
Available online at http://ijim.srbiau.ac.ir/

Int. J. Industrial Mathematics (ISSN 2008-5621)

Vol. 8, No. 4, 2016 Article ID IJIM-00585, 17 pages

Research Article

Effect of slip and variable thermal boundary conditions on

hydromagnetic mixed convection flow and heat transfer from a

non-linearly stretching surface

M. Abd El-Aziz ∗†‡

Received Date: 2014-09-07 Revised Date: 2015-11-13 Accepted Date: 2015-12-09

————————————————————————————————–

Abstract

The effect of partial slip and temperature dependent fluid properties on the MHD mixed convection
flow from a heated, non-linearly stretching surface in the presence of radiation and non-uniform in-
ternal heat generation/absorption is investigated. The velocity of the stretching surface was assumed
to vary according to power-law form. Thermal transport is analyzed for two types of non-isothermal
boundary conditions, i.e. variable wall temperature (VWT) and variable surface heat flux (VHF)
of the power-law form. The analysis accounts for both temperature dependent viscosity and tem-
perature dependent thermal conductivity. The governing differential equations are transformed by
introducing proper non-similarity variables and are solved numerically. The physical significance of
the slip parameter, magnetic parameter, radiation parameter, viscosity-temperature parameter, ther-
mal conductivity parameter and buoyancy force parameter on the flow and the thermal fields are
shown through graphs and discussed in detail. The values of wall shear stress and the local Nusselt
number are tabulated.
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—————————————————————————————————–

1 Introduction

O
wing to their numerous applications in indus-
trial manufacturing process, the problem of

heat transfer in the boundary layers of a contin-
uously stretching surface with a given tempera-
ture or heat flux moving in an otherwise quies-
cent fluid medium has attracted the attention of
researchers for the past three decades. Some of
the application areas are hot rolling, paper pro-
duction, metal spinning, drawing plastic films,
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glass blowing, continuous casting of metals and
spinning of fibers. Since the pioneer study of
Sakiadis [17] who developed a numerical solution
for the boundary layer flow field of a stretched
surface, many authors have attacked this problem
to study the hydrodynamic and thermal bound-
ary layers due to a moving surface [24, 47, 11,
23, 20, 26, 13, 28, 18, 34, 48]. Although vari-
ous aspects of this class of boundary layer prob-
lems have been tackled, the buoyancy forces on
the momentum balance in the conservation equa-
tions were neglected in the above-cited reports
[17, 24, 47, 11, 23, 20, 26, 13, 28, 18, 34, 48].

In actual practice, the flow over a continuous
material moving through a quiescent fluid is in-
duced by the movement of the solid material and
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by thermal buoyancy. Therefore, these two mech-
anisms, surface motion and buoyancy force will
determine the momentum and thermal transport
processes. The thermal buoyancy force arising
due to the heating of a continuously moving sur-
face, under some circumstances, may alter signif-
icantly the flow and thermal fields and thereby
the heat transfer behavior in the manufacturing
process. The following papers have taken the ef-
fect of buoyancy force into consideration. Such
papers are those of Lin et al. [36], Karwe and
Jaluria [51], Chen [30], and Ali [45]. In sev-
eral practical applications, there exist significant
temperature differences between the surface and
the ambient fluid. This necessitates the consid-
eration of temperature-dependent heat sources
or sinks which may exert strong influence on
the heat transfer characteristics (Vajravelu and
Nayfeh [21]).

The study of heat generation or absorption ef-
fects in moving fluids is important in view of
several physical problems such fluids undergo-
ing exothermic or endothermic chemical reactions
(Vajravelu and Hadjinicalaou [12]). In addition,
mixed convection with heat generation can be
applied to combustion modeling (Westphal et.
al. [15]). Although, exact modeling of internal
heat generation or absorption is quite difficult,
some simple mathematical models can express
its average behavior for most physical situations.
Heat generation or absorption has been assumed
to be constant, space-dependent or temperature-
dependent (see for instance, Crepeau and Clark-
sean [31], Abo-Eldahab and Abd El-Aziz [5, 6, 7],
Abd El-Aziz and Salem [8] and Salem and Abd
El-Aziz [9]). All of the above-mentioned studies
are based on constant physical properties.

It is known that some physical properties such
as viscosity and thermal conductivity are func-
tions of temperature [41] and assuming constant
properties is a good approximation as long as
small differences in temperature are involved. A
more accurate prediction for the flow and heat
transfer characteristics can be achieved by consid-
ering the variation of the physical properties with
temperature. When applied to practical heat
transfer problems with large temperature differ-
ences between the surface and the ambient fluid,
the constant property assumption could cause
significant errors, since the transport properties
of most fluids vary with temperature. Therefore,

the temperature dependency of the fluid proper-
ties is of dominant importance in many cases of
energy transfer [52]. Pop et al. [46], and El-
bashbeshy and Bazid [27] have studied the ef-
fect of variable viscosity using the similarity so-
lution with no buoyancy force. Ali [25] stud-
ied the effect of temperature dependent viscosity
on mixed convection heat transfer along a ver-
tical moving surface taking into account the ef-
fect of buoyancy force. Abd El-Aziz [19] stud-
ied the effect of Ohmic heating on MHD three-
dimensional flow, heat and mass transfer of a vis-
cous incompressible fluid having temperature de-
pendent viscosity as well as thermal conductivity
over a stretching surface taking into account the
effect of buoyancy force. In the entire stretching
sheet problems (both hydrodynamic and hydro-
magnetic) mentioned earlier, radiation effect has
not been considered. The interaction of buoyancy
with thermal radiation has increased greatly dur-
ing the last decade due to its important in many
practical applications. It is known that thermal
radiation may be quiet significant at high oper-
ating temperatures in engineering processes, un-
der many non-isothermal situations, and in situ-
ations where convective heat transfer coefficients
are small. In polymer processing industry, if
the entire system involving the polymer extru-
sion process is placed in a thermally controlled
environment, then Thermal radiation effect might
play an important role in controlling heat transfer
process. The knowledge of radiation heat trans-
fer in the system can perhaps lead to a desired
product with a sought characteristic. Also, radi-
ation effects on the convective flow are important
in context of space technology and processes in-
volving high temperature and very little is known
about the effects of radiation on the boundary
layer flow of radiating fluid past body. In view of
this, Abd El-Aziz [37] has investigated the prob-
lem of thermal radiation effects on magnetohy-
drodynamic mixed convection flow of a micropo-
lar fluid past a continuously moving semi-infinite
plate for high temperature differences. Recently,
Abd El-Aziz [38] studied the radiation effects on
heat and fluid flow over an unsteady stretching
surface.

