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Abstract

It is well known fact that binary relations are generalized mathematical functions.

Contrary to

functions from domain to range, binary relations may assign to each element of domain two or more

elements of range.

Some basic operations on functions such as the inverse and composition are

applicable to binary relations as well. Depending on the domain or range or both are fuzzy value
fuzzy set, interval fuzzy value fuzzy set or fuzzy number value fuzzy set, define of the fuzzy relation
is different. Given a fuzzy relation, its domain and range are fuzzy number value fuzzy sets. In this
paper, initially we define fuzzy number value fuzzy sets and then propose fuzzy number-valued fuzzy
relation (FN-VFR). We also introduce property of reflexive, symmetric, transitive and equivalence
relation of FN-VFR. As follow, we prove some theorems for FN-VFR with property of reflexive,
symmetric and transitive. Also, we show examples for FN-VFR.
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1 Introduction

Ne of the most fundamental notions in pure
O and applied sciences is the concept of a rela-
tion. Science has been described as the discovery
of relations between objects, states and events. In
1965, L. A. Zadeh introduced the concept of fuzzy
set theory[10]. Fuzzy set theory is an extension
of classical set theory. Fuzzy relations general-
ize the concept of relations in the same manner
as fuzzy sets generalize the fundamental idea of
sets. The fuzzy relation theory as a generaliza-
tion of Euler's graph theory was first introduced
by Rosenfeld [8] in 1975. Some researchers work
in fuzzy graph [6], bipolar fuzzy graph [9, 1, 2]
and fuzzy interval graph [3, 7]. In this paper, we
propose fuzzy number-valued fuzzy relation (FN-
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VFR) and also introduce property of reflexive,
symmetric, transitive and equivalence relation of
FN-VFR.

The paper has been organized as follows: a back-
ground of fuzzy concepts is presented in Section 2.
In Section 3, we will introduce the fuzzy number-
valued fuzzy relation and is given example. Sub-
sequently, in Section 4, equivalence relation of
FN-VFR is presented. Finally, conclusions are
presented in Section 5.

2  Preliminaries

A fuzzy subset of X is a mapping p: X — [0, 1]
where p as assigning to each element x € X a
degree of membership, 0 < u(z) < 1.

Let S be a set and p and v be fuzzy subsets of S
1. A fuzzy subset p C v if and only if p(z) < v(x)
for all x € S.

2. (nUv)(z)=p(x)Vv(z) forall z € S.

3. (unv)(x) = pu(x) Av(z) for all z € S.
Where, max and min are show with \/ and A
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respectively.

Definition 2.1 (Rosenfeld, [8]) Let S and T be
two sets and p and v be fuzzy subsets of S and
T, respectively. A fuzzy relation p from the fuzzy
subset p into the fuzzy subset v is a fuzzy subset p
of S x T such that p(z,y) < p(x) Av(y),Vz € S
and Yy € T.

Definition 2.2 (Rosenfeld, [8]) Let p: S x T —
[0, 1] be a fuzzy relation from a fuzzy subset p of S
into a fuzzy subset v of T and w: T x U — [0,1]
be a fuzzy relation from a fuzzy subset v of T into
a fuzzy subset & of U.

Define the composition p of w and denote by pow :
S x U — [0,1] where for all z € S and z € U

pow(z,z) = \[{p(z,y) \w(y,2)ly € T} (2.1)

Notation p? to denote the composition pop, p* to
denote the composition p*~Lop; k > 1.

Define p*(z,y) = V{p*(z,y)|k = 1,2,...} for all
x,y €.

Definition 2.3 (Coroianu, [{]) The set of all
fuzzy numbers is denoted by FN and for fuzzy
number A € FN, we show the membership func-
tion by A(x) which is given by

0 r < ay,
la(z) a1 <z <ag,
A(z) =< 1 as < z < ag, (2.2)
ra(x) az <z <ay,
0 ags < T

Where a1, az,a3,a4 € R and l4(.) is nondecreas-
ing and ra(.) is non-increasing and lx(a1) = 0,
la(a2) = 1, ra(as) = 1 and ra(ag) = 0. We
can show every fuzzy number A as family of crisp
intervals as follows

A={z e R: Alx) >r}=[Ar),A.(r)] (2.3)
Let A be a fuzzy subset of X; the support of A,
denoted supp(A) whose

supp(A) = {z € X|A(z) > 0} (2.4)

Sometimes we use this parametric crisp interval
instead of corespondent fuzzy number.

