the novel corona virus disease and illustrate accuracy and applicability of the method by
some examples from this model and compare them by similar work, that simulate the numerical
solutions.
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1. Introduction

In this paper we consider the following nonlinear non autonomous system of ordinary
differential equations

U =f(tLu®), te[oNl], L
U(0) =U,, @

where U (t) = (u, (), ...,u, (t))T is unknown vector of functions and
FLU®)=(H(EU®), f (LUD)) ¥

is a known continuous vector valued function. We shall solve the problemon [0, N, 17= U}, 1,
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where 1>0 be the length of partial intervals, N, is the number of intervals and
I, =[(k =Dl kl]is the k th partial interval of the partition.

The Newton-Taylor polynomial solutions technique for numerical solution of above
system is described in [3] and we are going to modified the method by adding the
extrapolation method for obtaining an initial guess for the starting of Newton’s method.
This starting value is important, since the Newton's method converges much more rapidly
than a simple iterative method, if the starting point is already close to a zero.

Organization of the paper are as follow: in Section 1, Newton's method is described.
Section 2 explains using the Taylor polynomial solutions technique for solving a linear
ODE system. By extrapolation method, we obtain an initial guess for Newton's method,
hence we describe this technique in Section 3. In Section 4 flow-chart form of the total
algorithm is given. In Section 5 we give a mathematical model of the novel corona virus.
This model is in the form of nonlinear ordinary differential equations (1). Finally in Section
6 numerical results of the method are given by some examples originated on Section 5.

2. Newton’s method

In accordance with [3], one step of Newton's method is

(U @) - (LD OB = F(LUDO)- F(LUOB) U W ®

where f '(t,U ™ (t)) = [[f:'j (t,u (t))‘u(t)zu(n)(t)ljxd is the Frechet derivative or the Jacobian
matrix. Newton's method for this model is applicable and passes all hypotheses of
Kantorovich theorem [1,12], which guarantees the convergence of Newton's method, and
described in [3]. For this purpose, as mentioned in [3], the operator

of.
AU®)=| 7 -(tU (t))}, 4)
Uj
must be satisfies
sup [|[A'W| <o, WV,VeD, (5)
Wel(V,V)

where [(V,V) be the line segment between V and V , D is the biologically feasible
domain [11]. For investigation of (5), we give some definitions and a lemma about linear
and bilinear operators.

Definition 1.1 Let X and Y are normed linear spaces. We denote all continuous linear
operators from X to Y by L(X,Y).Thespace L(X,Y) isitself a linear space.

Definition 1.2 Let L(X2,Y)denotes all continuous linear operators X — L(X,Y). The
space L(X?2,Y) is again a linear space. An element of L(X2,Y) is called a bilinear

operator. If X =Y =RY, then L(X,Y) is the set of all dxd matrices. The bilinear
operators are the operations which transform vectors in to matrices. These are denoted by
dxd xd arrays. Indeed, if the bilinear operator B has elements by, i,j,k=1...d,

then
T

(BU )ij =Z::1biikuk’ U=(Upmnly) (6)
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definesa dxd matrix.
Lemma 1.3 Let P:R* — R be defined by
PU)=PU®W) = f(LU()),
{u ()= (U (), Ug 1)

Then P'(U)=A(U), where A is defined by (4). Suppose W e R® is given, then the
second Frechet derivative of P at W, is the bilinear operator B=A'W =P"W and

(BV)y =(AWV); = (PWV); =Y by, where V =(v;,..vy) , i,] =1...d,
Zfl
bijk = ajjauk (tu (t))‘U(t)=w .

Proof See Example 5. 11 of [5]. [ |

Suppose V.,V €D, W €I1(V,V)and are arbitrary, with the infinity norm of matrices we
obtain

d
AW|, = sup |AWV|= sup max ‘ AWV ‘
lAw] \M\;l" | Nm—11<'<d,z=;‘( );
d

= sup max

d
b. v,
|, 1sisd 45 e

k=1

()

where by, are defined by the Lemma 1.3, (7) implies that the linear operator A is

Lipschitz continuous with the Lipschitz constant L,. Whatever L, is small, the accuracy
of the method is better. For more details about the k -linear operators for k € N, see [5].