Hydromagnetic flows and heat transfer charac-
teristics of electrically conducting and heat gener-
ating/absorbing fluids have become more impor-
tant in recent years because of many important
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applications. For example, in many metallurgi-
cal processes which involve cooling of continu-
ous strips or filaments, these elements are drawn
through a quiescent fluid. During this process,
these strips are sometimes stretched. The prop-
erties of the final product depend to a great ex-
tent on the rate of cooling. This rate of cool-
ing has been proven to be controlled and, there-
fore, the quality of the final product by drawing
such strips in an electrically conducting fluid sub-
ject to a magnetic field [1]. The use of magnetic
fields has been also used in the process of purifi-
cation of molten metals from non-metallic inclu-
sions. Many works have been reported on flow
and heat transfer of electrically conducting fluids
over a stretched surface in the presence of mag-
netic field [2, 3, 4]. But all the above investigators
restricted their analyses to flow and heat transfer
with no-slip boundary condition. The no-slip as-
sumption is not consistent with all physical char-
acteristics i.e., in some practical flow situations it
is essential to replace the no-slip boundary con-
dition by the partial slip boundary condition. In
the recent years, micro-scale fluid dynamics in the
Micro- Electro-Mechanical Systems (MEMS) re-
ceived much attention in research. Because of
the micro-scale dimensions, the fluid flow behav-
ior belongs to the slip flow regime is greatly differs
from the traditional flow and the no slip condition
at the solid-fluid interface is no longer applicable
[42]. For the flow in the slip regime, the fluid mo-
tion still obeys the Navier-Stokes equations, but
with slip velocity or temperature boundary con-
ditions. A slip flow model more accurately de-
scribes the non-equilibrium region near the inter-
face. A partial slip may occur on a stationary and
moving boundary when the fluid is particulate
such as emulsions, suspensions, foams, and poly-
mer solutions. The partial slip condition was used
in studies of a fluid flow past a permeable wall by
Beavers and Joseph [44]. The slip flows under
different flow configurations have been studied in
recent years [35, 14, 10, 40]. Recently, Turkyil-
mazoglu [33] studied the unsteady mixed convec-
tive boundary layer flow and heat transfer over a
porous stretching vertical surface in presence of
slip.

Based on the above mentioned investigations
and applications, the present work is to study
the radiation effect on MHD mixed convection
slip flow of an optically thick viscous fluid from

a heated, continuously moving surface with non-
uniform surface motion and variable thermal
boundary conditions. In the analysis, power-law
surface velocity variation was assumed for the
continuously stretching sheet subject to two sur-
face heating conditions: variable wall tempera-
ture (VWT) and variable surface heat flux (VHF)
of the power law form. The variation of the vis-
cosity and thermal conductivity with tempera-
ture in the presence non-uniform heat source/sink
is considered. The governing differential equa-
tions are transformed into dimensionless forms
using suitable nondimensional variables and then
solved numerically. Results are obtained for the
local Nusselt number and the local friction coef-
ficient and presented for a wide range of various
governing parameters to explore the basic char-
acteristics of the flow and thermal transport pro-
cesses. The results of these studies are of great
importance, for example in the prediction of skin
friction (or shear wall stress rate) as well as heat
transfer rate over a stretching sheet which would
find applications in technological and manufac-
turing industries such as polymer extrusion to
obtain quality final product.
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Figure 1: Physical model and coordinates.

2 Analysis

A steady laminar two-dimensional mixed heat
convective flow of an optically thick electrically
conducting viscous fluid along a heated contin-
uously moving sheet is considered. The continu-
ous flat sheet originates from a slot and is moving
with a power-law velocity, uw (x) = Cxp (where
C is a constant of proportionality and p is a
power index) in a vertical direction through a
quiescent ambient fluid at temperature T∞. The
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Table 1: Comparison of the values of NuxRe
−1/2
x for forced convection flow on a continuous iso-thermal sheet

of uniform motion with λ =M = A∗ = B∗ = δ = 0, R→ ∞ and θr → ∞

Pr Tsou et al. [24] Soundagekar and Murty [23] Ali [18] Present study

0.7 0.3492 0.3508 0.3476 0.3498
1.0 0.4438 – 0.4416 0.4438
10 1.6804 1.6808 1.6713 1.6803

Table 2: Comparison of the values of θ′(ξ, 0) for various values of Pr with p=1, λ =M = A∗ = B∗ = n = δ =
0, R→ ∞ and θr → ∞

Pr Gupta and Gupta [28] Grubka and Bubba [11] Ali [18] Present study

0.7 – – -0.45255 -0.45445
1.0 -0.5820 l -0.5820 -0.59988 -0.58201
10 – -2.3080 -2.29589 -2.30801