Definition 2.4 [5] let [A]" = [A;(r), Ay(r)] and
[B]" = [Bi(r), By(r)] be two fuzzy numbers. We
get

AV B = [Ai(r) V Bi(r), Au(r) V Bu(r)]

and

AN B = [Ai(r) A Bi(r), Au(r) A\ Bu(r)]-

And we used the following ordering method

Ay(r) < By(r),
A<Bo Ve (0,1].
Au(r) < Bu(r)

(2.5)

Proposition 2.1 If A,B € FN then:

1. According to the above ordering we have
AANB = A and A< A\/B.

2. ANB€FN and A\/ B € FN.

3 Fuzzy number-valued fuzzy
relation (FN-VFR)

Definition 3.1 Let S is arbitrary set then p s
a fuzzy number value fuzzy set (FN-VFS) on S if
w:S— FN and for all x € S, u(x) € FN.

We show the set of all fuzzy numbers with support
in [0,1] by FIN.

Definition 3.2 Let S and T be two sets and p :
S — FIN andv:T — FIN be two FN-VFSs of
S and T, respectively. A FN-VFR p from i into
v is a fuzzy number valued subset p : S x T —
FIN such that p(x,y) < p(x) Av(y),Vz € S and
VyeT.

With definition (2.4), we define [p]” S x
T — IN for every r € (0,1] and p : S x
T — FIN such that [p|"(z,y) = [p(z,y)]" =
[o1(x,9) (1), pu(x,y)(r)],Vx € S and Yy € T where
IN shows the set of all interval numbers on [0, 1].

Example 3.1 Let S = {z,y}, T = {a,b},
w S — FIN, v :T — FIN with p =

{(z, 1(2)), (; u(y)) } and v = {(a,v(a)), (b,v(b))}
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where
0.2<t<04,

1 0.4 <t¢<0.6,
U8t 0.6 <t <08,
0 Otherwise
EO3 0.3 <t <04,
8bL 0.4 <t <06,
0 Otherwise
554 04 <t<0.5,
B0t 0.5 <t < 0.6,
0 Otherwise
% 0.3<t<0.7,
v (t) =< %7 0.7<t <08,
0 Otherwise

S x T — FIN such

Then, a function p :

that p = {p(z,a), p(z,b), p(y, a), p(y,b)} with
0202 <t <04,
Paa)(t) =3 LTt 04<t <05,
0 Otherwise
£02 02 <¢<0.3,
Py (t) =4 LT 03<t<0.7,
0 Otherwise
592 02<t<0.3,
1 0.3<t<04,
Pwal) =9 0st g4<i<os,
0 Otherwise
0.6—t
=2t 0.3<¢<0.6,
Pyb) (t) = { 00.3 Otherwise
is a FN-VFR.
For every r € [0, 1], [p]" =
{lo(x,a)]", [p(z,0)]", [p(y, a)]", [p(y, )]}
where
[p(x,a)]” = [0.2r + 0.2,0.5 — 0.17], [p(x,b)]" =

[0.2r +0.1,0.7 — 0.47]

[p(y,a)]” = [0.1r + 0.2,0.5 — 0.17], [p(y, b)]" =
[0.3,0.6 — 0.37].

Proposition 3.1 Two fuzzy number [p|"(z,y)
and p(x)]" Alv(y)]" are compatible, in other word

[o]" (@,y) = [u(@)]" Alv(y)]", Vo € S and Vy € T.
Proof. It directly follows from definition.

