
Available online at http://ijim.srbiau.a
.irInt. J. Industrial Mathemati
s Vol. 2, No. 4 (2010) 305-317
Some Properties of A New Fuzzy Distan
eMeasureT. Allahviranloo a�, R. Ezzati b, S. Khezerloo 
, M. Khezerloo 
, S. Salahshour d(a) Department of Mathemati
s, S
ien
e and Resear
h Bran
h, Islami
 Azad University,Tehran, Iran.(b) Department of Mathemati
s, Karaj Bran
h, Islami
 Azad University, Karaj, Iran.(
) Islami
 Azad University, Young Resear
her Club, Ardabil Bran
h, Ardabil, Iran.(d) Department of Mathemati
s, Mobarakeh Bran
h, Islami
 Azad University, Mobarakeh, Iran.Re
eived 28 September 2010; a

epted 21 De
ember 2010.|||||||||||||||||||||||||||||||-Abstra
tThe propose of this paper is to introdu
e a new fuzzy distan
e measure for fuzzy numbers.It 
omputes the fuzzy distan
e between two fuzzy numbers. The metri
 properties of theproposed measure are also dis
ussed in detail. Some numeri
al examples for 
omputationalimplementation of the proposed method are also given.Keywords : Fuzzy number; Fuzzy distan
e measure; Interval distan
e.||||||||||||||||||||||||||||||||{1 Introdu
tionFuzzy numbers are used to represent un
ertain and in
omplete information in de
isionmaking, linguisti
 
ontrollers, biote
hnologi
al systems, expert systems, data mining, pat-tern re
ognition, et
. Re
ently, several authors have attempted to 
ompute the fuzzydistan
e between fuzzy numbers. In [17℄, Voxman has proposed fuzzy distan
e by usingextension prin
iple of absolute distan
e between fuzzy numbers. Also, in [7℄ a fuzzy dis-tan
e measure is proposed based on the interval di�eren
e and metri
 properties are alsostudied. However, there are some essential defe
ts in the stru
ture of fuzzy distan
e.The rest of this paper is organized as follows: Se
tion 2 
ontains preliminaries on fuzzy
on
epts. A metri
 distan
e measure for interval numbers with its properties is introdu
edin Se
tion 3. Then, in Se
tion 4, ��distan
e for fuzzy numbers is de�ned and its proper-ties are dis
ussed in detail. In the Se
tion 5, we use a pro
edure for ranking fuzzy numbersbased on the �-distan
e. For 
omparing the proposed ranking method with some other�Corresponding author. Email address: to�gh�allahviranloo.
om.305
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hes, some numeri
al examples are provided in Se
tion 6. Finally, the paper endswith 
on
lusions in Se
tion 7.2 PreliminariesA fuzzy number A is a fuzzy subset of the real line R with the membership fun
tion �Awhi
h is (see [9℄): normal (i.e. there exists an element x0 su
h that �A(x0) = 1), fuzzy
onvex (i.e. �A(�x1 + (1 � �)x2) � min(�A(x1); �A(x2)), 8x1; x2 2 R, 8� 2 [0; 1℄), uppersemi
ontinuous, suppAis bounded, where supp A = 
lfx 2 R : �A(x) > 0g and 
l is the
losure operator.The ��
