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Abstract

In the present study, the onset of double diffusive reaction-convection in a fluid layer with viscous
fluid, heated and salted from below subject to chemical equilibrium on the boundaries, has been
investigated. Linear and nonlinear stability analysis have been performed. For linear analysis normal
mode technique is used and for nonlinear analysis minimal representation of truncated Fourier series
is used. The effect of Lewis number, solute Rayleigh number, reaction rate and Prandtl number on the
stability of the system is investigated. A weak nonlinear theory based on the truncated representation

of Fourier series method is used to find the heat and mass transfer.
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1 Introduction

He study of convective instabilities in the
T presence of two bouyancy driven compo-
nents caused by temperature and concentration
with different diffusivities is known as double
diffusive convection. The study of double dif-
fusive convection is of considerable interest due
to its implications in geothermal reservoirs, un-
der ground disposal of nuclear wastes, migra-
tion of moisture in fibrous insulation, electro-
chemical, drying process, thermal insulation, nu-
clear waste repository, grain storage, food engi-
neering, chemical engineering, oil reservoir mod-
eling and bio-mechanics. Excellent works are
investigated by Chandrasekhar [1], Ingham and
Pop [2, 3], Vafai [4, 5], Malashetty [9] and Rudra-
iah and Malashetty [10].

Thermal convection plays important role in many
practical cases a major mechanicm for the trans-
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fer and deposition of salts and other chemical re-
action which occurs in sedimentary basins. A
variety of chemical reactions can occur as fluid
to carry various dissolved species which moves
through a permeable matrix. The behavior of re-
sulting mixture depends on the reaction kinetics,
temperature variation, pressure and other param-
eter present in the governing model. The effect
of chemical reactions on the convective motion is
not fully discribed and has a little attention now.
The first study on the effect of chemical reaction
on the onset of convection saturated in porous
medium was given by Stgeinberg and Brand [§].
Their study was restricted to the regime where
the chemical reaction was sufficiently fast so that
the the solute diffusivity could be neglected. The
effect of exothermic- reaction on the stability of
the porous medium has been studied by Gatica
et. al. [10] and Viljoen et. al. [11]. There is a
limitation on thermal and solutal diffusivities as
if they are, over damped oscillations are not pos-
sible. Malashetty and Gaikwad [12] investigated
the linear stability analysis for chemically driven
instabilities in binary liquid mixtures with fast
chemical reaction. They investigated the effect
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of chemical reaction by obtaining an analytical
expression for onset of stationary and oscillatory
convection. Pritchard and Richardson [13] stud-
ied an exhaustive case of the effect of temperature
dependent solubility on the onset of thermosolu-
tal convection in anisotropic porous medium. A
linear stability analysis was used to depict how
the dissolution of concentration affects the onset
of convection and selection of an unstable wave
number. Recently, Malashetty and Biradar [14]
studied the double diffusive reaction convection in
an anisotropic porous medium. They obtain an
analytical expression for both linear and nonlin-
ear stability analysis. A linear stability analysis
is used to perform how the dissolution or precip-
itation of reactive components affects the onset
of convection. They found that effect of chemical
reaction may be stabilizing or destabilizing.

In present paper, we study the double diffusive
reaction-convection in viscous fluid. The main
aim of this study to analyze the linear and weak
non-linear stability analysis of double diffusive
reaction-convection with a viscous fluid in a finite
fluid layer similar to that of Nield and Kuznetsov
[15]. The fluid layer is assumed to be isotropic.
Our aim is to study how the onset criterion for
stationary, oscillatory convection and the heat
and mass transfer depend the chemical reaction
parameter, Prandtl number and Lewis number.

