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Abstract

In this paper, we consider some initial-boundary value problems which contain one-dimensional heat
equation in non-classical case. For this problem, we can not use the classical methods such as Fourier,
Laplace transformation and Fourier-Birkhoff methods. Because the eigenvalues of their spectral prob-
lems are not strictly and they are repeated or we have no eigenvalue. The presentation of the solution
and also satisfying the solution in the given P.D.E and satisfing the given initial and boundary con-
ditions are established by complex analysis theory and Countour integral method.

Keywords : Initial-Boundary Value Problem; Laplace Line; Countor Integral; Heat Equation.

1 Introduction

Here are several methods to solve the spec-
T tral problems which resulted from initial-
boundary value problems. As we know from text
books, if the operator of spectral problem is self
adjoint, then the eigenvalues are real and distinct.
Also, the related eigenfunctions are ortogonal and
form a complete system of basis. In this case
we can apply Fourier method (seperation of vari-
ables) [1]-[5]. If the related operator is not self
adjoint, L # L*, consequently the eigenvalues
are repeated (not simple), then we can not apply
Fourier method. In this case, the eigenfunctions
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can not form a complete basis system and we
should use Fourier-Birkhoff method which pro-
posed to use the eigenfunctions of related adjoint
operater L*. Because the eigenfunctions of L and
the eigenfunctions of L* are biortogonal [6, 7]. In
this paper, we will consider some initial-boundary
value problems which their related spectral prob-
lems are not self adjoint and their eigenvalues are
repeated. Other non-classical case for heat equa-
tion u; = ug,:, when the related spectral problem
has no eigenvalue, and consequently we do not
have any eigenfunction. For this, consider the
following boundary conditions:

u(0,t) —2u(1,t) =0
Ug (2, )| g=0+2ug (2, t)|p=1= 0

and with initial condition u(z,0) = ¢(x).
Then the related spectral problem is:

y" — Ny =0,
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y(0) —2y(1) =0,

y'(0) +2y'(1) =0
For this problem we have no eigenvalue. There-
fore for any A € C the solution is only trivial
solution y(z) = 0, hence we can not stablish the
series solution.
Other non-classical case is when the eigenvalues
of spectral problem fill the complex plane. In
other word, any points of complex plane C is an
eigenvalue. See the following conditions for heat
equation:

uw(0,t) +u(l,t) =0
Ug (2, 1) | z=0—Ug (2, 1) | z=1= 0

and with initial condition u(z,0) = ¢(x).
Then the related spectral problem is:

y' = Ny=0,1€C,

y(0) +y(1) =0,

y'(0) —y'(1) =0
For these cases, we can not use classical methods
such as Fourier method and Fourier- Birkhoff
method and Laplace transformation [10]-[12].
These cases can be considered as unsolved
problems, see the final section of the paper.
We are going to consider the one-dimensional
heat equation with some initial and boundary
conditions. For this problem, at first its spectral
problem is constructed. Then by countour inte-
gral method, an analytic solution will be given
as integral form over a suitable countour. Finaly
in section 3, we show that this analytic solution
satisfies in the given differential equation and
given boundary and initial conditions.

2 Main problem and its spectral
problem

We consider the following problem for heat equa-

tion:

z€(0,1), t>0  (2.3)

Ut = Ugy,

with boundary conditions and initial condition:
u(0,t) = u(1,t)

Uz (z,t)]|z=0= 0

u(x,0) = p(x), x € [0,1] (2.5)

At first we show that the eigenvalues of the spec-
tral problem are repeated. For this, by Fourier
method we will have the following spectral prob-
lem:

X"(z) = AX(z) =0, z e (0,1) (2.6)
X(0)=X(1)
L X020 27)
the general solution of equation (2.6) is:
X(x) = cre™ VAT 4 VAT (2.8)

Imposing boundary conditions (2.7) to this
solution, yields following algebraic system:

c1+cy— cle_ﬁ 7026‘& =0
—cVA+ eV A =0 ’
L—e VA 1 eV

VA VA =V —1)2 =0

We consider the eigenvalue A = 0 is simple and
the eigenvalues A\, = —4k?72, k € N are repeated
two times. The eigenvalues and eigenfunctions
are as follows:

