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Abstract

In this paper, a Burgers-Huxley equation is solved by using variety of methods: the Ado-
mian’s decomposition method , modified Adomian’s decomposition method , variational
iteration method , modified variational iteration method, homotopy perturbation method,
modified homotopy perturbation method and homotopy analysis method. The approxi-
mate solution of this equation is calculated in the form of series whose components are
computed by applying a recursive relation. Consequently, the existence and uniqueness
of the solution and the convergence of the proposed methods are proved. Furthermore, a
numerical example is studied to demonstrate the accuracy of the presented methods.
Keywords : Burgers-Huxley equation, Adomian decomposition method (ADM) , Modified Adomian
decomposition method (MADM), Variational iteration method (VIM) , Modified variational iter-
ation method (MVIM), Homotopy perturbation method (HPM), Modified homotopy perturbation
method (MHPM), Homotopy analysis method (HAM).

1 Introduction

Burgers-Huxley equation playes an important role in mathematical physics. In recent
years some works have been done in order to find the numerical solution to this equation,
for example [4, 9, 10, 17, 18, 23, 24, 27]. In this work, we develope the ADM, MADM,
VIM, MVIM, HPM, MHPM and HAM to solve the Burgers-Huxley equation as follows:

ur + ity — gy = Bu(l — u®)(u® — ), (1.1)
where «, 3, 0 and y are some arbitrary constants. With the initial conditions:

u(x,0) = [§ + Jtanh(oya)]s = f(z), (1.2)
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where,

d(p—«
g = 4(([11+5))7

p=+a?+48(1+9)

The paper is organized as follows. In section 2, the mentioned iterative methods are
introduced for solving Eq. (1.1). In section 3 we prove the existence , uniqueness of the
solution and convergence of the proposed methods. Finally, the numerical example and
computational complexity of the proposed methods are shown in section 4.

In order to obtain an approximate solution of Eq. (1.1), let us integrate one time Eq.
(1.1) with respect to ¢ using the initial conditions we obtain,

u(z,t) = f(x) — a/ Fi(u(z,t)) dt—l—/o D?(u(x,t)) dt—}-ﬂ/o Fy(u(zx,t)) dt,  (1.3)

0

where,

2U x
D2(u(x,1)) = 55,
Fi(u(z,t) = vl (x, t)ug (z,t) dt,

Fy(u(z,t)) = u(z, t)(1 — ud(x, 1) (v (x,t) — 7).

In Eq. (1.3), we assume f(z) is bounded for all z in J = [a,T](a,T € R). The terms
D?(u(z,t)), Fi(u(z,t)) and Fy(u(x,t)) are Lipschitz continuous with

|D?(u) — D*(u*)] < La|u —u*],
[F1(u) = Fi(u”)] < Lalu —u*],

|Fo(u) — Fo(u*)| < La|u — u*|.

2 The iterative methods

2.1 Description of the MADM and ADM
The Adomian decomposition method is applied to the following general nonlinear equation

Lu+ Ru+ Nu = g, (2.4)

where u(z,t) is the unknown function, L is the highest order derivative operator which is
assumed to be easily invertible, R is a linear differential operator of order less than L, Nu
which represents the nonlinear terms, and g; is the source term. Applying the inverse
operator L' to both sides of Eq. (2.4), and using the given conditions we obtain

u(z,t) = fi(z) — LY (Ru) — L7 (Nu), (2.5)

where the function fi(z) represents the terms arising from integrating the source term gj.
The nonlinear operator Nu = G1(u) is decomposed as

Gi(u) =) An, (2.6)
n=0
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where A,,, n > 0 are the Adomian polynomials determined formally as follows :
1, d" SN
Ay = n![d)\”[N(Z; A'uq)]]a=o- (2.7)
1=
The first Adomian polynomials (introduced in [5, 12, 28]) are:

Ao = Gl(uo),
A1 = ulGll(uo),

1
Az = upG(uo) + EU%G'{(%), (2.8)
1
As = u3G (uo) + u1ueGY (uo) + gU?GY/(UO)»

2.1.1 Adomian decomposition method

The standard decomposition technique represents the solution of u(z,t) in (2.4) as the
following series,

o0
u(z,t) =Y ui(x,t), (2.9)
i=0
where, the components ug, u1,... can be determined recursively
ug = f(x)a
t t ¢
w = —a/ Ao(z, 1) dt+/ Bo(w,1) dt+6/ Lo(z,t) dt,
0 0 0
(2.10)
¢ ¢ t
Upt1 = —a/ Ap(x,t) dt+/ By (z,t) dt+ﬁ/ L,(z,t)dt, n>0.
0 0 0

Substituting (2.8) into (2.10) leads to the determination of the components of u.