Table 3: Results of NuxRe
−1/2
x for mixed convection flow on a continuously moving surface at p = ξ = n =

δ = 0, θr → ∞ (UWT csae), p = ζ = m = ε = 0, ϕr → ∞ (UHF case) with λ =M = A∗ = B∗ = 0 and R→ ∞

Pr =0.7 Pr =7.0
Moutsoglou and Chen [16] Present study Moutsoglou and Chen [16] Present study

ξ (UWT case)
0 0.34924 0.34933 1.38703 1.38696
1 0.45505 0.45423 1.43712 1.43693
3 0.53681 0.53659 1.51864 1.51810
5 0.59086 0.59075 1.58510 1.58456
ζ (UHT case)
0 0.60154 0.60169 2.22826 2.22816
1 0.67261 0.67295 2.23934 2.23870
3 0.74626 0.74651 2.25943 2.25899
5 - 0.79421 2.27827 2.27768
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λ.

non-linearly stretching sheet is assumed to be ei-
ther subject to a power-law wall temperature,
Tw (x)− T∞ = Axn, or a power-law surface heat
flux, qw (x) = Bxm. Here Tw (x) and qw (x) are,
respectively, temperature and heat flux at the
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Figure 3: Temperature profiles for various values
of λ.

wall, T∞ is the temperature at large distance from
the surface. A and B are dimensional constants,
and m and n are exponents. The positive x co-
ordinate is measured along the direction of mo-
tion with the slot as the origin and the positive
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y coordinate is measured normal to the sheet in
the outward direction toward the fluid. A mag-
netic field of strength B0 is applied normal to
the sheet in the y-direction (see Fig. 1). The
magnetic Reynolds number is taken to be small
enough so that the induced magnetic field can
be neglected. The viscosity µ and thermal con-
ductivity k of the fluid are assumed to be func-
tions of temperature. The fluid is assumed to be
Newtonian, electrically conducting, heat generat-
ing/absorbing. In addition, there is no applied
electric field and the Hall effect, Joule heating
and viscous dissipation are all neglected in this
work. With the usual boundary layer and Bouss-
nesq approximations the problem is governed by
the following equations:

∂u

∂x
+
∂v

∂y
= 0 (2.1)

u
∂u

∂x
+ v

∂u

∂y
=

1

ρ
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∂u

∂y
+
µ

ρ

∂2u

∂y2

±gβ0 (T − T∞)− σ0B
2
0

ρ
u (2.2)
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+q′′′ − ∂qr
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(2.3)

In the above equations, u and v denote the ve-
locity components in the x and y directions, T is
the temperature, k is the thermal conductivity,
ρ is the fluid density, µ is the fluid dynamic vis-
cosity, σ0 is the electrical conductivity, cp is the
specific heat at constant pressure, β0 is the volu-
metric coefficient of thermal expansion, q′′′ is the
rate of internal heat generation (> 0) or absorp-
tion (< 0) coefficient, g is the acceleration due to
gravity, B0 is the magnetic induction and qr is
the local radiative heat flux.
The internal heat generation/absorption term q′′′

is modeled according to the following equations:

q′′′ =
k∞uw (x)

ν∞x

[
A∗Q (x) exp

(
−y

√
uw
ν∞x

)]
+
k∞uw (x)

ν∞x
[B∗ (T − T∞)] , (2.4)
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where

Q (x) =


(Tw − T∞) for VWT case

qw(x)
k∞

√
ν∞x
uw(x) for VWT case

(2.5)

Where A∗ and B∗ are coefficients of space-
dependent and temperature-dependent internal
heat generation/absorption, respectively. In Eq.
(2.4), the first term represents the dependence
of the internal heat generation or absorption on
the space coordinates while the latter term rep-
resents its dependence on the temperature. Note
that when both A∗ > 0 and B∗ > 0, this case
corresponds to internal heat generation while for
both A∗ < 0 and B∗ < 0, the case corresponds
to internal heat absorption. With the increase
of temperature, the fluid viscosity in the momen-
tum boundary layer decreases which in turn af-
fects the heat transfer rate at the wall. Thus in
order to predict the flow and heat transfer rates
accurately, it is necessary to take into account
the temperature dependence of the fluid viscos-
ity. Ling and Dybbs [29] suggest a temperature
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Figure 11: Temperature profiles for various val-
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dependent viscosity of the form:

1

µ
=

1

µ∞
(1 + γ (T − T∞)) (2.6)

where µ∞ is the ambient fluid dynamic viscosity
and γ is a thermal property of the fluid. Eq. (4)
can be rewritten as:

1

µ
= a (T − Tr) (2.7)

where a = γ/µ∞and Tr = T∞−1/γ are constants
and their values depend on the reference state
and the thermal property of the fluid. In general,
a > 0for liquids and a < 0 for gases.

The most common working fluids found in engi-
neering applications are air and water. To further
demonstrate the appropriateness of Eq. (2.4),
correlations between viscosity and temperature
for air and water are given below [50]

For air,

1

µ
= −132.2 (T − 742.6) , (2.8)

based on T∞ = 293K (20oC).
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For water,

1

µ
= 29.83 (T − 258.6) (2.9)

based on T∞ = 288K (15oC).
Savvas et al. [39] observed that for liquid met-

als, the thermal conductivity varies linearly with
temperature in the range 0 − 400oF. We follow
Savvas et al. [39] and assume the thermal con-
ductivity of the fluid to be a linear function of
the temperature. The specific model used is (see
Chiam [16])

k = k∞ (1 + b (T − T∞)) (2.10)

Where b is a constant depending on the nature
of the fluid and k∞ is the ambient fluid thermal
conductivity. In general, b > 0 for fluids such
as water and air, while b < 0 for fluids such as
lubricating oils.