3. Taylor polynomial solutions technique

The Taylor polynomial solutions technique for the following linear system of differential
equations is described in [3].

R®U ®) +ROU'®) =r(t) (®)

where R,,R,r are known vector valued functions and U(t)= (ul(t),...,ud (t))T is
unknown vector valued function. We briefly explain this technique and for more details
the reader is referred to [3,8]. From (3) each step of Newton's method is in the form (8)
with B(t)=1, (the dxd identity matrix), P,(t)=—f't,U™ (), U@E)=U"D (1)

and r(t) = f(t,U™ ) — f'(t,U™ @)U ™ (t). We are going to represent the solution by a
truncated Taylor series

Nr (i)
_Zul (C) (t—

u, (t) = i ), i=1..d, a<c<hb. )

j=0
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where N; >1 is the Taylor polynomial degree and u{? (c) are the Taylor coefficients to

be determined. The general solution of (8) obtains from the following linear system of
algebraic equations

WX =R, (10)
where
W= [Wii ](NT +1)dx(Ny +1)d =P TMo + P TM, ,
R) 0 0 0
0 Pt) O 0
i = . I(:l) . 1 i:1121
0 0 0 Rlty) (Ny +1)x(Ny +1) Blocks
T:|:T (IO) T (tl) o T (tNT ):|1><(NT+1)Blocks’
T®) 0 0 0
. 0 T@®t) O
TO=| . LT =(L—0) (t—c) t—0)™ ),
0 0 0 T(t) dxd Blocks
M, 0 0 O©
. 0O M; 0 O .
M; = : : : » 1=1.2,
L 0 0 0 M dxd Blocks
M1 ] 0 L 0o 0 .. 0
=~ 0 0 ... O 0!
0! 1
1 0 0 = 0 0
0 = 0 0 1!
1! 1
M, = 0 0 1 0 | M, = 0 0 O o 0 ’
2! . .
0 0 O — (N; =1)!
[\
- - 0 0 0 0 .. 0 |
Xy rty)
X r
X=|"2 X, =(ui(c),ui’(c),ui”(c) ..... quT)(c))T, R= (:ti)
X4 lgsaslocks r(tNT) (Ny +1)x1Blocks
and
b-a. .
tJ =a+ N Jy JZO,].,---,NT, (11)
T

are the Taylor collocation points. For a particular solution of (8) which satisfies the
following initial condition



we must replace the rows of the matrices V =T (a)Mg = [V 1w, s and Uy, by the

U(a)=U, :(ul(o),...,uéo) )T :
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last rows of the matrices W and R, respectively and obtain

WX =R,
where
Wig Wio Wi (N; +1)d [ or(ty) ]
Wy Wao W> (N; +1)d rt)
— | Wndr Wnpda W, d (N; +1)d _ | Tty)
W= R=| o
Via Vi VL (N, +1)d 1
(0)
Va1 Va2 Vo (N; +1)d uz
(0)
| Va1 Va2 Vo, (N +0)d | Ug

Convergence analyses of the method are given in [4] and its references.

4. Extrapolation method

Suppose te[0,N,1], by integration of U(r) = f(z,U (7)), 7 <[0,1], the Eq. (1), reduces
to

t
U®=U+[ f(rU@)dr. (14)
0

Eq. (14) is a special case of (2) from [2]. Suppose we have solved (14) on [0,(k —1)I] for
some k eN, and we are going to solve the problem on [(k —1)I,kl]. For this purpose,

suppose t 4 :(k—1+NLP)I, i=0,1..,N, are the mesh points of [(k—-1)I,kl] and
U((k-DI)=U,_,; isknown fromthe lag interval [0,(k -1)I].Eq. (14)at t=t,,; yields
that

