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Abstract

In this paper, a new form of the homotopy perturbation method (NHPM) has been adopted
for solving integro-differential equations. In the present study, firstly the NHPM is used to
the integro-differential equation, which yields the Maclaurin series of the exact solution.
By applying the Laplace transformation to the truncated Maclaurin series and then the
Padé approximation to the solution derived from the Laplace transformation, we obtain
mostly the exact solution of this kind of equations. Illustrative examples are given to
represent the efficiency and the accuracy of the proposed method.
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1 Introduction

Since many physical problems are modeled by integro-differential equations, the nu-
merical solutions of such integro-differential equations have been highly studied by many
authors [8,23]. In recent years, numerous works have been focusing on the development
of more advanced and efficient methods for integro-differential equations such as Wavelet-
Galerkin method [4] and Tau method [22] and semi analytical-numerical techniques such
as Taylor polynomials [28,29], Adomians decomposition method [6], and the HPM [1,3].

Perturbation techniques are widely used in science and engineering to handle linear
and nonlinear problems [26]. The HPM was first proposed by He in [18] and further
developed and improved by him [17,19]. This method is based on the use of traditional
perturbation method and homotopy technique. In this method, the solution is considered
as the summation of an infinite series which converges rapidly to the exact solutions.
The applications of the HPM in nonlinear problems have been demonstrated by many
researchers, cf. [2,5,7,9,10,12,27,30,31].
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Several authors have proposed a variety of the modified homotopy perturbation meth-
ods. E. Yusufoglu in [32] proposed the improved homotopy perturbation method for solv-
ing Fredholm type integro-differential equations. M. Javidi in [25] proposed the modified
homotopy perturbation method (MHPM) to solve nonlinear Fredholm integral equations.
The result reveals that the MHPM is very effective and convenient. In another study, he
applied the MHPM for solving the system of linear Fredholm integral equations [24]. A.
Golbabai in [15,16] used the MHPM for solving Fredholm integral equations and nonlinear
Fredholm integral equations of the first kind. In another work, he introduced new iterative
methods for nonlinear equations by the MHPM [14].

In this paper, we introduce the NHPM to solve integro-differential equations. Basically,
the NHPM is the same as the HPM. In the HPM, in order to find the solution, the series
components are to be calculated and the sum of the partial series of these components is
considered as an approximation of the solution. However, in the NHPM, the method is
designed in such a way that only one term of the series is calculated. In this work, firstly
the NHPM is applied to solve integro-differential equations. By this method, we get a
truncated series solution that often coincides with the Maclaurin expansion of the true
solution. By applying the Laplace transformation to the truncated Maclaurin series and
then the Padé approximation to the solution derived from the Laplace transformation, in
most cases, we obtain the exact solution of this kind of equations.

2 Description of HPM

To illustrate the HPM, consider the following integro-differential equation [11]

Alu(z)) = y(r(z)), r(z) e, (2.1)
with boundary conditions
B(u(z), 815(;)) =0, r(z)el, (2.2)

where A is a general integral operator, B is a boundary operator, y(r(x)) is a known
analytic function and I' is the boundary of the domain €2 . The operator A can be
generally divided into two parts L and R, where L is an identity operator and R = A — L.
Therefore, Eq. (2.1) can be rewritten as follows

L(u(z)) + R(u(x)) = y(r(z)) (2:3)
He in [20] constructed a homotopy which satisfies
H(v(z),p) = (1 = p)[L(v(x)) = L(uo(x))] + p[A(v(z)) — y(r(2))] = 0, (2.4)

where r(z) € Q, p € [0,1] that is called the homotopy parameter, and ug is an initial
approximation of Eq. (2.1). Hence, it is obvious that