By using the Rosseland approximation [49] we
have:

qr = − 4σ

3k1

∂T 4

∂y
, (2.11)
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where σ is the Stefan-Boltzmann constant and k1
is the mean absorption coefficient.

The boundary conditions suggested by the
physics of the problem are:

uw = u(x) + L

(
∂u

∂y

)
, v = 0,

Tw (x) = T∞ +Axn or

−k∞
(
∂T

∂y

)
= qw (x) = Bxm at y = 0,

u→ 0, T → T∞ at y → ∞ (2.12)

where L is the slip length.

Case (I): Variable Wall Temperature
(VWT), Tw (x)− T∞ = Axn

We introduce the dimensionless variables:

η = (y/x)Re1/2x , ξ = Grx/Re
2
x,

f(ξ, η) = ψ (x, y) /
(
ν∞Re

1/2
x

)
,

θ(ξ, η) = (T − T∞)/(Tw (x)− T∞) (2.13)
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Where Rex = uw (x)x/ν∞ is the local Reynolds
number, Grx = gβ0(Tw (x) − T∞)x3/ν2∞ is the
local Grashof number and f(ξ, η) is the stream
function satisfying the continuity equation with
u = ∂ψ/∂y and v = −∂ψ/∂x. Equations (2.2)
and (2.3) under the transformation (2.13) reduce
to:

θr
θr − θ

f ′′′ +
θr

(θr − θ)2
f ′′θ′

+
1

2
(p+ 1) ff ′′ − pf ′2 ± ξθ −Mf ′ =

(n− 2p+ 1) ξ

(
f ′
∂f ′

∂ξ
− f ′′

∂f

∂ξ

)
(2.14)

(1 + δθ) θ′′ + δθ′2 +
1

2
(p+ 1)Pr∞fθ

′

−nPr
∞
f ′θ +

4

3R

∂

∂η

[
(1 + βθ)3 θ′

]
+A∗e−η +B∗θ

= Pr∞ (n− 2p+ 1) ξ

(
f ′
∂θ

∂ξ
− θ′

∂f

∂ξ

)
(2.15)

The primes indicate differentiation with respect
to η, M = σ0B

2
0x/(ρuw) is the magnetic pa-

rameter, θr = (Tr − T∞)/(Tw − T∞) is the vari-
able viscosity parameter for the VWT case, δ =
b (Tw − T∞) is the thermal conductivity parame-
ter, R = k∞KR/

(
4σT 3

∞
)
is the radiation param-

eter, β = ∆T/T∞ is the temperature ratio pa-
rameter with ∆T = Tw − T∞, Pr∞ = ν∞/α is
the ambient Prandtl number and α = k∞/ρcp
is the thermal conductivity of the fluid. It is
worth mentioning here that the range of varia-
tions [43] of δ for air is 0 ≤ δ ≤ 6, and for water is
0 ≤ δ ≤ 0.12, and for lubrication is −0.1 ≤ δ ≤ 0.
The transformed boundary conditions are given
by:

f ′(ξ, 0) = 1 + λf ′′(ξ, 0),

f(ξ, 0) = 0, θ(ξ, 0) = 1

f ′(ξ,∞) = 0, θ(ξ,∞) = 0 (2.16)

where λ = L
√

uw
xν∞

is the slip parameter.

The physical quantities of interest are the lo-
cal Nusselt number Nux = hx/k∞, where h =
qw(x)/(Tw(x) − T∞) is the local heat transfer
coefficient, qw (x) = −k (∂T/∂y)y=0 is the lo-

cal surface heat flux, and Cfx = 2τwx/
(
ρu2w

)
the local friction coefficient , with τwx =
µ (∂u/∂y)y=0denoting the local wall shear stress.

In terms of the transformation variables, theses
quantities can be written as:

CfxRe
1/2
x =

2θr
θr − 1

f ′′ (ξ, 0) , (2.17)

NuxRe
−1/2
x = −(1 + δ)−1/2θ′(ξ, 0) (2.18)

Case (II): Variable Heat Flux (VHF),
qw (x) = Bxm

For this case, the following non-similarity vari-
ables are invoked:

η = (y/x)Re1/2x , ξ = Grx/Re
5/2
x ,

F (ζ, η) = ψ (x, y) /
(
ν∞Re

1/2
x

)
,

ϕ(ζ, η) = (T − T∞)Re1/2x /(xqw(x)/k∞) (2.19)

where Grx = gβ0qw(x)x
4/k∞ν

2
∞ is the modified

local Grashof number for the VHF case. In terms
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of these variables the governing, Eqs. (2.2) and
(2.3) are transformed into:

ϕr
ϕr − ϕ

f ′′′ +
ϕr

(ϕr − ϕ)2
F ′′ϕ′

+
1

2
(p+ 1)FF ′′ − pF ′2 ± ζϕ−MF ′ =

1

2
(2m− 5p+ 3) ζ

(
F ′∂F

′

∂ζ
− F ′′′∂F

∂ζ

)
(2.20)

(1 + εϕ)ϕ′′ + εϕ′2 +
1

2
(p+ 1)Pr∞Fϕ

′

−1

2
(2m− p+ 1)Pr∞F

′ϕ+

4

3R

∂

∂η

[
(1 + χϕ)3 ϕ′

]
+A∗e−η +B∗ϕ

=
1

2
Pr∞ (2m− 5p+ 3)

ζ

(
F ′∂ϕ

∂ζ
− ϕ′

∂F

∂ζ

)
(2.21)

In the above equations ϕr =

(Tr − T∞)/
[
(qw(x)/k∞)

√
xν∞/uw (x)

]
,

ε = b
(
(qw(x)/k∞)

√
xν∞/uw (x)

)
and

χ = (qw(x)/k∞)
√
xν∞/uw (x)/T∞are, re-

spectively, the variable viscosity parameter,
the thermal conductivity parameter and the
temperature ratio parameter for the VHF case.