[ (k-1)1

Ut - [ fF(rU@)dr=Uo+ [ f(rU@)dr=Up,. (15)
(k=D 0
By using the composite trapezoidal rule we obtain
h i-1
Ui =Ui +—( f(k=-DLU, )+ f (tk—l,i Ui )) + hz f (tk—l,j 'Uk—l,j)’
2 j=1 (16)

i=1..,Np,

where U, ; is the approximation of U (t,_;;) and h=NL. For i=1, the Z term
P
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in the righthand side of (16) vanishes. The following algorithm approximate
Ui i=1..,Np, where N, eN denotes the number of partition and N, is the

number of iterations. This algorithm is similar with Algorithm 1 of [10] and a convergence
analysis is given there.

Remark 4.1 In this paper a d -column vector V with ith component v;, i=1...,d is

denoted by V =[v;:i=1..,d]. Each component Vv, can be a vector or a matrix. In such

cases we have a vector of vectors or a vector of matrices. For example, in the following
algorithm the variable vec is a vector of vectors

Algorithm 1. (Composite Trapezoidal iteration flow-chart)

Define a local environment with the local variables vec,V, % ; Set
Start = yee=[V +ihf (k- +ihV):i=0,L..,N+1]; i=1; h =%;

v ZUJH;

Return vec No , Yes vec. . =vec.:
< — i+ i9
as the output = ]-1: 1
of algorithm ;
' |
1
v
No ]
End J<N,

l Yes

vec,, =V + E(f((k— DLV )+ f (k=11 + i, vecm))
2 iy —> i = 7l
+ 1) f((k=DI+rh,vec,,,)

r=1

We denote the output of Algorithm 1 by Trap(N K —1,Uk_1) . The i th component of

Trap(N,k —1,Uk_1) is a crude approximation for U (t,_,;) . After the above algorithm,

we apply the Romberg extrapolation technique for numerical solution of (15). Indeed
Trap(N,k-1U,_;) is an initial guess for Romberg extrapolation and the solution

obtained by Romberg extrapolation is an initial guess for Newton-Taylor polynomial
solutions. These procedures cause that the initial guess of the Newton's method be near the
exact solution and the Newton's iterations improve the final approximation. Romberg
iterations in a simple case is described by algorithm 7.1 in [6], and we extend this method
for vector case. For more details about extrapolation method and its convergence analysis
see [7,9].
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5. Total algorithm of the method

For illustration of superiority and applicability of the method we give the total algorithm
for the numerical solution of the problem (1) by the proposed method. In this algorithm,

Ny isthe number of Newton's iterations, N is the number of extrapolations and other
parameters are illustrated in the previous sections. In the last rectangle, each step of
Newton's method is solved by the Taylor polynomial solutions, and we obtain the
approximations on nodal points. This algorithm is denoted by the following flow-chart

Input the positive integers d,N,,N,,N,N,,N,,

It
the real />0, initial vector U, —(u“" ..... uf,"’)

and vector valued function f according to (2)

v

l— Compute M,,M,,M;,M, and P, according to Section?2; | g—u
Set a=0,b=1,m=N,/N,,(mmustbe integer), P=[U ]; Define
the procedure 7rap(N,n,X,) for neN,according to Algorithm 1.
End +
A Print [P, :i=1..,N,N, +1] asthe Set k=1
; j
""" i —1)]
approximation of x,[(IN ) ) J=lnd: *
P
No k<N,
Set Rom =[Trap(2’ N,k —1,U,): j=0,..,N, |; Set j=1 Yes
J<N, No Set P"=[U,,Rom,,,..., Rom, ,, .,]; Compute matrices
T(t).T"(¢),T in the current interval according to Section 3;
| { Yes ‘
Set p= : 147, ; Rom,, . =pRom_,, ,+(1-p)Rom_, . s=0,.,N.—j, Set i=1
i=lL.,Ny+1, j=j+1; +
[ »  i<N,
Set C=- f’[(k—l+i}/l’ ] j=0,.,N, Yes | No
N‘r 1+jm T
P, =diag[C,....Cy, , |; W=RTM, +BTM;; V=T"(a)M; ; Remove d Tor
rows of W and replace it by V , then put the new matrix in W ; Set T'[[k q +L]I] M X