A0:07

1
\e = —4k*7?, Xi(2) = — cos 2kmx, k € N

Because of eigenvalues are repeated, the eigen-
functions can not establish a complete basis sys-
tem. And we should use the generalized vectors
as extra eigenfunctions. Therefore we can not
continue the Fourier method, and we are going
to apply Countour integral method. For this, we
construct the spectral problem by making use of
Laplace transform:

Y (z,\) — Ay(z, \) = o(x), z € (0,1) (2.9)

{ y/(O’ A) =y(L,N) (2.10)

y'(0,\) =0

Now, we are going to compute the general so-
lution of non-homogeneous equation (2.9) by La-
grange method (Change variable method), that
is :
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By substituting these values for ¢; and co

in y(xz, A\) we have:
y(x,\) = cl(x)efﬁx + CQ(CC)Bﬁx (2.11) u(@ )

where ¢;(x) and co(x) are equal to: y(z,A) =
\fg /1 eﬁ(aﬂrf) _ 2€ﬁ(1+mf£) + eﬁ(a:ff) (6)de
- 12
(@) =a /IIMU 0 NG TPTE
—VX¢ (2.13)
co(z) = co + / o(&)d
2 2V
where c1,co are real arbitrary constants. Now, 1 _VA(2—a—6) VA (z—€)
by considering the parameter A in complex plane - / ¢ te p(&)d¢
)
we suppose, 0 Qﬁ(ef —1)?
argh\ € (—m + 6,7 — 4),0 > 0, as is shown
in shape 1. Regarding values for argyv/\, and /1 e~ Vlz—¢| (©)dt
Jo 2V wl
§
%‘5 It is easy to see that the exponential expersions
- in y(x, A) tends to zero when |A\|— co. Now, we
consider the following countour in complex plane
such that dg > 6 > 0. Line with in snatches
shows the asymptotic line of countour L, [8, 9].
-T+4 . ) .
By using of inverse transformation of y(z, A) we

Shape (1) Shape (2)

imaA
,('5“ \“\\‘ \\
5 Q‘—‘_/ Red
when |A\|— oo, therefore we have: /
1 —VNz—
VAJz—¢| .

supposing z1 = 0 and xo = 1 for lower limits of
above integrals, these integrals will be converge

— X X €
) = e - [ e
o 2V Shape (3)
(2.12)
Now by imposing the boundary conditions (2.10)
we have the following amount for ¢y, ca: get an analytic solution for the main problem:
_ 1
A= BN u(z,t) =
1 6_\/X£ — e_\/X(l_g) — 6_\/X£ + eﬁ(l_g) 1
dé, —— [ eMy(x, \)d\ 2.14
/ S p(€)de el I TERY (214)
1
CoO = =+~
L o=VAE _ o= VA(HE) | o~VAE _ o—VA(1-0) ] - 2m'/Le dA/O 2N 4OLS
/ o ol€)de

1 eVA(@+E) _9eVA(L+z—€) 4 oVA(z—E)
27rz fL Atd}\f 2 e (P(f)df

2V A(eVA—1)2

1 eVA(2—2—8) 4 o~V A(z—E)
271'2 fL Atd}\f 2\/‘ e} 1)2 @(g)dg

where B(\) = —e~VA(eV —1)2,
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3 Main Results

Theorem 3.1 Consider the initial-boundary
value problem
Ut = Uy, x € (0,1), t>0 (3.15)
u(0,t) = u(1,t)
,t>0 (3.16)
Ug (2, 1) z=0=0
Wz,0) = pz), wel0,1]  (317)

if the function @(x) satisfies the following condi-
tions:

0 € C%0,1) (3.18)

then this problem has a solution in form of (2.1/).

The proof is stablished in three steps. In
first step we show that the solution (2.14)
satisfies in the equation (3.15). In the second
step we show that the solution (2.14) satisfies
in boundary conditions(3.16). In third step we
show that the solution (2.14) satisfies in the
initial condition(3.17).