2 Mathematical Formulation

2.1 Basic equations

consider a fluid saturated a finite layer of
depth d and width L, which is heated from below
and cooled from above. The z-axis is taken along
the lower boundary, and the z-axis vertically up-
ward. The lower surface is held at temperature
To + AT and concentration Sg + AS, while the
upper surface is at temperature Ty and concen-
tration Sy respectively. A uniform adverse tem-
perature gradient AT'/d and a stabilizing concen-
tration gradient AS/d are maintained between
the lower and upper surfaces. Malashetty and
Biradar[14] investigated the effect of chemical re-
action in anisotropic porous medium. They con-
sidered the Darcy model for momentum equa-
tion in which there is no time derivative term.
We have extended the study of Malashetty and
Biradar[14] in finite fluid layer to see the effect
of aspect ratio and fluid motion on stationary

/| temperature Ty at theupper wall
|
Il

/
/ temperature To + A T a thelower wall
4

~y

L

and oscillatory convection. The continuity and
momentum equations governing the motion of an
incompressible viscous fluid are given by

V.q=0 (2.1)

Jq 1 p P oo
24 (qV)g=——Vp+ g+ LV 2.2
5 (a.V)q VPt gt Vi (2.2)

We assume that the solid and fluid phases of
medium are in local thermal equilibrium. The
energy and concentration equations are given by

oT
T (q.V)T = kp VAT (2.3)

‘33 + (V)8 = £ V2S + k(Seq(T) — S)  (2.4)

p = poll — Br(T —To) + Bs(S — So)]

where ¢ is the velocity of fluid in cavity medium,
p the fluid pressure, g the gravitational accelera-
tion, 4 the dynamic viscosity. A Cartesian system
(z,y, z) is used, with the z- axis vertically upward
in the gravitational field. Further, k7 and kg are
the thermal and solute diffusivities, respectively.
k is lumped effective reaction rate and Se,(7T') is
the equlibrium concentration of the solute at a
given temperature. The quantities Sr and Sg are
the thermal volume coefficient and solute den-
sity coefficient, respectively. As suggested by
Pritchard and Richardson[13], we may write the
equilibrium solute concentration is a linear func-
tion of temperature as Sey (1) = So+¢(T—1Tp). If
boundaries are kept at chemical equilibrium then
we assume ¢ = ﬁ—?. In general, ¢ may be posi-
tive or negative. Obviously, if ¢ > 0, the solubil-
ity increases with temperature and if ¢ < 0, the
solubility decreases with temperature. Here, the
case ¢ > 0 is considered.

(2.5)
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2.2 Basic state

The basic state of the fluid is quiescent and
is given by,

qy = (07070)7 b= pb(z)a T= Tb<z)7

S =55(2), p=po(2)
Using (2.6), Egs.(2.1) -

(2.6)

(2.5) can be written as

% B ATy _ d?S, _0
dZ - pbg7 dZZ - d22 — Y
po = pol[l — Br(Ty — To) + Bs(Sy — So0)]  (2.7)

2.3 Perturbed state

On the basic state, we suppose perturbations
in the form

a=q+9q, T=T(2) +T', S=5Sy(2)+ 5,

p=po(2) +7, p=pp(z) + 7
(2.8)

where primes denotes perturbations. Substitut-
ing Eq. (2.8) into Egs. (2.1) — (2.5) and using
the basic state solutions, we obtain the equations
governing the perturbations in the form,

V.q =0 (2.9)
8Cl/ / / 1 / pl
5 T Vg =——Vp 4 g
o 0o (2.10)
+ ﬂqu/
Po
oT’ / dTb / ’_ 2t
05’ ,dSp ; 2ot
6t +w e +( V)S = kgV-S (2‘12)
+ k(Seq(T/) — Sl)
p' = —polBrT" — BsS'] (2.13)

2.4 Transverse rolls

we consider the case where

/

u :ul(w,z,t), v =0, w :w/(x,z,t),

T = T,(x,z,t), S = S,(a:,z,t)
Now introducing the stream function ) and g by

oy oY

(W) = (55, =20), g = (0,0,—g) (214)

which satisfy the continuity Eq. (2.9).
Eliminating pressure term from (2.10), introduc-
ing the stream function ¥ and non- dimensional-
ising the resulting equation as well as Egs. (2.10)
- (2.12) by using the following non-dimensional
parameters

d2

(l‘, Z) = d(x*v'Z*) = "7[) = 7"#

T' = (AT)T*, §' = (AS)S*

We obtain the following non- dimensional equa-
tions (on dropping the asterisks for simplicity),

(2.15)

(— Lo VZ)V2¢+RaT8—T
Pr ot oz 916
050wy 1)
S or d(zx, z)
9 _ryp 9 0WT)
(875 VAT Oz * (z, z) (2.17)
9 1o 0 09(4,5) B
(Ot Lev) Oz +8(x,z) +X(T=5)
(2.18)
where Pr = v/kp, the Prandtl number,

Rar= W the Rayleigh number, Rag=

Bs(AS)gd/vkr, the solute Rayleigh number co-
efficient, Le = kp/kKs, the Lewis number, y =
kd?/kr, dimensional reaction rate measured by
Damkohler number.