2.1.2 The modified Adomian decomposition method

The modified decomposition method was introduced by Wazwaz [29]. The modified form
was established on the assumption that the function f(z) can be divided into two parts,
namely fi(z) and fa(x). Under this assumption we set

f@,t) = fi(z) + fa(2). (2.11)

Accordingly, a slight variation was proposed only on the components ug and u;. It was sug-
gested that only the part fi is assigned to the zeroth component ug, whereas the remaining
part f2 is combined with the other terms given in (2.11) to define u;. Consequently, the
modified recursive relation

ug = f1(x),
up = fo(x) — L7 (Ruo) — L™ (Ao),

(2.12)
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was developed.
To obtain the approximation solution of Eq. (1.1), according to the MADM, we can
write the iterative formula (2.12) as follows:

ug = f1(z),
up = fo(x) — o [ Ao(x,t) dt + [2 Bo(a,t) dt + B [} Lo(z,t) dt o)
ﬁnﬂ = —a [y Ap(x,t) dt + [) By(z,t) dt + B[] Lp(z,t) dt, n> 1.

The operators D?(u) , Fi(u) and Fy(u) are usually represented by the infinite series of the
Adomian polynomials as follows:

D?(u) = i B;,
=0

o0

Fl(u) == Z Ai,
=0

Fg(u) = Z Li,
=0

where A; , B; and L; are the Adomian polynomials. Also, we can use the following formula
for the Adomian polynomials [11]:

Ap = Fi(sn) — Z?:_O]- Ai,
B, = D*(s,) — Y1) B, (2.14)
Ly = Fy(sp) — Z:‘L;Ol L;.

where s, = > ju;(z,t) is the partial sum.

2.2 Description of the VIM and MVIM
In the VIM [14, 19, 20, 21, 22], the following nonlinear differential equation is considered:

Lu+ Nu = ¢, (2.15)

where L is a linear operator, N is a nonlinear operator and ¢; is a known analytical
function. In this case, the functions u, may be determined recursively by

Upt1(z,t) = un(x,t)—i—/o Mz, T){L(up(x, 7))+ N(up(x, 7)) —g1(x,7)}dr, n >0, (2.16)

where ) is a general Lagrange multiplier which can be computed using the variational the-
ory. Here the function w,(x,7) is a restricted variation which means du,, = 0. Therefore,
we first determine the Lagrange multiplier A that is identified optimally via integration
by parts. The successive approximation wu,(x,t), n > 0 of the solution u(z,t) is readily
obtained upon using the obtained Lagrange multiplier and by using any selective function
ug. The zeroth approximation ug selects any function that just satisfies at least the initial
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and boundary conditions. With A\ determined, then several approximations uy(z,t), n > 0
follow immediately. Consequently, the exact solution is obtained by using

u(z,t) = lim up(z,t). (2.17)
n—oo
The VIM is shown to solve effectively, easily and accurately a large class of nonlinear
problems with approximations converging rapidly to accurate solutions.
To obtain the approximation solution of Eq. (1.1), according to the VIM, we can write
iteration formula (2.16) as follows:

Uni1(2,t) = up(2,t) + L7 Mun (2, 1) — fz) + afg(Fl(un(:r,t)) dt

(2.18)
— [ D (un(x,t)) dt — B [3 Fo(un(z,t)) dt]), n > 0.
where,
t
L) = / (.) dr.
0
To find the optimal A, we proceed as
Stpy1(x,t) = Sup(x,t) + L, ' (Nun(z,t) — (x) + afg Fi(up(z,t)) dt
(2.19)

— D (un(, ) dt— B [} Fa(un(a, 1)) d]).
From Eq. (2.19), the stationary conditions are obtained as follows:
N=0and 1+1=0

Therefore, the Lagrange multipliers are identified as A = —1 and by substituting in (2.18),
the following iteration formula is obtained.

’U,(](Qf,t) :f(.ZU),
Uns1(2,) = up(2,) — L (un (2, 1) — f(2) + o ) Fi(un(a,t)) dt (2.20)

— [3 D (up (2, t)) dt — B [ Fo(un(x,t)) dt),n > 0.