: N
Al Jj " . /2
[ —l+_J/ P l”’”]—f[[l‘—l-FN_,][‘P l‘m,]'P 1+ jm : :i=I9-~-1Np >

=0, ’Nz to the P; Uy=Py .5

J
s Ry U, (, ; Solve the linear system WX =R and obtain X; Set e

T
P = UO,T‘ —1+L MK T | | k=14 Y2 i ax |
N, N,
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6. The Corona virus model

Now we consider the following model of the novel corona virus epidemic in Wuhan China

S@) = A~ B (E)SE — 5, (1)SI — &, (V)SV — S,
é(t) =B (E)SE + B, (NSI + A, (V)SV — (& + u) E,
i(t)=aE—(a;+y+,u)I,

R =71 - R,

V) =&E + &1 oV,

17)

where S,E,I,R,V are unknown functions of the model. Here S,E, I, R are susceptible,
exposed, infected and recovered classes of human population respectively, and V is the
concentration of the corona virus in the environmental reservoir. A, u, e, 7,&,&,,0 are
known positive constants, and g (E), 5, (1), 3, (V) are the known functions of their
arguments.

Equilibrium analysis of the method with some numerical simulations are described in

[11]. In this work we want to obtain a good accuracy of solutions and compare with [11],
hence we rewrite Tables 1,2 of [11] for illustration of the parameters. This purpose is done

in Table 1.

Table 1. Definitions and values of model parameter.

L Estimated mean - Estimated
Parameter Definition value Parameter Definition mean value
A Influx rate 2.7123 per day 1/« Incubation 7 days
period
Beo Transmission 3.11x107° ® Disease- 0.01 per day
constant between S person/day induced
and E death rate
Bio Transmission 3.11x10°° 7 Recovery 1/15 per day
constant between S person/day rate
and |
Lo Transmission 3.11x10°® o Removal rate 1 per day
constant between S person/day of virus
and V
(o Transmission 1.01x10™* & Virus 2.30 per
adjustment shedding rate person per
coefficient by exposed day per ml
people
H Natural death rate 3.01x10°° & Virus 0 per person
shedding rate  per day per
by exposed ml

people
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7. Numerical Results

Example 7.1 Associated with the data of Table 1, the initial condition is set as follows
[10].

(S(0),E(0),1(0),R(0),V(0))" =(8998505,1000,475,10,10000)' .

Figures 1,2,3 show the numbers of S(t), R(t), V(t) during 150 days. In this example

the transmission rates are Sz (E) = By, B (1) =610, A V)=, Figure 4 shows the

numbers of exposed and infected individuals during 150 days, which is similar to the
simulation result in Figure 4 of [10]. But in our work the result is computed by a
convergence method and has a better accuracy than a simulation. In this example value of
the quantity L, in (7)is
5 5
Lo =max > " |by| = 2(Beo + Bio + o) =9.52x10°,

<j<
SsS 4T

which is excellent for numerical computations. Here we put |=0.1 and hence for
obtaining a result on 150 days we set N, =1500 . In this example we set N; =4,

Ny =5Np =8N =5N,=5.
S(t)

8x 10°

6x 10°

4%x10°

2x%10°

t
20 40 60 80 100 120 140

Figure 1. Variation of the S(t) as a function of t for Example 7.1.

R(t)

8x10°

6x10°

4x%10°

2% 10°

t
20 40 60 80 100 120 140

Figure 2. Variation of the R(t) asa function of t for Example 7.1.
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V(1)

7%10°
6x10°
5x10°
4%10°
3x10°
2x10°
1x10°

t
140

20 40 60 80 100 120

Figure 3. Variation of the V (t) asa function of t for Example 7.1.