The Eqgs. (2.16) - (2.18) are solved for stress -
free, isothermal, boundary conditions given by

0%

b=55=T=5=0 at z=0,1 (219)

a—T:O at =0 and x=Ar

o (2.20)

3 Linear stability theory

In this section we discuss the linear stability anal-
ysis, which is very useful in the local non -linear
stability analysis discussed in the next section.
To make this study we neglect the non -linear
term in Egs. (2.16) — (2.18) and assume the so-
lution to be periodic waves of the form

P Usin(57)
T| =e“" |©cos(ZL)| sin(mz) (3.21)
S $sin(47)

where w is the growth rate and in general a
complex quantity (w = w, + iw;). Substituting
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Egs. (3.21) in the linearized form of Egs. (2.16)-
(2.18), we get

10 s or  0s
(P F -VHV i/J-I-RCLTa —Rag— Eye =0 (3.22)
oy OV
(a—V)T+5; 0 (3.23)
9 2 o B

where §2 = 72(Ar? + 1)/ Ar2.
solution of ¥, © and ®, we have

For non- trivial
Ar?6% (45 + 02)(w + 6%)
7-‘-2
Rag(x +w + 4?)
52
(w + Te + X)

RaT,c =
(3.25)

In general growth number w is complex quantity
such that w = w, + iw;. the system is stable if
w, < 0 and unstable if w, > 0. For the neutral
stability state w, = 0. Therefore, now we set w =
iw; in above expression and after simplification
we have

Rar = N + iw; N, (326)
where
Ar?§2 4 wf
S 3.27
Ras[(8 +)(8 +x) +ef] 27
(22 +X)% +w}
Ar26? 8
2= 5 (5 + +6%)
(3.28)

Rag(6%Le™t — 6%)
(62Le! + x)? + w?’

3.1 Marginal state

If w is real, then marginal stability occurs
when w = 0. Then Eq. (3.25) gives the stationary
Rayleigh number Ra$! at the margin of stability,
in the form

§Ar?  Rag(x + 6%)
w2 62Le 1 +

Rat = (3.29)

For a single component system, i.e. when Rag =
0, Eq.(3.29) reduces to

56 Ar2

Rast = ——— 3.30
ar T2 ( )

(2014) 285-296

which is eqgivalent to classical result obtained by
Horton and Rogers[16] and Lapwood[17]. Further
if we set x =0 Eq. (3.29) gives

(56Ar

Ra$t = ——— + LeRag, (3.31)

which is equivalent to result obtained by
Malashetty and Biradar[14] in case of isotropic

porous medium.

3.2 Oscillatory convection

We set w = iw; in Eq (3.25) and clear the complex
quantities from denominator to get the oscillatory
Rayleigh number Ra7’® at the margin of stability,
Since Rar is a physmal quantity, it must be real.
Hence, from Eq. (3.26) it follows that either w; =
0 (steady omset) or Ay = 0 (w; # 0, oscillatory
onset). For the oscillatory onset Ay = 0 (w; # 0)
and this gives a dispersion relation of the form

2 Rag(l—Le™)
CAr2(Prl 1)
Now substituting Ae = 0 in Eq. (3.26), we get

Ar 52 . W
(0* ~ 50)
Ras[(52 + (L +x) +w?]