To obtain the approximation solution of Eq. (1.1), based on the MVIM [1, 2], we write
the following iteration formula:

UO(x7t) :f@f),
Ups1(2,t) = un(w,t) — Ly (o f§ Fi(ug(@,t) — up_1(z,t)) dt

— [5 D (un (2, t) — un—1(z,t)) dt — B [7 Fo(un(x,t) — up_1(z,t)) dt),n > 0.
(2.21)
Relations (2.20) and (2.21) enable us to determine the components wy, (z,t) recursively for
n > 0.



288 Sh. Sadigh Behzadi /| IJIM Vol. 3, No. 4 (2011) 283-302

2.3 Description of the HAM

Consider

where N is a nonlinear operator, u(z,t) is an unknown function and z is an independent
variable. let ug(z,t) denote an initial guess of the exact solution u(x,t), h # 0 an auxiliary
parameter, Hy(z,t) # 0 an auxiliary function, and L an auxiliary linear operator with the
property L[s(x,t)] = 0 when s(x,t) = 0. Then using ¢ € [0, 1] as an embedding parameter,
we construct a homotopy as follows:

(1—q)L[p(x,t;q) —up(z,t)] — ghHyi(z, t)N[o(z,t; q)] = H[p(x,t;q);up(x, t), Hi(x,t), h,ql.
(2.22)
It should be emphasized that we have great freedom to choose the initial guess ug(zx, t), the
auxiliary linear operator L, the non-zero auxiliary parameter h, and the auxiliary function
H1 (ZL’, t) .
Enforcing the homotopy (2.22) to be zero, i.e.,

Hi[¢(x, t;q); up(z, t), Hy(z,t), h,q] = 0, (2.23)
we have the so-called zero-order deformation equation
(1= q)L[¢(z,t;q) — uo(,t)] = qhH1(x, )N[p(x, t; q)]- (2.24)
When ¢ = 0, the zero-order deformation Eq. (2.4) becomes
d(x;0) = up(z, t), (2.25)

and when ¢ = 1, since h # 0 and H;(z,t) # 0, the zero-order deformation Eq. (2.24) is
equivalent to
d(z,t;1) = u(z, t). (2.26)

Thus, according to (2.25) and (2.26), as the embedding parameter ¢ increases from 0
to 1, ¢(z,t;q) varies continuously from the initial approximation ug(z,t) to the exact
solution wu(z,t). Such a kind of continuous variation is called deformation in homotopy
8, 13, 25, 26].

Due to Taylor’s theorem, ¢(x,t;q) is expanded in a power series of ¢ as follows

d(x,t;q) = uo(z,t) + > um(z,t)g™, (2.27)
m=1
where,
L 0"¢(z,t;q)
Um (2, 1) = o lg=0 -

Let the initial guess ug(z,t), the auxiliary linear parameter L, the nonzero auxiliary pa-
rameter h and the auxiliary function Hj(x,t) be properly chosen so that the power series
(2.27) of ¢(x,t;q) converges at ¢ = 1, then, on these assumptions, we have the solution
series

u(a,t) = ¢(x,t; 1) = uo(x,t) + > um(,1). (2.28)

m=1
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From Eq. (2.28), we write Eq. (2.25) as follows:

(1= q)Llp(x,t,q) —uo(x,1)] = (L= q)L[X5_; um(x,t) ¢"]
=qh H1($’t)N[¢($at7Q)]

then, we have
Z U (2, 1) —q L Z U (2, t)q™ = q¢ h Hi(z,t)N[p(x,t,q)] (2.29)

By differentiating (2.29) m times with respect to ¢, we obtain
{L =y wm(@,t) @™ = q LY oy um(@, t)g™ 3™ = {q h Hi(z,t)N[¢(z,t,q)]}™
=m! L{up(x,t) — upm—1(z,1)]

= h Hy(z,t) m L Newtal )

Oqm—1
Therefore,
L[um(xat) - X’mum—l(xat)] = hHl($7t)%m(um—l(x7t))7 (230)
where,
1 9" 'Ng(z,tq)]
§Rm(um—1<x7t)) = (m — 1)| 8qm_1 |q:07 (231)
and
{ 0, m<l1
Xm =
1, m>1

Note that the high-order deformation Eq. (2.30) is governing the linear operator L, and
the term Ry, (um—1(x,t)) can be expressed simply by (2.31) for any nonlinear operator N.
To obtain the approximation solution of Eq. (1.1), according to HAM, let

Nlu(z,t)] = u(z,t) — f(z) +a [j Fi(u(z,t) dt — [} D*(u(x,t)) dt — B [} Fa(u(x,t)) dt,

R (um—1(x,1t)) = upm—1(x,t) — f(x +af0 Fi(um—1(z,t)) dt — fo D2 (Up—1(x,t)) dt —
5 Fa(um—1(z,t)) dt.