Cases

35x10%"
3.0x10%"
25%108"
2.0%10%"
1.5%x10°}
1.0%10° "
500000

— H{)

! DayS [ RERNNNNN ] |(t)

Figure 4.

20 40 60 80
Variation of the E(t), I (t) as functions of t for Example 7.1.

Example 7.2 For obtaining a similar sample problem which has some exact components
of solution vector, suppose E(t)= BOOOOOOeXp[—(In[SOOO](t —5)2 ) / 25} , then the

following semi-linear non-autonomous system

S)=A- 30000008\ 51w gy +uls,
EDq{ln[sooo](t —5) }

25

25
: 3000000
I t) = - I,
o ) [In[3000](t—5)2] (@+7+4)
25
R(t) =71 4R,
V ()= 30000005
{In[3000](t—5) ]
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is similar with (17). The first equation of the above system is nonlinear and other ones are
linear. The linear equations are analytically solvable and exact values of 1(t), R(t), V(t)
are available. Associated with the data of Table 1, the initial condition is set as follows
(S(0),1(0),R(0),V (0))T = (8998505, 475,10,10000)T . We solve this problem by two methods
on [0,150]: the proposed method with Ny =5, N; =4, N =5 N, =8 N, =5
I=0.1, N, =1500 and the Runge-Kutta fourth-order method with step length h=0.1.
Suppose we denote approximation values of 1,R,V by I,R,V respectively, then Table
2 shows relative errors of I,R,V at the points t =15i, i=1..,10. As Figures 5-7 and

Table 2 show, the accuracy of the proposed method is very good and there is not any error
propagation in this long interval. Since V (t) is near zero, relative error is not a good

criterion in this case, hence we give absolute errors of V at the above points by the
following vector

(8.72x107*,8.52x107°,5.79x107°,8.71x107%,4.84x107%° 1.45x10"**,3.99 x 10~*
,2.24%x107% 4.48x107%° 1.76 x107%).

Note that at the point t=15, V(t) = 2141.6808719768565 >> 0, and at this point the

relative error is a good criterion than the absolute error. Table 2 shows both methods have
good accuracy, but the proposed method has symmetric values of relative errors for
I,R,V and these values is not symmetric in Runge-Kutta fourth-order method. Figure 8

shows that both methods give same shapes for the numbers of susceptible individuals
during 150 days.

1(t)
1% 108
800000 |
600000 -
400000 -
200000 |
Exact
20 40 60 80 100 120 140 t suinnies Approximation

Figure 5. Variation of the 1(t) asa function of t for Example 7.2.

R(t)

12%10°%F

1.0%x10°%}
800000 |
600000 |
400000 |

200000 -

Exact

26 4‘0 66 8‘0 160 120 1210 t srinne Approximation

Figure 6. Variation of the R(t) asa function of t for Example 7.2.
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V(t)

6x10°

5x10° |

4%108F

3x108 )

2x108F

1x%108F

—_— Exact
20 40 60 80 100 120 140 U Approximation
Figure 7. Variation of the Vv (t) asa function of t for Example 7.2.
Table 2. Relative errors of 1,R,V at t, =15i for Example 7.2.
Errors of Proposed method Errors of Runge-Kutta fourth-order
i method
1 R v I R v
1 7.70x107 6.93x10° 4.07x107 1.05x10™° 9.27x10™ 5.92x10°
2 279%x107 4.00x107 1.30x10° 7.16x10™ 1.03x10™° 1.95x10°
3 447x10° 1.63x107 2.89x10° 3.82x10™ 1.01x10® 3.31x10°
4 150x10° 3.30x10° 1.42x10° 479%x10 9.98x10*" 4.67x10°
5 555x107 256x10° 2.58x107° 2.86x10™" 9.90x10 6.03x10°
6 1.05x107 2.22x10° 2.52x107° 6.20x10™ 9.87x10™" 7.39x10°
7 7.12x107 2.24x107 2.27x107° 9.54x10™ 9.85x10* 8.74x10°°
8 4.89x107 1.83x10° 4.17x10° 1.29x10™° 9.85x10™ 1.01x10°*
9 521x107 9.16x107 2.73x10° 1.62x10° 984x10* 1.15x10™*
10 1.75x10° 3.05x10° 3.50x10° 1.96x10° 9.84x10* 1.28x10™*
S(t)