The transformed boundary conditions for the
VHF case are given by:

F ′(ζ, 0) = 1 + λF ′′(ζ, 0),

F (ζ, 0) = 0, ϕ′(ζ, 0) = −1

F ′(ζ,∞) = 0, ϕ(ζ,∞) = 0 (2.22)

The local skin friction coefficients Cfx is de-
fined as:

CfxRe
1/2
x =

2ϕr
ϕr − ϕ(ζ, 0)

F

′ (ζ, 0) , (2.23)The local Nusselt number for this
case is given by

NuxRe
−1/2
x = 1/ϕ(ζ, 0) (2.24)

3 Results and discussion

The transformed systems of Eqs. (2.14) - (2.15)
for the VWT case and Eqs. (2.20)-(2.21) for

the VHF case are approximated by a system
of non-linear ordinary differential equations re-
placing the derivatives with respect to ξ (VWT
case) and ζ (VHF case) by two-point backward
finite difference with step size 0.01. These equa-
tions are integrated by fifth order Runge-Kutta-
Fehlberg scheme with a modified version of the
Newton-Raphson shooting method. Numerical
computations are carried out for Pr = 0.71 (air),
p = n = m = 0.5 and varies values of slip parame-
ter λ, magnetic parameterM , the variable viscos-
ity parameters (θr for the VWT case and ϕr for
the VHF case), the thermal conductivity parame-
ters (δ for the VWT case and ε for the VHF case),
the buoyancy force parameters (ξ for the VWT
case and ζ for the VHF case), the coefficients of
space-dependent and temperature-dependent in-
ternal heat generation/absorption A∗ and B∗, re-
spectively and the radiation parameter R. The
more general formulations presented in this study
can be readily simplified to various special cases
considered in previous works. To verify the valid-
ity and accuracy of the present analysis, results

for the local Nusselt number NuxRe
−1/2
x were

compared to those reported by Tsou et al. [24],
Soundagekar and Murty [23] and Ali [18] for no
slip (λ = 0) forced convection flow on a continu-
ous iso-thermal sheet (n = 0) with uniform mo-
tion (p = 0) (see Table 1). Also, Table 2 shows
a comparison of the present results for the tem-
perature gradient −θ′ (0) with those reported by
Gupta and Gupta [28], Grubka and Bobba [11]
and Ali [18] for λ = 0 (no slip flow), p = 1(linearly
stretching surface), n = 0 (iso-thermal sheet) and
various values of Prandtl number Pr in the ab-
sence of magnetic field (M = 0), heat source/sink
(A∗ = B∗ = 0), radiation (R → ∞), viscos-
ity and thermal conductivity temperature varia-
tions. Finally, Table 3 illustrates the comparison

of NuxRe
−1/2
x values with those of Moutsoglou

and Chen [32] for the case of no slip mixed con-
vection flow past a stretching sheet moving with a
constant speed (p = 0) for the UWT (n = δ = 0,
θr → ∞) and UHF (m = ε = 0, ϕr → ∞) cases
with M = A∗ = B∗ = 0 and R → ∞. In all
cases, the results are found to be in good agree-
ment. The numerical values of the dimensionless
wall shear stress and the local Nusselt number in
the VWT and VHF cases are listed in Tables 4
and 5, respectively. The results of the numerical
computations are displayed in Figs. 2-17 for both
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Table 4: f ′′ (ξ, 0) and NuxRe
−1/2
x for the VWT case for various values of λ,M,R, θr, δ, ξ, A

∗ and B∗ with
p=n=0

λ M R θr δ ξ A∗ B∗ f ′′ (ξ, 0) NuxRe
−1/2
x

0.0 0.2 5.0 4.0 0.1 0.1 0.01 0.01 -0.487532 0.771029
0.2 0.2 5.0 4.0 0.1 0.1 0.01 0.01 -0.380960 0.749960
0.5 0.2 5.0 4.0 0.1 0.1 0.01 0.01 -0.288421 0.730782

0.0 0.0 -0.400653 0.787437
0.0 1.0 -0.790634 0.713658
0.0 2.0 -1.100258 0.656801

0.2 -0.312555 0.272724
0.8 -0.404522 0.488892
3.0 -0.471637 0.708453

1.1 -0.104121 0.817762
1.6 -0.323349 0.791674
→ ∞ -0.559067 0.761877

0.0 -0.493041 0.735549
1.0 -0.447251 1.023804
2.0 -0.415343 1.233174
3.0 -0.391397 1.406281

0.0 -0.920630 0.663835
1.0 -0.487532 0.771029
3.0 0.209674 0.867742

-0.7 -0.559734 1.105624
-0.3 -0.516566 0.915425
0.0 -0.487532 0.771028

0.5 -0.445937 0.546348
1.5 -0.370609 0.097036

-0.7 -0.5492405 1.091075
-0.3 -0.5204291 0.925883
0.0 -0.4888202 0.776563
0.5 -0.3882637 0.413587
1.5 0.2191793 -1.854221

VWT (solid lines) and VHF (dotted lines) cases
for distribution of the velocity and temperature
fields. This is done in this way so as to minimize
the number of figures needed for the parametric
study of the physical parameters involved in the
problem. Figs. 2 and 3 are the graphical rep-
resentation of the velocity f ′ (ξ, η) and tempera-
ture θ (ξ, η) profiles in the VWT case for differ-
ent values of the velocity slip parameter λ. Fig.
2 shows that the fluid velocity profiles decreases
greatly near the plate where 0 < η0 ≤ 1.6 but the
opposite trend is true for η ≥ η0 as the slip pa-
rameter λ is increased. Increasing the value of λ
will decrease the flow velocity because the pulling
of the stretching sheet can be only partly trans-
mitted to the fluid under the slip condition. On

the other hand, a general decrease in temperature
profile is observed with maximum at the plate
surface and minimum far away from the plate.
The magnitude of the temperature profiles in-
crease slightly with an increase in the slip param-
eter λ. Analysis of Table 4 shows that the local
skin-friction coefficient in terms of f ′′ (ξ, 0) was
found to increase while the local Nusselt number
NuxRe

−1/2
x decreases as the slip parameter λ in-

creases.