Proof:
Stepl:
Ugge — Ut =
1
—— / My (x,A) — Ay(z, ]dA  (3.19)
274, L
1 At 90(33)/ At
- - d\ = — 227 d\ =
2772'/Le pla)dh=—52 | ¢ 0

At

Since the function e is an analytic function,

that is:

/ eMd\ = / eMd + / eMdh (3.20)
Lllicu v 70}/

Note that the L, —C,, is a closed countour and C,,
is a part of circle with radius 7,, then we have:

/ Mdx= [ eMdr (3.21)
v CU
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/ eMd\ = lim eMd\ =0
L V—00 L.
(3.22)

Step2: For satisfying boundary conditions, we
have:

eMd\ = lim

V—00 C
v

1
u(0,0)-u(16) = 5 [ Mly(0.0)-y(L VA =0
27i I
(3.23)
—1 )\t !
t)|z=0= =— A)dA = .24
o, Olemo= o [ (O, NdA=0  (3:24)
Step3: For satisfying the initial condition

(3.17) we use the asymptotic expansion of
eiﬁw*ﬂ'

— lim
2mi t—0 Jp,

u(z,0) = y(z, A)dA (3.25)

We can write the second term of solution as the
following asymptotic expansion:

1 6_\/X|$_£|
0 2\/X

—1 /Ie—ﬁ(ﬂc—f)
2v/A Jo

1
5 | N elee =

VXp(e)de — £32 [T emVRep(€)de

p(£)dE = (3.26)

(§)d¢

Vo
S 2Vh Joe

Now by wusing part rule of integration in

above integrals we have:

T V¢ Ve
24 _c w_ _
[ e etente = el [ e -
(3.27)
o) - S - [t
For second integral we also have:
Jp eV ep(€)de =
eiﬁg 1 ! eiﬁg ! _
el [ Sadoe- 62

67\/X e~ Az
VY @(1) + N o(

z)+ J5 [y eV (€)de

Therefore we get:

1 = VAle—¢
0 2V

p(§)d€ =

o(x) (0) Ve P _xa—a)
N T an ¢ TN e

+ (3.29)
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e—‘fl‘ I e\f)‘fgo’(f)df — % fxl e_ﬁg@/(g)df

Since eigenvalues in negative part of real
axes are distingly and discrete, hence we can
choose the countour C, such that this countour
dose not contain any eigenvalue, therefore:

lim eMy(z, \)dA = 0

V—00 C
v

(3.30)

finaly we have:

oL . A _
u(x,0) = 57 VILHQO%E)% s eMy(x, \)dA
(3.31)
-1
L im [_w(x) n
271 v—oo L,—C, A

—€

2 2
ST VRl (€)dg— 2t [1emVAr gl (€)dgdA

20,y , 1),y

o Viz
+ 2

According to the conditions (3.18), we have:

1 . dA
u(z,0) = p(z)5— lim S

4 Unsolved Problems

As mentioned in introduction, when the eigen-
values fill the complex plane or the case that
there is no eigenvalue, we should use the countor
integral method. Apply this method for the
following problems:

Probleml: u; = ug,, x € (0,1), t>0
u(0,t) — 2u(1,t) =0
(4.1)4 ,t>0
U:L‘(-T’ t) |x:0+2uz($a t) |:c:1: 0
Problem2: u; = ugy,, x € (0,1), t>0

u(0,t) +u(1,t) =0
(4.2) ,t2>0
U:L‘(-T’ t) |x:0_ur($y t) |x:1: 0

With initial condition u(z,0) = ¢(z)

Problem3: wuy = ugy, x € (0,1),t € (0,7)

(43)8 >0

P u(x,t)

With SiF |t=0=

or(x),

conditions
k=0,1

initial
x €1[0,1],

5 Conclusion

We appliyed the Countour integral method to
solve non-classical cases of these problems. We
shown that the spectral problem had repeated
eigenvalues and consequently the eigenfunctions
can not stablish a complete basis system. We also
shown that the resulted analytic solution satisfied
in given differantial equation and given initial and
boundary condition. We can apply same method
for solving more spectral problems which their
eigenvalues are repeated such as one and two di-
mensional wave equation and Steklov problem for
Laplace and Helemholtz equation.
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