H(v(z),0) = L(v(z)) — L(uo(x)) =0,  H(v(x),1) = A(v(z)) — y(r(z)) =0, (2.5)

and the changing process of p from 0 to 1, is just that of H(v(x), p) changing from L(v(x))—
L(up(z)) to A(v(z)) — y(r(z)). While in topology, this is called deformation, L(v(z)) —
L(up(x)) and A(v(x))—y(r(x)) are called homotopic. Applying the perturbation technique
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[26], due to the fact that 0 < p < 1 can be considered as a small parameter, we can assume
that the solution of (2.4) can be expressed as a series in p, as follows:

v(z) = vo(x) + pvi(z) + pPva(z) + - (2.6)

when p — 1, Eq. (2.4) corresponds to Eq. (2.3) and becomes the approximate solution
of Eq. (2.3), 1. e.,

u(z) = lim v(z) = vo(z) + vi(x) +va(x) + - - . (2.7)

p—>1

The series (2.7) is convergent in most cases, and the convergence rate depends on A(u(zx))—

y(r(z)) [21].
Note that in the HPM in order to obtain an approximate solution, the components
vi(x) for i = 0,1,... must be calculated. Specially for i > 3, it needs large and sometimes

complicated computations and, in the case of nonlinearity, the use of He’s polynomials
[13]. To obviate this problem, the NHPM is introduced, in which vg(z) is calculated
in such a way that v;(x) = 0 for ¢ > 1. So, the number of computations decreases in
comparison with that in the HPM. The NHPM for linear integro-differential equations
will be discussed in detail in the following section.

3 NHPM for integro-differential equations

In order to illuminate the solution procedure of the NHPM, we consider the Fredholm
integro-differential equation

b
v (z) = g(x) —l—/ E(x,t,u(t)dt, a<x<b (3.8)

where a, b are constants, g(x), k(z,t,u) are known functions and u(x) is a solution to be
determined. By considering the convex homotopy defined in Eq. (2.4), we have

H(v(z),p) = L(v(x)) — L(uo(x)) + pL(uo(x)) + p[R(v(z)) — y(r(z))] = 0, (3.9)

which can be written in the following form
L(v(z)) = L(uo(z)) — pL(uo(x)) — pR(v(z)) + py(r(z)). (3.10)

where L(v(z)) = v'(x), L(ug(z)) = uj(x), R(v(z)) = f;’ k(z,t,v(t))dt and y(r(z)) = g(x).
An equivalent expression (3.10) is

b
(w) = uhlz) ~ puble) + pala) ~p [ blatu(t)dr (3.11)

Suppose that the initial approximation of Eq. (3.8) has the form

up(x) = Z anFn(x), (3.12)
n=0
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where ag, ai, ag, ... are unknown coefficients and Fy(z), Fi(z), Fa(x), ... are specific func-
tions depending on the problem.. Denote % by G, we have G~! as a integration from 0
to x. By applying G~! to both sides of Eq. (3.11), we have

v(z) = T(x) + (uo(x) — ag) — p(uo(x) — ag) + p/OI g()

T b
p /O / k(2,1 v(t))dtdz, (3.13)

where T incorporates the constants of integration and satisfies GT' = 0. According to the
HPM, we assume that the solution of Eq. (3.13) can be represented as a series in p

[e.9]

v(z) = Zp"vn(x). (3.14)

n=0

By substituting Eqgs. (3.14) and (3.12) into the Eq. (3.13), we obtain

anvn(x) =T(z)+ (Z anFn(x) — ap) Z anF, —ap) + p/x g(x)dx
n=0 n=0
z b e
—p/o /a k(x,t,gp vy (t))dtd. (3.15)

Comparing coeflicients of terms with identical powers of p leads to

% vg(x) = T(x) + Z anFy(z) — ao,
n=0
plu Zan n( —ao)+/ dﬂs—/ / thp v, (t))dtde,
0

P’ / / (x,t,v1(t))dtdz, (3.16)
P oivj(x) = —/Ow /abk:(ac,t,vjl(t))dtdx,

Now, we solve these equations in such a way that vi(x) = 0, then Eq. (3.16) results in
va(x) = v3(z) = --- = 0. Therefore, the exact solution may be obtained as the following

u(x) = vo(x )+ Z anFp(z) — agp. (3.17)

Similarly, the NHPM are applied for the Volterra integro-differential equations. Note that,
the advantage of this method in comparison with the HPM is that only one term of the
series is calculated. To show the capability of the method, we apply the NHPM to some
examples in the next section.
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4 Examples

In this section, we present four examples to illustrate the efficiency of the NHPM for
integro-differential equations. It is indicated that through the NHPM, in most cases, the
exact solution to these types of equations can be figured out.