ax10°
8x10%

s Proposed method
T=10°F T » Runge-Kutta fourth-order method
6x108
5x10°

t

20 40 60 80 100 120 140

Figure 8. Variation of the S(t) as a function of t for Example 7.2.
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Example 7.3 In the Example 7.1, suppose the transmission rates be A (E) :&,

1+cE
ﬂ.o

ﬂl(')_

300 days we set N, =3000 . Figures 9,10,11 show the numbers of S(t), R(t), V(t)

during 300 days. Figure 12 shows the numbers of exposed and infected individuals
during 300 days, which is similar to the simulation result in Figure 2 of [10]. In this

example, the quantity L, in (7) is as follows

N AE A/OV Here we set 1=0.1, and for obtaining a result during

- maXZSZZSHbiJ‘k = 2/3¢oC|x | max = 3~ : 2|
= iEa %20|(1+cx,) (140X, ) ‘
CX 1 | | CX. 1
+2 B0 max| z__ _ +23,,C|% | max s ___
CX2>0 (1+ CX2 )2 1+ CX2 ‘ 10 | l| CX3 20 (1+ CX3 )3 (1+ CX3 )2
CX 1 CX 1
+23,, Max s _ +2/3,4C|% | max 5 ___
CX3>0 (1+ CX3 )2 1+ CX3 ‘ A/O | l| CX5 20 (1+ CX5 )3 (1+ CX5 )2
284 Ena>é| O L <04,c5,(3m) + 2/,(3M,) =6 (cS, +1) =1.7x10°¢
X5 2 (1+CX5) l"rCXS‘

where (X, %,,X;, X, x) =(s, E,I,RV ,|x|=%=5<Sy, By =max{Beo.Bio:Bo}

X X
ml_ |(1+X) (1+X)2| 1m,= mzagqu) l+X| 1. This value of L, is an upper

bound for Lipschitz constant. Even so this upper bound is excellent for numerical
computations. Other parameters are similar to Example 7.1.

S(t)

9.0 x 10°
8.8 x 10°
8.6 x 10°

8.4 x 10°

0 50 100 150 200 250 300

Figure 9. Variation of the S(t) as a function of t for Example 7.3.
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R(t)
700000
600000
500000
400000
300000
200000
100000

t

50 100 150 200 250 300

Figure 10. Variation of the R(t) as a function of t for Example 7.3.

V(1)
50000

40000

30000

20000

10000

50 100 150 200 250 300

Figure 11. Variation of the V (t) asa function of t for Example 7.3.

Cases
40000, “‘llll|ll'lllllllllllll
30000 £
20000 £
10000
—_— )
‘0 Days s ()

50 100 150 200 250 30

Figure 12. Variation of the E(t), I(t) as functions of t for Example 7.3.

8. Conclusions

In this paper we consider a mathematical model for the novel corona virus, which is in the
form (1). We consider the problem on union of many partial intervals. The proposed
method solves the problem, interval by interval and the accuracy of the Newton's method
caused that the propagation of the error doesn't appear. Although sufficient conditions for
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convergence of the Newton's method is referred to [3], but for applicability of the method

it is necessary that the operator A in (4) is Lipschitz continuous and the initial guess U ©
is near the solution, which are true in our problem. As mentioned in the text and see in the
Table 2, the proposed method has a good accuracy on long time interval which is required
in medical phenomena. In future we are going to apply the proposed method for Influenza
and some other infectious diseases models.
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