(2.32)
Substituting (2.32) into (2.30)

L{up(z,t) — Xmum—1(z,t)] = hHi(z,t)[um—1(z,t) + ozfot Fi(um—1(z,t)) dt
— [S D?(um—1(, 1)) dt — B [ Fa(um—1(z,t)) dt ~ (2.33)
+(1 — xm)2(z, t)(z)].

We take an initial guess ug(x,t) = f(z), an auxiliary linear operator Lu = u, a nonzero
auxiliary parameter h = —1, and auxiliary function Hj(z,t) = 1. This is substituted into
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(2.33) to give the recurrence relation

uO($,t) = f(x)v

(2.34)

Uns1(2,t) = —a [ Fi(un(@,t)) dt + [§ D*(un(z,t)) dt + B [5 Fa(un(z,t)) dt, n>0.
Therefore, the solution u(x,t) becomes
u(m, t) = ZZOZO un(xv t)

= F@)+ 252, (—ofy Filun(@,0) db+ J§ DX(un(,1) db+ 8 f§ Palun(e, 1)) dt)
(2.35)
Which is the method of successive approximations. If

| up(z,t) |< 1,

then the series solution (2.35) convergence uniformly.

2.4 Description of the HPM and MHPM

To explain HPM [6, 7, 15], we consider the following general nonlinear differential equation:
Lu+ Nu = f(u), (2.36)

with initial conditions
u(z,0) = f(x).

According to HPM, we construct a homotopy which satisfies the following relation
H(u,p) = Lu — Lvg +p Lvg +p [Nu — f(u)] =0, (2.37)

where p € [0,1] is an embedding parameter and vy is an arbitrary initial approximation
satisfying the given initial conditions.
In HPM, the solution of Eq. (2.37) is expressed as

w(z,t) = ug(z,t) + p ui(z,t) + p° ua(z,t) + ... (2.38)

Hence the approximate solution of Eq. (2.36) is expressed as a series of the power of p,
i.e.

u=limu=ug+ u +us+ ...
p—1

where,

’LLO(.Z',t) :f(x)a

(2.39)
U (2,8) = S0 —a [3 P (g1 (2,)) dt + [T D (g1 (2, 1)) dt

+8 [y Falum—g—1(z,t)) dt, m> 1.
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To explain MHPM [3,16], we consider Eq. (1.1) as

L(u)_u(x,t)—f(x)+a/0 Fi(u(z, 1)) dt—/o D2(u(z, 1)) dt—ﬁ/o Fo(u(z, 1)) dt.

where Fy(u(x,t)) = g1(x)h1(t), D*(u(w,t)) = go(x)ha(t) and Fy(u(z,t)) = gs(x)hs(t). We
define homotopy H (u,p, m) by

H(u,0,m) = f(u), H(u,1,m)= L(u),
where, m is an unknown real number and

f(u(z, 1)) = u(z,t) = f(z).

Typically we choose a convex homotopy by

H(u,p,m) = (1=p)f(u) +p L(u) + p (1 = p)[m(g1(z) + g2(x) + g3(x))] =0, 0< 1(9 <

2.4
where m is called the accelerating parameters, and for m = 0 we define H(u,p,0)
H(u,p), which is the standard HPM.

The convex homotopy (2.40) continuously trace an implicity defined curve from a
starting point H (u(x,t) — f(u),0,m) to a solution function H(u(z,t),1, m). The embed-
ding parameter p monotonically increases from 0 to 1 as the trivial problem f(u) = 0 is
continuously deformed to the original problem L(u) = 0.

The MHPM uses the homotopy parameter p as an expanding parameter to obtain

}_n

O

~—

o0

V=Y p M, (2.41)

n=0

when p — 1, Eq. (2.37) corresponds to the original one and Eq. (2.41) becomes the
approximate solution of Eq. (1.1), i.e

[o.¢]
u=limov = g Ui, -
p—>1
m=0

Where,
up(z,t) = f(x),
w(z,t) = —a [ Filuo(z,t) dt+ [ D*(uo(x,t)) dt+ B [ Fy(uo(x, 1)) dt
—m(g1(2) + g2(x) + gs(z)),
up(a,t) = —a [p Pi(ui(z,t) dt + [ D*(ui(x,t)) dt + B [o Fo(ui(x,t)) dt
m(g1(2) + g2(0) + go(2)), (242
Un(2,t) = S0 —a 3 Pi(um—g—1(2,t)) dt + [J D*(um—p—1(x, 1)) dt