Definition 3.3 Let p: S xT — FIN be a FN-
VFR from p intov and w : T XU — FIN be a
EFN-VFER from v into &. Define the composition
p of w and denote by pow : S x U — FIN
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where for all x € Sand z € U

pow(x, z) \/{p x,y /\ y,2)ly € T} (3.6)

Example 3.2 Let p S xT — FIN and
w : TxU — FIN be two FN-VFRs such

that p = {p(z,a), p(z,b), p(y,a), p(y,b)} and w =
{w(a,e),w(a, f),w(b,e),w(b, f)}
with
02 0.2 <t <04,
P(a,a) ( {'g; 0.4 <t<0.5,
0 Otherwise
02 02<t<0.3,
P ) (t {(5; 0.3<t<0.7,
0 Otherwise
552 02<t<03,
1 0.3<t<0.4,
Pt {(ff 0.4 <t<0.5,
0 Otherwise
502 02<t<03,
Py (t {Og; 0.3<t<0.6,
0 Otherwise
0l 01<t <05,
{‘h; 0.5<t<0.7,
0 Otherwise
592 02<t<023,
1 0.3<t<04,
{0&; 04<t<0.7,
0 Otherwise
202 09 <t <04,
052,
{&1 0.4 <t<0.5,
0 Otherwise
552 02<t<04,
W, ) (t Gt 04<t<08,
0 Otherwise

then composition pow : § x U — FIN is a

FN-VFR where

pow = {pow(z,e), pow(z, f), pow(y,e), pow(y, f)}
and

2 0.2 <t<0.233,
=01 (233 <t <0.3,
202 03 <¢<04,
0.4 <t<0.5,
0 Otherwise

PO (ze)(t) =
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£0202<¢<0.3, (582 02<t<0.3,
1 0.3<t<0.4, pn(f) = 1 0.3<t<0.4,
pow(y p)(t) = % 0.4 <t <0.433, (@) 0Tt 04<t<0.7,
St 0433 <t <0.7, 0 Otherwise
0 Otherwise 591 01<t<o02,
=02 9 <t <0.3, 1 0.2<t<04,
" 0s<i<o4 Pua() =\ 05t g4<i<05
ow(ye)t) =9 05t G4t onF oL
POX(y.e) 51 04 <t <05, [ O Otherwise
0 Otherwise % 0.2<t<04,
592 02<t<0.3, Py () = { 001 0.4 <t<0.6,
1 0.3<t<04, 0 Otherwise
pow(y ) (t) = ﬁ 0.4 <t<0.45, , % 0.3<t<0.4,
“o3 045 <t <06, Paay®) =1 %ot 04 <t <05
(0 Otherwise 0 Otherwise
02 02<¢<0.3,
Proposition 3.2 Let p, u,w and v as defined in p’(x ) (t) = % 0.3<t<0.7,
Definition 7. Then pow is a FN-VFR from u into ’ 0 Otherwise
& 502 02 < <03,
Proof. Let, x € S,y € T and 2 € U. Then o) })5_'5 03<t<04,
plz,y) 2 p@) Avly) and w(y,2) < v(y) A&(z). STt 04<1<05
Hence, pl,y) \w(y.2) = pla) Av(y) A&(2): 0" Otherwise
Thus , 03 0.3<t<04,
Pl () Ut 0.4 <t <05,
pow(z,z) = \{plz,y) ANw(y,2)ly € T} = 0 Otherwise
M(JI) /\5(2) Then’
Notation p2 to denote the composition pop, =03 3<t< 0.4,