Example 4.1. Consider the Fredholm linear integro-differential equation [8]
1
() =ze® +e¥ —x+ / zu(t)dt, (4.18)
0

with the initial condition uw(0) = 0 and the exact solution u(x) = xze*. In order to apply
the NHPM to Eq (4 18) conszder the convex homotopy (3.10), where L(v(z)) = v'(x),
L(up(x)) = ugy(zx) fo zv(t)dt and y(r(z)) = ze*+e* —x. Therefore, considering
Eq. (3.10) one gets

1
V' (x) = uy(z) — puy(z) + p(ze® +€* — ) — p/o zo(t)dt. (4.19)

Denotmg -~ by G, we have G~ L as a integration. Using the operator G, Eq. (4.19)
becomes

1
Gu(z) = uy(z) — pug(x) + p(ze® + e* — ) — p/o zo(t)dt. (4.20)

Applying the inverse operator G~ to both sides of Eq. (4.20) and using the initial condi-
tions, we obtain

v(z) = /Ox ug(z)dz —p/ox up(z)dx —i—p/oz(a:ex +e" —x)dx

. /Ox /01 o (t)dtde, (4.21)

o0

By replacing uo(x) = Y .7 anFn(x), where F,,(x) = a™ in the above equation, we obtain

Zanx — ap) Zanaz —ap +p/ (xe® 4+ ¥ — x)dx

—p/ / zv(t)dtdz. (4.22)

Substituting v(t) = > o2 p"vn(t) into Eq. (4.22), considering the Maclaurin series of the
excitation term

2 563 154 $5

T
~ 1 il 4,
e’ +x+2+6+24+120 (4.23)

and equating the terms with the identical powers of p give

o
= g anx™ — ag
n=0
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> v 3,2 5 1
ptiu(z) = 7(2 anz™ — agp) +/0 1+zx+ §x2 + gx?’ + ﬂx‘l + %f)dx

- /0 177:1 wvo(t)dtdz, (4.24)

T 1
p? i va(z) = —/ / xv1 (t)dtdx,
0o Jo

z rl
P v () = —/ / zop (t)dtdz,
0o Jo

Solving the above equations for vi(t) leads to the result

1 1
v1(t) = (1 — ar)x + ——— (2520 + 1260a; — 4200ag + - - - + 252a9)x? + (5 - az)z® + -

5040
9 27
+420ay + 360as + 315a¢ + 280a7)x? + (5 - az)z® + (5 - ag)zt + - (4.25)
Eliminating vy (t) lets the coefficients a,, for n=0,1,2,--- take the following values
1 1 1 1
ap=0, a1 =1, az =1, a3:§7 a4:6’ a5:ﬂa QGZEV” (4.26)
By substituting the above values into vy(t), we obtain
3 4 5
9 T x x
_ _ oy T 4.2
u(x) = vo(x) :U+a:+2+6+24+ (4.27)

which is the partial sum of the Taylor series of the exact solution at x = 0. In order to
obtain a more accurate solution, we use the truncated series of (4.27). Consider five terms
in u(x) as

3 4 5

9 T T x
_ ' 4.28
() x+x+2+6+24 ( )

By applying the Laplace transformation to both sides of Eq. (4.28), we have
5 4 3 2 1

If s = %, then
Lip(x)] = o + 223 4 32* + 4a® + 52°. (4.30)
All of the [ﬁ] Pade approzimant of Eq. (4.30) with L > 2, M > 2 and L+ M < 10 yield
L x?
— | =—. 4.31
[M] 1—2x + 22 (4.31)

Replacing = %, we obtain [ﬁ] in terms of s as
] = ——
M (14 5iys?)

By using the inverse Laplace transformation to Eq. (4.32), we obtain the exact solution

zer.

(4.32)

1
52
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Example 4.2. Consider the Fredholm nonlinear integro-differential equation [8]
1 1
@) =1~z + / w2 (8)dt, (4.33)
0

with the initial condition u(0) = 0 and the exact solution u(x) = xz. In order to apply
the NHPM to Eq. (4 33) constider the convex homotopy (3.10), where L(v(z)) = v'(z),
L(uo(z)) = up(z), R fo zv?(t)dt and y(r(z)) = 1 — tx. Therefore, considering
Eq. (3.10) one gets

1
V' (x) = uy(z) — pug(z) + p(1 — %w) — p/o 22 (t)dt. (4.34)

Denotmg ~ by G, we have G~ L as a integration. Using the operator G, Eq. (4.34)
becomes

/ / 1 ! 2
Gu(x) = ug(x) — pug(z) + p(1 — 31‘) — p/o zv*(t)dt. (4.35)