2
(Fe +X)? +w]

— (0%Le™ +x)?  (3.32)

Ra$%¢ =
(3.33)

The expression for the frequency and oscillatory
Rayleigh number given in Eqgs. (3.32) and (3.33),
respectively, coincides with the one obtained by
Malashetty and Biradar[14] in the limit when the
dimensionless number Pr — oo and £ = n = 1.
For oscillatory convection w? should be positive.
Since Eq. (3.32) is a quadratic equation in w?, it
can give rise to more than one positive root for
the fixed values of chosen parameters. We find
the oscillatory neutral stability solutions from Eq.
(3.33). We proceed this as follows: First find
the solution of Eq. (3.32). If there are no solu-
tion then oscillatory instability is not possible. If
there are more than one solution then minimum
value (over Ar?) of Eq. (3.33) with w? given by
Eq. 3.32 gives the oscillatory neutral Rayleigh
number RaosC with the critical aspect ratio a.
and the crltlcal frequency of oscillatory instabil-
ity w?. The analytical expression for oscillatory
Rayleigh number given by Eq. (3.33) is calculated
at Ar = Ar, and w? = w? for different values of
physical parameters to find their effect on the os-
cillatory convection.
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Figure 1: Variation of Rayleigh number with Ar for
different values of (a)Le
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4 Finite Amplitude Analysis

In the previous section, we investigated the linear
stability analysis using normal mode technique.
Although the linear stability analysis is sufficient
for study of stability condition of the motionless
solution describing the convective flow. How-
ever, since this analysis cannot provide the in-
formation about the convection amplitudes and
hence the rate of heat and mass transfer. In this
section, a local nonlinear stability analysis shall
be performed by using minimal representation of
Fourier series for stream function 1, temperature
T and concentration S.

b= An(t) sin(%) sin(rz) (4.34)

T = B (t) cos(=2 ) sin(mz) + Boa(t) sin(272)

Ar (4.35)
S = En(t) COS(%) sin(mwz) + Epa(t) sin(27z)
(4.36)

where the amplitudes Aji(t), Bii(t), Boa(t),
Eq1(t) and Eyy(t) are to be determined from
the dynamics of the system. Substituting Egs.
(4.34)-(4.36) into Egs. (2.16)-(2.18) and equating
the coefficients of like terms we have the following
non-linear system of differential equations

dAq; 7 PrRar

=— Pré’A, — —— B
dt " 1 52A7" H (4 37)
WPrRaSE '
o2Ar M
dBH s 9 7r2
=——A1 —6°By1 — —A 4.38
dt ArH nogAn (438)
= —A1By1 —47°B 4.
7 5 4, AnBu —4m" Boy (4.39)
dE T 52
dtll =— EAH - (E +x)E11
L (4.40)
+ xB11 — EA11E02
dFEyo 2 472
= —A1Ey1— (— —Y)E B
0t 2 Ay 11411 (Le X)Eo2 + xBo2

(4.41)
The non-linear system of differential equation
can’t be solved analytically for the general time
dependent variable and we have to solve it using
numerical method. In the case of steady motions,
setting left hand side of Egs. (4.37) -(4.41) equal
to zero, we get

mRag
02 Ar

s RCLT

62 A1 + A

2B, — Ey=0 (4.42)

2
lAn + 6By + lAllBOZ =0

4.4
Ar Ar (4.43)
A +(ﬁ+ \E T Ay F — xBiy =0
Ar 11 Le X)L£11 Ar 11£02 — XD11 =
(4.44)

2 A7 2
— A1 By — (— E Bgs = 4.4
54, Anbu (L + x)Eo2 + xBo2 =0 (4.45)

The steady state solutions are useful because they
suggest that a finite amplitude solution of the sys-
tem is possible. Eliminating all amplitudes ex-

2
cept Aqq yields an equation with %

=2z as
2122 + 2oz 4 23 =0 (4.46)
where 4652
T
m= (4.47)
47.‘.454 252 9 9r 1
my=— 5 (0 Le™' +x) (47°Le
A7 6
+X) + 55 g (Rasle™ — Rar)
(4.48)
27 —I\fsd(s27 —1 m
T3 :(47{' Le )[(5 ((5 Le + X) - 52A7‘2
x {Rar(0*Le™" + x) — Ras(0* + x)}]
(4.49)