Control of boundary layer flow is of practical
significance. Several methods have been devel-
oped for the purpose of artificially controlling the
behavior of the boundary layer. The application
of magnetohydrodynamic (MHD) principle is an-
other method for affecting the flow field in the
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Table 5: F ′′ (ζ, 0) and NuxRe
−1/2
x for the VHT case for various values of λ, M, R, ϕr, ε, ξ, A

∗ and B∗

λ M R ϕr δ A∗ B∗ f ′′ (ξ, 0) NuxRe
−1/2
x

0.0 0.2 5.0 4.0 0.1 0.1 0.01 0.01 -0.343248 0.722663
0.2 0.2 5.0 4.0 0.1 0.1 0.01 0.01 -0.260441 0.711324
0.5 0.2 5.0 4.0 0.1 0.1 0.01 0.01 -0.191633 0.701754

0.0 0.0 -0.264109 0.735548
0.0 1.0 -0.620869 0.677862
0.0 2.0 -0.907407 0.633545

0.2 0.720479 0.309708
0.8 0.033548 0.491147
3.0 -0.282678 0.671011

1.1 -0.083443 0.752837
1.6 -0.244070 0.735288
→ ∞ -0.377108 0.717496

0.0 -0.371949 0.754638
1.0 -0.118668 0.548759
2.0 0.080274 0.456294
3.0 0.245011 0.401569

0.0 -0.920630 0.603487
1.0 -0.593106 0.683021
3.0 0.431366 0.810745

-0.7 -0.561338 1.004937
-0.3 -0.449072 0.841370
0.0 -0.347001 0.726381
0.5 -0.122068 0.550258
1.5 0.722544 0.271930

-0.7 -0.546534 1.091075
-0.3 -0.5204291 0.925883
0.0 -0.4888202 0.776563
0.5 -0.3882637 0.413587
1.5 0.2191793 1.854221

desired direction by altering the structure of the
boundary layer. Fig. 4 shows the velocity profile
in the VWT case for various magnetic parameter
M (= 0, 1, 2). The velocity curves show that the
rate of transport is considerably reduced with the
increase of M . It clearly indicates that the trans-
verse magnetic field opposes the transport phe-
nomena. This is due to the fact that variation of
the magnetic parameter leads to the variation of
the Lorentz force due to magnetic field and the
Lorentz force produces more resistance to trans-
port phenomena. In all cases the velocity van-
ishes at some large distance from the sheet. Fig.
5 exhibits the temperature profiles in the VWT
case for the same set of values of the magnetic pa-
rameterM . In each case, temperature is found to
decrease with the increase of η until it vanishes
at η ≈ 8. But the temperature is found to in-

crease for any non-zero fixed value of η with the
increase of M . Also, the effects on the flow and
thermal fields become less so as the strength of
the magnetic field increases. Table 4 shows that,
a distinct fall in the wall shear stress accompanies
a rise in M from 0 through 2. Thus, physically
this amounts to a reduction in the drag as indi-
cated by Gorla et al. [22]. Also, the local Nusselt

number NuxRe
−1/2
x is decreased with increasing

the values of the magnetic parameter M .

The results incorporating the effects of radia-
tion parameter R on the velocity and tempera-
ture profiles for the VWT case are presented in
Figs. 6 and 7 respectively. We observe from these
figures that the velocity f ′ (ξ, η) and the tem-
perature θ (ξ, η) decrease largely in the boundary
layer flow region as the radiation parameter R
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increases. This result can be explained by the
fact that the increase of the radiation param-
eter R implies the release of heat energy from
the flow region by mean of radiation, which in
turn decreases the temperature and velocity of
the fluid. Also, the figures show that the larger
the R, the thinner the momentum and thermal
boundary layer thickness at fixed values of η. Ta-
ble 4 shows that, as R increases, the wall shear
stress f ′′ (ξ, 0) decreases while the local Nusselt

number NuxRe
−1/2
x is greatly increased. Effect

of the viscosity-temperature parameter θr on the
velocity and temperature profiles in the boundary
layer for the VWT case is shown in Figs. 8 and 9,
respectively. From Fig. 9, it is noticed that the
effect of viscosity-temperature parameter is to in-
crease the temperature profile. This is due to the
fact that the increase of the fluid viscosity param-
eter θr makes an increase in the thermal boundary
layer thickness, which results in an increase in the
temperature profile θ (ξ, η). On the other hand,
increases in the values of θr have an opposite ef-
fect on the velocity profiles f ′ (ξ, η), i. e. it causes
f ′ (ξ, η) to decrease. However, f ′ (ξ, η) decreases
initially to about η ≈ 2.7, after which a cross-over
occurs, i.e. as one moves out towards the edge of
the boundary layer as shown in Fig. 8. Namely,
for example, the profile for θr = 1.1 is higher than
that of θr = 1.6 up to η ≈ 2.7 after which the
converse is apparent, i. e., θr causes higher veloc-
ities toward the edge of the boundary layer. The
results presented demonstrate quite clearly that
the variation of viscosity with temperature has
a substantial effect on the flow and heat transfer
characteristics. Further, the results in Table 4 in-
dicate that the wall shear stress f ′′ (ξ, 0) and the

local Nusselt number NuxRe
−1/2
x decrease as the

viscosity-temperature parameter θr increases.