ut, � 2℄0; 1℄, of a fuzzy number A is a 
risp set de�ned asA� = fx 2 R : �A(x) � �g:Every ��
ut of a fuzzy number A is a 
losed interval A� = [AL(�); AU (�)℄, whereAL(�) = inffx 2 R : �A(x) � �g; AU (�) = supfx 2 R : �A(x) � �g:We denote A0 = [AL(0); AU (0)℄ = supp A:The pair of fun
tions (AL; AU ) gives a parametri
 representation of the fuzzy number A.For two arbitrary fuzzy numbers A, A� = [AL(�); AU (�)℄ and B, B� = [BL(�); BU (�)℄the quantityD(A;B) =sZ 10 (AL(�) �BL(�))2d�+ Z 10 (AU (�)�BU (�))2d�gives a distan
e between A and B (see, e.g., [11℄). The expe
ted interval EI(A) of a fuzzynumber A, A� = [AL(�); AU (�)℄, is de�ned by (see [10, 15℄)EI(A) = [E�(A); E�(A)℄ = �Z 10 AL(�)a�;Z 10 AU (�)d��and the middle of the expe
ted interval is 
alled the expe
ted value of a fuzzy number A,i.e., EV (A) = 12 �Z 10 AL(�)a� + Z 10 AU (�)d��An often used fuzzy number is the trapezoidal fuzzy number, 
ompletely 
hara
terized byfour real numbers t1 � t2 � t3 � t4, denoted by T = (t1; t2; t3; t4), with the parametri
representation (TL; TU ),TL(�) = t1 + (t2 � t1)�; TU (�) = t4 � (t4 � t3)�; � 2 [0; 1℄and the expe
ted interval EI(T ) = � t1 + t22 ; t3 + t42 �
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ed in [5℄ as follows. Let a1; a2; a3; a4 2R su
h that a1 < a2 � a3 < a4. A fuzzy number A de�ned as
�A(x) = 8>>>>>>>>>>><>>>>>>>>>>>:

0; x � a1� x�a1a2�a1�r ; a1 � x � a21; a2 � x � a3� a4�xa4�a3�r ; a3 � x � a40; x � a4where r > 0, is denoted by A = (a1; a2; a3; a4)r. If A = (a1; a2; a3; a4)r thenA� = [AL(�); AU (�)℄ = ha1 + �1=r(a2 � a1); a4 � �1=r(a4 � a3)i ; � 2 [0; 1℄Theorem 2.1. [4℄, Let A = (a1; a2; at; a4)r,(i) If (5r + 1)a1 + 2r(r � 1)a2 � 2r(r + 2)a3 + (r � 1)a4 > 0 (2.1)thenT ((a1; a2; a3; a4)r) = �a1 + ra21 + r ; a1 + ra21 + r ; a1 + ra21 + r ; �a1 � ra2 + 2ra3 + 2a41 + r �(2.2)(ii) If (1� r)a1 + 2r(r + 2)a2 � 2r(r � 1)a3 � (5r + 1)a4 > 0 (2.3)thenT ((a1; a2; a3; a4)r) = �2a1 + 2ra2 � ra3 � a41 + r ; a4 + ra31 + r ; a4 + ra31 + r ; a4 + ra31 + r � (2.4)(iii) If (5r + 1)a1 + 2r(r � 1)a2 � 2r(r + 2)a3 + (r � 1)a4 � 0;(1� r)a1 + 2r(r + 2)a2 � 2r(r � 1)a3 � (5r + 1)a4 � 0;(1� r)a1 + 2r(r + 2)a2 � 2r(r + 2)a3 + (r � 1)a4 > 0 (2.5)then T ((a1; a2; a3; a4)r) = (t1; t2; t3; t4);where t1 = (9r+3)a1+6r2a2�2r(r+2)a3+(r�1)a42(1+r)(1+2r)t2 = (1�r)a1+2r(r+2)a2+2r(r+2)a3+(1�r)a42(1+r)(1+2r)t3 = t2t4 = (r�1)a1�2r(r+2)a2+6r2a3+(9r+3)a42(1+r)(1+2r) (2.6)



308 T. Allahviranloo et al. = IJIM Vol. 2, No. 4 (2010) 305-317(iv) If (1� r)a1 + 2r(r + 2)a2 � 2r(r + 2)a3 + (r � 1)a4 � 0 (2.7)then T ((a1; a2; a3; a4)r) = (t1; t2; t3; t4);where t1 = (5r+1)a1+2r(r�1)a2(1+r)(1+2r) ;t2 = (1�r)a1+2r(r+2)a2(1+r)(1+2r) ;t3 = 2r(r+2)a3+(1�r)a4(1+r)(1+2r) ;t4 = 2r(r�1)a3+(5r+1)a4(1+r)(1+2r) (2.8)