The required root of equation Eq. (4.46) is given

by,
1
— [~z + /23 — dz123]
T2 T

If we let the radical term in Eq. (4.50) to vanish,
we obtain the expression for the finite amplitude
Rayleigh number Raé which characterizes the on-
set of finite amplitude steady motions. The finite
amplitude Rayleigh number can be obtained in
the form,

(4.50)

1
R(ZT = 7[—142 + \/A% — 4A1A3] (451)
24,
where .
167
872 9 472 52
ne =575 n = (T (g, + 1)
, (4.53)
_ 4m"Ras 4252
A2 Le
A2 52 47 Ras
— | 52(22 _ "
As = [5 ( Te X)(Le D+ §2Ar?Le
2
+ 4n%54)% - 167r2<s2(4Li +1) (4.54)
e
52 2 Rag

x[PH o+ D)+ 55 (67 + X))
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5 Heat and mass transport

In the study of convection in fluids, the quan-
tification of heat and mass transfer is impor-
tant. This is because the onset of convection, as
Rayleigh number increased, is more readily de-
tected by its effect on heat and mass transfer. In
the basic state, heat and mass transport is by
conduction only.

If H and J are the rate of heat and mass trans-
port per unit area respectively, then

(5.55)

- aSTotal
J = ms< o >ZO (5.56)

where angular bracket stands for horizontal aver-
age and

Troar = To — AT% + T(z,2,t) (5.57)

&wwz&—ﬁﬁg+ﬂaaﬂ (5.58)

Substituting Eqgs.(4.35) and (4.36) in Eqgs. (5.57)
and (5.58) respectively and using the resultant
equations in (5.55) and (5.56), we get

_ AT
H= "“Td (1 — 27 Boo) (5.59)
JAS
Jg="1 T (1 - 2mE) (5.60)
The thermal and solute Nusselt numbers are
given by
H
Nu=—+——=1-27B 5.61
Y KTAT/d 02 ( )
Shfo(l—%E ) (5.62)
T keAS/d 02 '

Now substituting the values of By and Fpo in
terms of Aj; from Egs.(4.42) - (4.45) in Egs.
(5.61) and (5.62) respectively, we get

ol

Nu=14+ 55—~
“ + 6%(m2 + Ar2x)

(5.63)

Sh=1+2 [{47T2Le2:z(xAr2 + 6%2Ar® 4 )
+ LexAr?x (6% + Lex) }
+ {(62Ar* + ) (Ar* (6% + Lex)
x (47 + Ley) + 4r* Le*z) }]
(5.64)

6 Result and Discussion

In this study, we have extended the work of
Malashetty and Biradar [14] in finite fluid layer
to examine the effect of aspect ratio, chemical
reaction parameter, Lewis number and solute
Rayleigh number on stationary and oscillatory
convection and heat and mass transfer in the
presence of fluid motion. The neutral stability
curves in the Rap—Ar plane for the various pa-
rameters are depicted in Figs. 1(a)-(d). The lin-
ear stability criterion is expressed as it becomes
stable below the critical Rayleigh number and be-
comes unstable above the critical Rayleigh num-
ber. The effect on critical Rayleigh number of
aspect ratio Ar is observed in figures 1(a)-(d) by
changing each parameter one by one and keep-
ing others constant for stationary and oscillatory
convection. The values of different parameters is
taken Le = 10,x = 2, Rag = 100, Pr = 0.71.
From these figures we observe that as Ar in-
creases the oscillatory mode of convection is dom-
inated by stationary mode of convection. The ef-
fect of Lewis number Le on the neutral stability
curves are established in Fig. 1(a). From this fig-
ure we find that on increasing Lewis number Le,
it decreases the critical Rayleigh number for oscil-
latory mode which indicates that effect of Lewis
number is to destabilize the system. Fig. 1(b)
shows the neutral stability curves for different val-
ues of the Damkohler number x and for the fixed
values of other parameters. We observe form this
figure that increasing value of Damkohler num-
ber, it increases the critical Rayleigh number.
This indicates that chemical reaction parameter
stabilizes the system in the case of oscillatory
mode. Malashetty and Biradar [14] investigated
that the effect of chemical reaction parameter is
either stabilizing or destabilizing. They observed
that in an infinite horizontal porous layer the
chemical reaction parameter has stabilizing effect
but we observe that in viscous fluid saturated in
finite fluid layer, the chemical reaction parameter
has also stabilizing effect. Fig. 1(c) indicates the
effect of the solute Rayleigh number Rag on the
neutral stability curves for the fixed values of the
other parameters. We observe that on increasing
the value of solute Rayleigh number Rag, there is
increase in the critical Rayleigh number for oscil-
latory mode. Therefore, solute Rayleigh number
has stabilizing effect. From Fig. 1(a)-(d), we ob-
serve that there is no effect of Prandtl number Pr
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on the neutral stability curves.