Figures 10 and 11 present the behavior of the
velocity f ′ (ξ, η) and temperature θ (ξ, η) profiles
for the VWT case for various values the thermal
conductivity parameter δ. As δ increases, i. e.
the thermal conductivity increase with temper-
ature, both velocity and temperature in the re-
spective boundary layers increase. This can be
attributed to the fact that increasing the ther-
mal conductivity parameter increases the fluid
thermal conductivity which, in turn, increases
its temperature and velocity. Moreover, the rise
in the magnitude of velocity and temperature is
quite significant in the present case, showing that

the volume rate of flow at a section perpendic-
ular to the sheet increases with the increase in
the δ values. Also, the results presented demon-
strate quite clearly that the variation of thermal
conductivity with temperature has a substantial
effect on the flow and heat transfer characteris-
tics. In addition, from Table 4 it is seen that the
wall shear stress f ′′ (ξ, 0) and the local Nusselt

number NuxRe
−1/2
x are greatly increased as the

thermal conductivity parameter δ increases.

Figures 12 and 13 present typical velocity
f ′ (ξ, η) and temperature θ (ξ, η) profiles in the
boundary layer adjacent to the surface for vari-
ous values of the buoyancy force parameter ξ for
the VWT case, respectively. Increases in the val-
ues of ξ have the tendency to induce more flow
in the boundary layer due to the effect of the
thermal buoyancy. For small buoyancy effects
(ξ ≤ 2), the maximum flow velocity occurs at
the surface. However, as the buoyancy effects get
relatively large, a distinctive peak in the veloc-
ity profile occurs in the fluid adjacent to the wall
and this peak becomes more distinctive as ξ in-
creases further. Along with this flow behavior,
the thermal boundary layer reduces as ξ increases
causing the fluid temperature to reduce at every
point other than that of the wall. These flow and
thermal behaviors are depicted by the respective
increases and decreases in the velocity and tem-
perature fields as ξ increases shown in Figs. 12
and 13. Moreover, the numerical results in Ta-
ble 4 show that the wall shear stress f ′′ (ξ, 0) and

the local Nusselt number NuxRe
−1/2
x are both in-

creased with increasing ξ. This is due to the fact
that positive ξ induces a favorable pressure gradi-
ent that enhances the fluid flow and heat transfer
in the boundary layer. Figures 14 and 15 illus-
trate the changes that are brought about in the
velocity and temperature profiles due to changes
in the values of spatial-dependent internal heat
generation (A∗ > 0) or absorption (A∗ < 0)
in the boundary layer flow region for the VWT
case, respectively. The presence of a heat source
(A∗ > 0) in the boundary layer generates en-
ergy which causes the temperature of the fluid
to increase. This increase in temperature has a
direct effect in increasing the thermal buoyancy
forces which, in turn, increases the velocity of the
flow. On the other hand, the presence of a heat
sink (A∗ < 0) in the boundary layer absorbs en-
ergy which causes the temperature of the fluid
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to decrease. This decrease in the fluid temper-
ature causes a reduction in the flow velocity in
the boundary layer as a result of the buoyancy
effect which couples the flow and thermal prob-
lems. These behaviors are depicted in Figs. 14
and 15. Further, from Table 4 we notice that

the local Nusselt number NuxRe
−1/2
x decreases

whereas the wall shear stress f ′′ (ξ, 0) increases
as A∗ increases.

The influence of the temperature-dependent in-
ternal heat generation (B∗ > 0) or absorption
(B∗ < 0) in the boundary layer on the flow and
thermal fields for the VWT case is the same as
that of spatial-dependent internal heat generation
or absorption but with significant effect. Namely,
for B∗ > 0 (heat source), the velocity and tem-
perature of the fluid increase while they decrease
for B∗ < 0 (heat sink). These behaviors are de-
picted in Figs. 16 and 17. Also, the local Nus-

selt number NuxRe
−1/2
x decreases while the wall

shear stress f ′′ (ξ, 0) increases due to an increase
in the temperature-dependent internal heat gen-
eration/absorption B∗. In addition, the value of
B∗ = 1 represent a large value of a heat source
that causes the temperature of the fluid near the
sheet to be higher than the wall temperature as
shown in Fig. 17. Consequently, the wall heat
transfer is reversed. Also, the local Nusselt num-

ber NuxRe
−1/2
x decreases while the wall shear

stress f ′′ (ξ, 0) increases due to an increase in the
value of B∗ as shown in Table 4. It is noted that
the negative heat transfer rates are obtained for
higher values of B∗ (e.g., B∗ = 1 and 1.5). Neg-

ative values of NuxRe
−1/2
x indicate that heat is

transferred from the fluid to the moving surface
as discussed before. Figures 2-17 are also the
graphical representation of the velocity F ′ (ζ, η)
and temperature ϕ (ζ, η) profiles in VHF case for
the same physical parameters used in VHF case.
Effects of all physical parameters on the flow and
thermal fields are noticed to be qualitatively sim-
ilar but with quantitatively increased magnitude
(except for the effect of velocity slip parameter
λ on the velocity profiles as shown in Fig. 2),
especially the temperature, as compared to the
VWT case. Comparison study of the velocity pro-
files for both VWT and VHF cases reveals that
the velocity profiles for the VHF case are higher
than those of the VWT case as shown in Figs.
2, 4, 6, 8, 10, 12, 14 and 16. In other words,
the VHF boundary condition induces more flow