Remark 2.1. [4℄, If A is a trapezoidal number, then T (A) = A.De�nition 2.1. [18℄, For two arbitrary fuzzy numbers A and B with ��
uts sets [AL(�); AU (�)℄and [BL(�); BU (�)℄, we 
alld(A;B) = �Z 10 f(�) �(AL(�)�BL(�))2 + (AU (�)�BU (�))2� d�� 12 (2.9)the weighted distan
e between fuzzy numbers A and B, where f(�) is nonnegative andin
reasing on [0; 1℄ with f(0) = 0 and R 10 f(�)d� = 12 .In a
tual appli
ations, fun
tion f(�) 
an be 
hosen a

ording to the a
tual situation.In this paper, we use f(�) = �.De�nition 2.2. For two arbitrary fuzzy numbers A and B with ��
uts sets A� =[AL(�); AU (�)℄ and B� = [BL(�); BU (�)℄, the Housdor� distan
e is de�ned to be:dH(A;B) = max( supx2A� infy2B� jx� yj; supy2B� infx2A� jx� yj) (2.10)De�nition 2.3. [16℄, For two arbitrary interval numbers U = [u1; u2℄ and V = [v1; v2℄,we say� U = V if and only if u1 = v1 and u2 = v2.� U � V if and only if u1 � v1 and u2 � v2.� U � V if and only if U � V , but U 6= V .De�nition 2.4. [2℄, For arbitrary trapezoidal fuzzy number V = (x0; y0; �; �) with twodefuzzi�er x0, y0 and left fuzziness � > 0 and right fuzziness � > 0 and parametri
 formV� = (VL(�); VU (�)), we de�ne the magnitude of the trapezoidal fuzzy number V asMag(V ) = 12 �Z 10 (VL(�) + VU (�) + x0 + y0)f(�)d�� (2.11)where f(�) is nonnegative and in
reasing on [0; 1℄ with f(0) = 0 and R 10 f(�)d� = 12 .



T. Allahviranloo et al. = IJIM Vol. 2, No. 4 (2010) 305-317 309Remark 2.2. [2℄, For two arbitrary trapezoidal fuzzy numbers U and V , we haveMag(U + V ) =Mag(U) +Mag(V )De�nition 2.5. [2℄, The ranking of two arbitrary trapezoidal fuzzy numbers U and V bythe Mag(:) as follows:� U � V if and only if Mag(U) =Mag(V ).� U � V if and only if Mag(U) < Mag(V ).� U � V if and only if Mag(U) > Mag(V ).De�nition 2.6. [8℄, If V is a fuzzy number with ��
ut representation [VL(�); VU (�)℄,then the value of V is de�ned byV al(V ) = Z 10 f(�)(VL(�) + VU (�))d�and the ambiguity of V is de�ned byAmb(V ) = Z 10 f(�)(VU (�)� VL(�))d�where f(�) is nonnegative and in
reasing on [0; 1℄ with f(0) = 0 and R 10 f(�)d� = 12 .De�nition 2.7. [6℄, The width of the fuzzy number V is de�ned byw(V ) = Z 10 (VU (�)� VL(�))d�is an useful parameter 
hara
terizing the nonspe
i�
ity of a fuzzy number.3 Interval distan
e measurelet us 
onsider two fuzzy numbers as A = (a1; a2; a3; a4)r and B = (b1; b2; b3; b4)r. Thenif, T (A) and T (B) are trapezoidal approximation of A and B, respe
tively, whi
h areobtained from Grzegorzewski and Mrowka [14℄ and Ban [4℄ method, we de�ne the intervaldistan
e D�(A;B) = [d(T (A); T (B)); dH (T (A); T (B))℄ (3.12)where d(T (A); T (B)) and dH(T (A); T (B)) be introdu
ed in de�nitions (2.1) and (2.2),respe
tively.Theorem 3.1. Let A, B and C are arbitrary fuzzy numbers. Then(i) d(T (A); T (B)) � dH(T (A); T (B)).(ii) D�(A;A) = ~0.(iii) D�(A;B) = D�(B;A).