Applying the inverse operator G~ to both sides of Eq. (4.35) and using the initial condi-
tions, we obtain

v(ﬂs)—/x ! (2)dz — p /m 6(:c)dx+p/0x(1—;x)dx
—p / / 2v? (t)dtd, (4.36)

By replacing uo(x) = Yy anFpn(x), where Fy(x) = x", in the above equation, we obtain

Zanzv — ap) Zan:r —ag) +p(z / / zv?(t)dtdz. (4.37)

Substituting v(t) = Y ", p"vn(t) into Eq. (4.37) and equating the terms with the identical
powers of p give

= (Z anz" — agp),
n=0
[e] T 1
Livi(z) = — anx" —a :U—x—— T8 T .
P o) =~ o —a+ o= )= [ [ doa (1.35)

"z 1
- / / xvg (t)vy (t)dtda,
0 JO

:Solving the above equations for vi(t) leads to the result

z? 1 1 1 5,

vi(z) =2 — 5 + 6302@% — 2?ay + 4$2a1a2 + 1% @2 +- (4.39)
Eliminating vi(x) lets the coefficients ay, for n =0,1,2,--- take the following values
aO:O, a1:1, a2:0, a3:0, aq =, - (4.40)

By substituting the above values into vo(x), we obtain
u(z) =vo(x) =2 (4.41)
which is the exact solution Eq. (4.33).
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Example 4.3. Consider the Volterra nonlinear integro-differential equation
xT

u(z) =1 —i—/ w(t)u(t)dt, (4.42)
0

with the initial condition u(0) = 0 and the exact solution u(x) = \/i*Tan[%] The Taylor
series of the exact solution at x =0 is

1 7.
_ 4.4
u(zx) = m+6$ +30x +2520 + (4.43)

In order to apply the NHPM to Ejq. (4 42) consider the convex homotopy (3.10), where
L(v(z)) = v'(x), L(uo(z)) = uy(z), R = Jo u( t)dt and y(r(xz)) = 1. Therefore,
considering FEq. (3.10) one gets

o) = o) = pu) +p—p [ o0 (0. (1.44)

Denotmg -~ by G, we have G~ L as a integration. Using the operator G, Eq. (4.44)
becomes

Gu(z) = uy(z) — puy(z) +p — p/ox v(t)v' (t)dt. (4.45)

Applying the inverse operator G~' to both sides of Eq. (4.45) and using the initial condi-
tions, we obtain

o(z) = /0 ") (2)dz — p /0 uh(z)dz + pz — p / / t)dtdz, (4.46)

By replacing uo(x) = Y no g anFyn(x), where Fy(x) = x™, in the above equation, we obtain

Z anz" — agp) Z anz" — ag) + pr — / / t)dtdx (4.47)

Substituting v(t) = > 0" o p"vn(t) into Eq. (4.47)and equating the terms with the identical
powers of p give

Zan:c —ag) +x — / / t)dtdz (4.48)

ptL Un41(z / / t)dtdz,
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Solving the above equations for vi(z) leads to the result

a? aa
vi(z) = (1 — ay)x — asx® + (El —a3)zd + (% —ag)zt +--- (4.49)
Eliminating vi(x) lets the coefficients ay, for n =0,1,2,--- take the following values
1 1 17

=0 =1 =0 == =0 = — =0 =— - 4.50
ao y a1 ) )y a3 6’ a4 ) a5 30’ ae y  ar 9520’ ( )
By substituting the above values into vy(t), we obtain

1 1 17

u(z) =vo(x) = + —a3 + —a® + ——a 4 - (4.51)

6 30 2520

which is the Taylor series of the exact solution at x = 0.

5 Conclusion

In this work, we applied an improvement of the HPM to the integro-differential equa-
tions. The NHPM yielded the Maclaurin series of the exact solution. By applying the
Laplace transformation to the truncated Maclaurin series and then the Padé approxi-
mation to the solution derived from the Laplace transformation, we obtained the exact
solution of some of these equations. Note that in the above process, the obtained solution
did not depend on the number of the selected terms in the truncated Maclaurin series. The
analyzed examples illustrated the ability and the reliability of the NHPM and revealed
that the presented improvement of the HPM was a simple but very effective factor for
calculating the exact solution of this kind of equations.
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