In Figs. 2(a)-(c) and 3(a)-(c), we display effect
of various parameters on the rate of heat trans-
fer i.e. Nusselt number(Nu) and mass transfer
i.e. Sherwood number (Sh) for the fixed values
of Le = 10, Rag = 100, x = 2, Pr = 0.71 respec-
tively. These figures indicate that the rate of heat
and mass transfer across is bounded. This limita-
tion is due to the double Fourier series represen-
tation used for the stream function, temperature
and concentration.

Figs. 2(a) and 3(a) show that increase in the
Lewis number Le increase both heat and mass
transfer. We display the effect of solute Rayleigh
number on heat and mass transfer in Figs. 2(b)
and 3(b) respectively. We find the similar result
for solute Rayleigh number Rag as for Lewis num-
ber Le. We find from Fig. 2(c) that the Nus-
selt number increases with increase in chemical
reaction parameter, while the Sherwood number
decreases with the increase in chemical reaction
parameter as shown in Fig. 3(c).

In Figs. 4, 5, 6, we draw streamlines, isotherms
and isohalines respectively for the steady-state at
the fixed values of Pr = 0.71, Le = 10, Rag =
100, x = 2. Figs. 4, 5, 6(a) are drawn at Rar =
Rar ., while Figs. 4, 5, 6(b) are drawn at Rar =
10 x Rar,.. From Figs. 4(a),(b), we observe
that on increasing the values of Rayleigh num-
ber, the magnitude of stream function increases
which shows that convection occurs much faster
at higher values of Rap. From Figs. 5(a),(b), we
observe that isotherms are flat near to the bound-
aries and becomes contours in the middle while
they become more flat on increasing the value of
Rar. From Figs. 6(a),(b), we found similar re-
sults for isohalines as shown in Figs. 5(a),(b) for
isotherms.

In Figs. 7, 8, 9, we draw streamlines, isotherms
and isohalines respectively for the unsteady-state
case at the fixed values of Pr = 0.71,Le =
10, Rag = 100, x = 2. From the Figs. 7(a)-(c),
for 1, the sense of motion in the subsequent cells
is alternative identical and opposite to that of
adjoining cells. We observe that streamlines con-
tracts and their magnitude increases as time in-
creases. In Figs. 8(a)-(c), we found that as tem-
perature increases with time, isotherms change
their nature from slow convection to faster con-
Also isotherms become more contour
with increase in time. In case of isohalines, we

vection.

found qualitatively similar results as observed for
isotherms in Figs. 9(a)-(c).

7 Conclusion

In this article, we performed the effect of chem-
ical reaction on double diffusive convection in a
viscous fluid saturated in finite fluid layer. The
problem has been solved analytically, linear and
non-linear stability analysis has been done. The
graphs for streamlines, isotherms and isohalines
have been drawn for steady and unsteady cases.
The following conclusions are drawn:

(i) From the neutral stability curves, it is found
that the effect of increase in Le is to advance the
onset of convection while the effect of Rag and x
is to sustain the stability of the system.
(73)Critical value of Rar decreases with the in-
crease in value of Le, while it increases with in-
crease in x, Rag.

(7i1) The effect of increasing Le, Rag is to increase
the rates of heat and mass transfers, whereas in-
crease in value of y increases the rate of heat
transfer but decreases the rate of mass transfer.
(v) The magnitude of stream functions increases
with increase in Rap, isotherms and isohalines
become more contour as the value of Rar in-
creases.

(v) For unsteady case, magnitude of streamlines
increseas with increase in time. Further isotherms
and isohalines attain contour patterns with in-
crease in time.
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