310 T. Allahviranloo et al. = IJIM Vol. 2, No. 4 (2010) 305-317(iv) D�(A;C) � D�(A;B) +D�(B;C)Proof: From de�nitions (2.1), (2.2) and (2.3), the 
ases (ii)� (iv) are obvious. Now,we prove 
ase (i):Consider T�(A) = [TAL(�); TAU (�)℄ and T�(B) = [TBL(�); TBU (�)℄ anddH(T (A); T (B)) = sup�2[0;1℄ fmax fjTAL(�)� TBL(�)j; jTAU (�)� TBU (�)jgg = 
 � 0Then for all � 2 [0; 1℄, we have: jTAL(�) � TBL(�)j � 
jTAU (�) � TBU (�)j � 
Therefore,d2(T (A); T (B)) = R 10 �(TAL(�)� TBL(�))2 + (TAU (�) � TBU (�))2��d�� 2
2 R 10 �d�= 
2So, d(T (A); T (B)) � 
 = dH(T (A); T (B))and the proof is 
omplete.4 Fuzzy distan
e measureNow, we 
onvert the interval distan
e measure (3.12) to the fuzzy distan
e measure asfollows:De�nition 4.1. For two arbitrary fuzzy numbers A and B, the fuzzy distan
e measure isDF (A;B) = [d(T (A); T (B)); �dH (T (A); T (B)) + (1� �)d(T (A); T (B)); dH(T (A); T (B))℄� 2 [0; 1℄ (4.13)Let � represent the de
ision maker`s preferen
e. � gives deferent fuzzy numbers to thepossible values of the fuzzy distan
e measure. The quality of a fuzzy number is the mainfa
tor 
onsidered in the existing approa
hes, su
h as those based on area measurement, forranking fuzzy numbers. � 2 [0; 1℄ is the index of optimism that re
e
ts a de
ision maker`sdegree of optimism. The large index of optimism implies that the de
ision maker is moreoptimisti
, and only the maximum value of the optimism is 
onsidered when � = 1. Onthe other hand, a more pessimisti
 de
ision maker will take a smaller value of the index.With the optimisti
 measure 
hanging from 0 to 1, the preferen
e valuation of fuzzy num-ber 
hanges monotoni
ally and 
ontinuously from the minimum to the maximum of thefuzzy number support, whi
h is 
onsistent with our 
ommon sense of de
ision making.It is obvious that DF (A;B) is a fuzzy number wheresupp DF (A;B) = [d(T (A); T (B)); dH(T (A); T (B))℄ = D�(A;B)
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ore DF (A;B) = �dH(T (A); T (B)) + (1� �)d(T (A); T (B)); � 2 [0; 1℄Theorem 4.1. For arbitrary fuzzy numbers U , V and W , we have(i) DF (U;U) = ~0(ii) DF (U; V ) = DF (V;U)(iii) DF (U;W ) � DF (U; V ) +DF (V;W )Proof: The 
ases (i); (ii) are obvious. Now, we prove 
ase (iii):SupposeDF (U;W ) = [d(T (U); T (W )); �dH (T (U); T (W )) + (1� �)d(T (U); T (W )); dH(T (U); T (W ))℄DF (U; V ) = [d(T (U); T (V )); �dH (T (U); T (V )) + (1� �)d(T (U); T (V )); dH(T (U); T (V ))℄DF (V;W ) = [d(T (V ); T (W )); �dH (T (V ); T (W )) + (1� �)d(T (V ); T (W )); dH(T (V ); T (W ))℄(4.14)From de�nitions (2.1) and (2.2), we knowd(T (U); T (W )) � d(T (U); T (V )) + d(T (V ); T (W ))dH(T (U); T (W )) � dH(T (U); T (V )) + dH(T (V ); T (W )) (4.15)Then, for all � 2 [0; 1℄,(1� �)d(T (U); T (W )) + �dH (T (U); T (W )) � (1� �)[d(T (U); T (V )) + d(T (V ); T (W ))℄+�[dH (T (U); T (V )) + dH (T (V ); T (W ))℄ (4.16)So,DFL(U;W )(�) = (1� �)d(T (U); T (W )) + �[(1� �)d(T (U); T (W )) + �dH(T (U); T (W ))℄� (1� �)[d(T (U); T (V )) + d(T (V ); T (W ))℄+�(1� �)[d(T (U); T (V )) + d(T (V ); T (W ))℄+��[dH (T (U); T (V )) + dH(T (V ); T (W ))℄= (1� �)[d(T (U); T (V ))℄ + �[(1� �)(d(T (U); T (V ))) + �(dH (T (U); T (V )))℄+(1� �)[d(T (V ); T (W ))℄ + �[(1� �)(d(T (V ); T (W ))) + �(dH(T (V ); T (W )))℄= DFL(U; V )(�) +DFL(V;W )(�) (4.17)Therefore, DFL(U;W )(�) � DFL(U; V )(�) +DFL(V;W )(�) (4.18)Also in a similar way we obtainDFU (U;W )(�) � DFU(U; V )(�) +DFU(V;W )(�) (4.19)By using Eqs. (4.16), (4.18) and (4.19) and de�nition (2.4), we getMag(DF (U;W )) �Mag(DF (U; V ) +DF (V;W ))=Mag(DF (U; V )) +Mag(DF (V;W )) (4.20)



312 T. Allahviranloo et al. = IJIM Vol. 2, No. 4 (2010) 305-317Finally, from de�nition (2.5), we haveDF (U;W ) � DF (U; V ) +DF (V;W )Theorem 4.2. Let us 
onsider two arbitrary fuzzy numbers U and V , then if f�kg be anin
reasing real sequen
e with starting point �0 = 0 and �k �! 1 when k �! 1, we havethe following:(i) Mag(DF (U; V; �j)) �Mag(DF (U; V; �j+1)); for all �j � �j+1; j = 1; 2; 3; : : :(4.21)or equivalently, we haveDF (U; V; �j) � DF (U; V; �j+1); for all �j � �j+1; j = 1; 2; 3; : : : (4.22)(ii) V al(DF (U; V; �j)) � V al(DF (U; V; �j+1)); for all �j � �j+1; j = 1; 2; 3; : : :(4.23)(iii) Amb(DF (U; V; �j)) = Amb(DF (U; V; �j+1)); for all �j � �j+1; j = 1; 2; 3; : : :(4.24)(iv) EV (DF (U; V; �j)) � EV (DF (U; V; �j+1)); for all �j � �j+1; j = 1; 2; 3; : : :(4.25)(v) w(DF (U; V; �j)) = w(DF (U; V; �j+1)); for all �j � �j+1; j = 1; 2; 3; : : : (4.26)Proof:(i) From 
ase (iv) Theorem (3.1), we knowd(T (U); T (V )) � dH(T (U); T (V ))then, for 0 � �j � �j+1 � 1, j = 1; 2; 3; : : :, we have�j(dH(T (U); T (V ))� d(T (U); T (V ))) � �j+1(dH(T (U); T (V ))� d(T (U); T (V )))So, d(T (U); T (V )) +�j(dH(T (U); T (V ))� d(T (U); T (V )))� d(T (U); T (V )) + �j+1(dH(T (U); T (V ))� d(T (U); T (V )))



T. Allahviranloo et al. = IJIM Vol. 2, No. 4 (2010) 305-317 313Therefore, we obtain�j dH(T (U); T (V )) +(1� �j)d(T (U); T (V ))� �j+1 dH(T (U); T (V )) + (1� �j+1)d(T (U); T (V )) (4.27)Then,(1� �)d(T (U); T (V )) + �[�j dH(T (U); T (V )) + (1� �j)d(T (U); T (V ))℄� (1� �)d(T (U); T (V )) + �[�j+1 dH(T (U); T (V )) + (1� �j+1)d(T (U); T (V ))℄(4.28)Thus, DFL(U; V; �j) � DFL(U; V; �j+1) (4.29)Similarly, we get DFU (U; V; �j) � DFU(U; V; �j+1) (4.30)By using Eqs. (4.27), (4.29) and (4.30), we 
an obtainMag(DF (U; V; �j)) �Mag(DF (U; V; �j+1))So, equivalently, we haveDF (U; V; �j) � DF (U; V; �j+1); for all �j � �j+1; j = 1; 2; 3; : : :and the proof is 
omplete.(ii) From Eqs. (4.29) and (4.30) the proof is 