o
| =
~

8
S
o
—

p* to denote the composition p*~lop; k > 1. (puU p')( )(t) = : 0.4 <t<0.5,

Define p™(z,y) = V{p*(z,y)lk = 1,2,..} and 0 Otherwise
Pz,y) = 0if = # y p(x,y) = p(z) for all 02 02 <¢<0.3,
x,y €S. (pUp') ) 1 0.3 <t<0.4,
D) =19 07t
Definition 3.4 Let p: S x T — FIN be a FN- (=) o3 04=t=07,
VFR from u into v. Define the FN-VFR p~! : \ ?_02 Otherwise
T xS — FIN of vinto u by p~(y,2) = p(x,y) or 02=t<03,
/ 1 0.3<t<04,
fO’f’ all (y,ﬂ?) €T xS. (p Up )(y,a)(t) = 0.5—¢ 04<t<05
, 0.1 ==t =9,
Definition 3.5 Let p: S xT — FIN and p : 0 Otherwise
SxT — FIN be two FN-VFRs from p into v. % 0.3<t<04,
, , / — 0.6—t 4 <t<0.
1. p Cp if and only if p(z,y) < p (z,y) (PUP)wn () 0z Odst N 0.6,
/ / 0 Otherwise
2. (pUp)(z,y) = p(z,y) Vo (z,y) 0.2
, , 102 02 < ¢ <04,
3. (pNp)(x,y) = pla,y) Ap (2,y) (0 )y (1) = 032t g u<t<o05
for all T. a - 0.1 T T
or all (z,y) € 5 x 0 Otherwise
Example 3.3 Let p : S xT — FIN and # 0.2 <t<0.3,
p :SxT — FIN be two FN-VFRs such lthat (POP,)(x,b)(t) - % 0.3<¢<0.7,
p = Ap(z,a), p(x,b),py, a), p(y,b)} and p = 0 Otherwise
{p (z,a),p (x,0),p (y,a),p (y,b)} el 01<t<0.2
with ny )1 o2<t<o4,
_o. PP )ya)t) =9 05—t
EO2 02<t <04, @) o1 04<=t S 0.5,
Pr.a) (t) = % 04<t<0.5, 0 Otherwise

0 Otherwise
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o~
=]

0.2<t<0.4,
(PP )t =1 %1t 04<t<05
0 Otherwise

(=]

Proposition 3.3 Let 7,7, p and w be FN-VFRs
on a fuzzy number subset v of a set S. Then the
following properties hold.

pUw=wUp

pRNw=wnNp
TU((pUw)=(rUp)Uw
TN(pNw)=(TNp)Nw

mo(pow) = (mop)ow
TU(pNw)=(mUp)N(rUw)
TN(pUw) = (mNp)U(rNw)
IfrCpandm CwthenTtUr CpUw
IrCpandm Cwthen TN CpNuw
10. If 7 € p and m C w then Tom C pow
11. For all r € [0, 1], [(pUw)]" = [p]" U [w]"
12. For all r € [0,1], [(pNw)]" = [p]" N [w]"

© XD OE W=

Proof. @ We provide the proofs for 9 and
10.
Let x,y,z € S.

9. (T nmzy) = 7@y Arlry) =

p(z,y) Aw(z,y) = (pNw)(z, 2).
10. 7om(z,z) = V{r(z,y) A7(y,2)ly € S} =<
\/{p(x,y)/\ (y,2)|ly € S} = pow(z, 2).

4 Equivalence relation on FN-
VFR

Let p,w be FN-VFRs on a fuzzy number subset
@S — FIN. It is quite natural to represent
a FN-VFR in the form of a matrix. We use the
matrix representation of a FN-VFR to explain the
properties of a FN-VFR.

Definition 4.1 We call FN-VFR, p is reflexive
on pif p(x,z) = p(x) for allz € S. If p reflexive
on p, then p(x,y) = p(x) Ap(y) 2 p(z) = p(z, )
for all x,y € S and it follows that any diagonal
element is larger than or equal to any element in
its column and row.

Theorem 4.1 Let p,w be FN-VFRs on a fuzzy
number subset y of a set S. Then the following
properties hold.

1. If p is reflexive then w C pow and w C wop.

2. If p is reflexive then p C p? C ... C p™.

3. If p is reflexive then p(z,z) = p?(z,2) =

o(3,7) = ().

4. If p and w are reflexive, so is pow and wop.

5. If p is reflexive then [p]" is reflexive for

r e [0,1].

Proof. Let z,y,z € S.

L pow(z,y) = Vip(e,2) Aw(zy)lz € S} =

plz, ) Nw(z,y) = p(r) Aw(z,y).

Since  w(z,y) = p(x) A ply), then

wx) AN w(z,y) = w(z,y). Thus w C pow.

Similarly, w C wop.

2. Choose w as p in 1.

3. Note that p(z,z) =
p(x,y) = p(x,z),Vr,y € S, then

(e p@.2) 1 pla,a) < Vip(a o) Aoy €
S} = p(z,2)
wz) = V@) Apwa)) =

V{o(z,y) Aply, )|y € S} = p*(z, ).

Therefore, p(z,x) = p*(z,r) and similarly
pla,z) = p*(z,2) = ... = p>(z,).