in the boundary layer region than that of the
VWT boundary condition. Also, on comparing
the temperature distribution of the VWT and
VHF cases it is apparent that the VHF bound-
ary condition succeeds in keeping the cooling liq-
uid warmer than in the case when VWT bound-
ary condition is applied. It may therefore be in-
ferred that the VWT boundary condition is bet-
ter suited for faster cooling of the stretching sheet
than the variable heat flux boundary condition
case. From Figs. 6, 10, 12, 14 and 16 it is clear
that, in the VHF case, there exist an overshoot-
ing of the velocity over the moving speed of the
sheet for small values of R (e.g., R = 0.2, 0.6)
and higher values of δ and ε (e.g., δ = ε = 2, 3),
A∗(e.g., A∗ = 1, 1.5), B∗ (e.g. B∗ = 1) and the
buoyancy force parameters (ξ and ζ). Also, the
difference in magnitude of the velocity in both
VWT and VHF cases is more apparent for lower
R values than for higher R values, as indicated by
the greater separation of curves for R = 0.2, 0.6
than when R = 5 as shown in Fig. 6. The op-
posite result was observed on the behavior of the
velocity for both VWT and VHF cases as θr, ϕr
, δ, ε, A∗, B∗ and the buoyancy force parameters
(ξ and ζ) increase as shown in Figs. 8, 10, 12, 14
and 16. From Figs. 3, 5, 7, 9, 11, 13, 15 and 17 it
is noticed, by comparison study of the tempera-
ture profiles for both VWT and VHF cases, that
wall temperature would be significantly higher in
VHF case as compared to the VWT case. This
is owing to the fact that in VHF case thermal
boundary layer thickness is higher.

Values of F ′′ (ζ, 0) and NuxRe
−1/2
x in the VHF

case for the same physical parameters presented
in Table 4 are listed in Table 5. Effects of all phys-
ical parameters on the wall shear stress F ′′ (ζ, 0)

and the local Nusselt number NuxRe
−1/2
x are no-

ticed to be similar as compared to the VWT ex-

cept that the local Nusselt number NuxRe
−1/2
x

decreases with increasing the thermal conductiv-
ity parameter χ. Comparison study of Tables 4
and 5 indicates that the wall shear stress F ′′ (ζ, 0)
for the VHF case is higher than that of the VWT
case for all values of λ, M , R, θr, ϕr, δ, ε, A

∗, B∗

and the buoyancy force parameter ζ. In Tables 4
and 5 we have extracted information for both the
VWT and VHF cases on the local Nusselt number
NuxRe

−1/2
x . Clearly, the local Nusselt number

NuxRe
−1/2
x for the VWT case is higher than that

of the VHF case for all values of the slip param-
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eter, magnetic field parameter, variable viscosity
parameters (θr and ϕr) and the buoyancy force
parameters (ξ and ζ ). On the other hand, the

local Nusselt number NuxRe
−1/2
x for the VWT

case is lower than that of the VHF case for lower
values of the radiation parameter (0 < R ≤ 0.8),
while the opposite result was observed for higher
values of it (R > 0.8). Finally, the numerical re-
sults in Tables 4 and 5 show that the local Nusselt
number NuxRe

−1/2
x for the VWT case is higher

than that of the VHF case for a heat sink (A∗ < 0
and B∗ < 0) and the opposite behavior is seen for
a heat source (A∗ > 0 and B∗ > 0).

4 Conclusion

The effects of radiation, temperature dependent
viscosity and thermal conductivity, on the MHD
mixed convection slip flow and heat transfer
from a heated stretching surface in the pres-
ence of a transverse magnetic field, heat gener-
ation/absorption have been studied. An analy-
sis has been carried out to investigate the ther-
mal transport phenomenon for two general ther-
mal boundary conditions, namely (I) variable
wall temperature (VWT) and (II) variable sur-
face heat flux (VHF) of the power-law form. The
governing equations were developed and trans-
formed using appropriate non-similarity variables
and solved numerically. The specific conclusions
derived from this study can be listed as follows:

1. The velocity and temperature profiles de-
pend strongly on the nature of the boundary
conditions on the velocity and temperature
(i.e., whether wall temperature or heat flux
is variable at the wall).

2. The wall temperature is greatly higher
in the VHF case as compared to the
VWT case for all values of the slip
parameterλ, magnetic parameter M , radia-
tion parameter R, viscosity-temperature pa-
rameter θr, thermal conductivity parame-
ter ε, space-dependent internal heat genera-
tion/absorption A∗, temperature-dependent
internal heat generation/absorption B∗ and
buoyancy force parameter ζ and hence the
VWT boundary condition is better suited for
effective cooling of the stretching sheet.

3. The velocity in the boundary layer region is

higher in the VHF case as compared to the
VWT case for all values of M , ϕr, ε, R, A

∗,
B∗ and the buoyancy force parameter ζ and
this rise in the value of the velocity is more
significant for lower values of R and higher
values of all other parameters.

4. The wall shear stress decreases with increas-
ing the parameters of magnetic field, radi-
ation and the viscosity-temperature, but it
increases with increasing the slip parameter,
thermal conductivity, space-dependent and
temperature-dependent internal heat gener-
ation/absorption and buoyancy force param-
eters in both the VWT and VHF cases.

5. The local Nusselt number decreases with an
increase in the values of slip parameter, mag-
netic field, viscosity-temperature and space-
dependent and temperature-dependent in-
ternal heat generation /absorption parame-
ters, whereas it increases with increasing the
radiation and buoyancy force parameters in
both the VWT and VHF cases.

6. Increasing the thermal conductivity param-
eter was found to cause reductions in the
values of local Nusselt number in the VHF
case, but the reverse trend was observed in
the VWT case as the thermal conductivity
parameter increases.
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