lear.(iii) For all � 2 [0; 1℄, we haveDFU (U; V; �) �DFL(U; V; �) = (1� �)(dH (T (U); T (V ))� d(T (U); T (V ))) (4.31)then,Amb(DF (U; V; �j)) = Amb(DF (U; V; �j+1)); for all �j � �j+1; j = 1; 2; 3; : : :(iv) From Eqs. (4.29) and (4.30) the proof is 
lear.(v) By using Eq. (4.31), we havew(DF (U; V; �j)) = w(DF (U; V; �j+1)); for all �j � �j+1; j = 1; 2; 3; : : :5 Numeri
al exampleExample 5.1. Allahviranloo and Adabitabar Firozja [3℄ 
onsidered the fuzzy numbers Aand B, given by ��
uts set A� = [2�� 2; 1�p�℄ and B� = [p�� 1; 1�p�℄, � 2 [0; 1℄.Ban [4℄ obtained trapezoidal approximation of these fuzzy numbers as follows:T (A) = ��5930 ;� 130 ;� 130 ; 710�T (B) = ��23 ; 0; 0; 23�
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e 
omputed by proposed method is:Table 1� DF (A;B)0 (0.5378, 0.5378, 1.3000)0.25 (0.5378, 0.7284, 1.3000)0.5 (0.5378, 0.9189, 1.3000)0.75 (0.5378, 1.1095, 1.3000)1 (0.5378, 1.3000, 1.3000)
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Fig. 1. The obtained fuzzy distan
es for � = 0; 0:25; 0:5; 0:75; 1Example 5.2. [7℄, Let A = (2; 3; 5; 7) and B = (5; 6; 9; 10). The fuzzy distan
e 
omputedby proposed method is:Table 2� DF (A;B)0 (3.2660 3.2660 4.0000)0.25 (3.2660 3.4495 4.0000)0.5 (3.2660 3.6330 4.0000)0.75 (3.2660 3.8165 4.0000)1 (3.2660 4.0000 4.0000)Also, the fuzzy distan
e between A, B from Voxman`s measure and Chakraborty`s mea-sure are 
omputed as follows:~dV oxman = (0; 1; 6; 8); ~dChakraborty = (0; 1; 6; 7)
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Fig. 2. The obtained fuzzy distan
es for � = 0; 0:25; 0:5; 0:75; 1Example 5.3. [7℄, Let two triangular fuzzy numbers A = (0:3; 0:5; 0:7) and B = (0:4; 0:6; 0:9).The fuzzy distan
e 
omputed by our proposed method is:Table 3� DF (A;B)0 (0.1291 0.1291 0.2000)0.25 (0.1291 0.1465 0.2000)0.5 (0.1291 0.1645 0.2000)0.75 (0.1291 0.1823 0.2000)1 (0.1291 0.2000 0.2000)Also, the fuzzy distan
e between A, B from Voxman`s measure and Chakraborty`s mea-sure are 
omputed as follows:~dV oxman = (0; 0:1; 0:6); ~dChakraborty = (0; 0:1; 0:35)

0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.2 0.21
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 3. The obtained fuzzy distan
es for � = 0; 0:25; 0:5; 0:75; 1
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lusionsIn this paper, an interval distan
e measure on fuzzy numbers was introdu
ed. Subse-quently, it was extended to the fuzzy distan
e measure for fuzzy numbers and the metri
properties were dis
ussed in detail. Then, we proved that our proposed method preservethe Ambiguity and the width of the fuzzy distan
e measure and the value, expe
ted valueand the magnitude of the fuzzy distan
e measure in
rease for all �j � �j+1, j = 1; 2; : : :.The proposed method is illustrated by some numeri
al examples.
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