4. pow(z,z) = V{p(z,y) Aw(y,z)ly € S} =
Vip(z, 2) Aw(z, )} = p(z)

and pow(,7) = \V{o(z5) Aw(y,
(o, 2) Aol )} = ().
Therefore pow(z,z) =
woplz,z) = pu(z).

5. Proof is evident.

r)ly € S} =

p(x). Similarly,

Definition 4.2 We call FN-VFR, p is symmet-
ric on w if p(z,y) = p(y,x) forallx,y € S. In the
matrix representation, p is symmetric FN-VFR if
matriz representation of p is symmetric.

Theorem 4.2 Let p,w be FN-VFRs on a fuzzy
number subset p: S — FIN. Then the following
properties hold.

1. If p is symmetric, then so is every power of p.
2. If p and w are symmetric, then pow is
symmetric if and only if pow = wop.

5. If p is symmetric then [p]” is symmetric for
r e [0,1].

Proof.Let z,y,z € S.

1. Assume that p" is symmetric for n € N.
Then, p"*(z,y) = V{p"(z,2) Ap(z.y)lz €
Sto= V"= 2)Aply,2)z € St =
V{p(y, 2) Np"(2,2)]z € S} = p"*(y, ).

2. pow(z,y) = pow(y,x) <>
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Vin(z, 2) Aw(z,y)|2 € S} =
Vin(y, 2) Nw(z,2)|z € S} &

Vip(z, 2) Aw(z,y)|2 S S} =
V{w(z,2) Aply, 2)|z € S} <

Vip(z, 2) Aw(z,y)|2 S S} =
VH{w(z, 2) Ap(z,9)|z € S} < pow = wop

3. Proof is evident.

Definition 4.3 We call FN-VFR, p is transitive
on p if p* C p.

Theorem 4.3 Let 7, p and w be FN-VFRs on a
fuzzy number subset S — FIN. Then the
following properties hold.

1. If p is transitive and m# C p and w C p then
mow C p.

2. If p is transitive, then so is every power of p.
3. If p is transitive and w is reflexive and w C p
then pow = wop = p.

4. If p is reflexive and transitive then
P Cp=p"=..=p>

5. If p and w are transitive and pow = wop, then
pow is transitive.

6. If p is symmetric and transitive, then
p(z,y) € p(z,x) and p(y,z) S p(z,y) for all
x,y €S.

7. If p is transitive then [p]
r e [0,1].

™ is transitive for

Proof. Let z,y,z € S.

1 mow(e,y) = Vi{r(@,2) Awzy)le € S} C
Vio(z,2) Ap(z y)lz € S} = p*(2,y) € pl(a,y)
2. Assume that p"op™ "

anrlOanrl :pnopnop2 C pnop:pn+1'
3. DBy 1. taking m to be p, pow C p.
pow(z,y) = V{p(z,2) Aw(z,y)lz € S} =

Vio(z,y) Awly v)} = plz,y) Auly) = p(z,y).
Hence pow = p.

4. By 3. taking w to be p, p> = p.
p® = pPop = pop = p and similarly p" = p
for all n € N.

5. (pow)o(pow) = po(wop)ow) = (pop)olwow) =
p*ow? C pow.

6. Since p is symmetric and transitive, pop C p.
Hence pop(z,z) C p(z,x) &

Vipwy) Apwaly € S} € plaa)
Vio(z,y) Ap(z,y)ly € S} C p(z,2) < p(z,y) C
p(@, ).

Since p is symmetric then p(y, z) C p(z, x).

7. Is evident.

Definition 4.4 A FN-VFR, p on S which re-
flexive, symmetric and transitive is called o fuzzy
number-valued equivalence relation on S.

5 Conclusions

It is well known that fuzzy number valued fuzzy
sets constitute a generalization of the notion of
fuzzy sets. The fuzzy number-valued fuzzy mod-
els give more precision, flexibility and compati-
bility to the system as compared to the classical
and fuzzy models. So we have introduced fuzzy
number-valued fuzzy relation and have presented
several properties for this relation. The further
study of fuzzy number-valued fuzzy relation may
also be extended with fuzzy number-valued fuzzy
graph an application in database theory, an ex-
pert system, neural networks and geographical in-
formation system.
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