+8 [y Fo(tm—p—1(z,t)) dt, m > 3.
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3 Existence and convergence of iterative methods

We set,
ar =T(la|Li+ Lo+ | B L3),

/61 = 1—T(1—O£1),

1 =1—-Ta;.
Theorem 3.1. Let 0 < oy < 1, then Burgers-Huzley equation (1.1), has a unique solution.
Proof: Let v and u* be two different solutions of (1.3) then

lu—u*| =] —a [j[F(u,t) - F(u (1)) dt+ [§[D*(u(x,1) — D2(u*(x,1))]dt
+8 Jo [Fa(ula,t)) — Fa(u*(w,t))]dt |
<la| fy | Fi(u(z,t) = Fi(u(z,0)) | dt + [y | D2(u(z,t)) — D*(u*(x,1)) | dt
+1 81 Jo | Falu(x, b)) — Fa(u(w,1)) | dt
<T(la| L1+ Lo+ | B L3) |u—u"|
=ay |u—u*|.

From which we get (1 — 1) | v —u* |[< 0. Since 0 < a; < 1, then | u — u* |= 0. Implies
u = u* and the proof is completed.

Theorem 3.2. The series solution u(z,t) =Y 2 u;i(x,t) of problem (1.1) using MADM
converges when 0 < a; < 1, | ui(z,t) |< co.

Proof: Denote as (C[J],] . ||) the Banach space of all continuous functions on J with
the norm || f(¢) ||= maxz | f(t) |, for all ¢ in J. Define the sequence of partial sums s, let
sn and s, be arbitrary partial sums with n > m. We prove that s, is a Cauchy sequence
in this Banach space:

| = sm | =mazwes | sn — sm |

= mavycy | Z?:m—l—l u(z,t) |
= mawwes | —a i (X050 Ay) dit+ [{(CISN By dt+ B [H (X5 Ly) dt |
From [14], we have
S A= Fi(sno1) — Fi(sm-1),
S Bi = D*(sn_1) — D*(sm—1),

ST L= Fy(su_1) — Fa(sm_1)-
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So,

|50 = sm || =mazves | —a fy[Fi(sn-1) = Fi(sm-1)] dt + [y[D*(sn1) = D*(syu—1)] dt
+8 Jy[Fa(sn1) = Fa(sm1)] dt |
<la| fy | Fi(sa-1) = Filsm-1) | dt+ [§ | D*(sn-1) = D*(sm—1) | dt
+ 181 fy | Falsn-1) = Fa(sm—1) | dt
<o || 50— sm |-

Let n =m + 1, then

| sn—=sm |l < a1l sm—sm1l

< 0‘% | Sm-1— Sm—2 ||

<af" || s1—s0 -

From the triangle inquality we have

| sn=sm | <[l smt1 = sm || + | smt2 = sma1 |+ [ 50— sn—1 ||
<l 4o a5 —so ||
<al+a;+a?+..+ c/f_m_l] | s1—so ||

n—m
1—ay

< o' Tz, 0) -

Since 0 < a7 < 1, we have (1 —af™ ™) < 1, then

am
| sn — sm |I< —1041 mazyiey | ui(x,t) | . (3.43)

But | ui(z,t) |< oo , so, as m — oo, then || s, — s, ||[— 0. We conclude that s, is a
Cauchy sequence in C[J], therefore the series is converged and the proof is completed.

Theorem 3.3. The solution un(z,t) obtained from the relation (2.20) using VIM, con-
verges to the exact solution of the problem (1.1) when 0 < a; <1 and 0 < B; < 1.

Proof:

w1 (et) = () = L7 ([unle,t) = £(@) + o fy Fi(un(e,1)) dt i
3.44
= Jo D2 (un(w,1))) dt = B [ Falun(a, 1)) dt])

u(et) =ulw,t) = L ([u(@,) = f@) +a fy Filu(z,b) de .
3.45
~ Jo DA (u(w, 1)) dt - B J; Fa(uz, 1)) dt] )
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By subtracting relation (3.44) from (3.45),
U1 (2,8) — w(2,t) = up(@,t) — u(a, t) — L (un(a,t) — u(z, t)
+a [[F (un(z, 1) — Fi(u(z,t))] dt
— JolD*(un(@, 1)) = D(u(x,1))] dt
=B Jy [Fo(un(x, 1)) = Fa(u(z,1))] db),

if we set, e, t1(x,t) = upt1(x,t) —up(z,t), en(x,t) = up(x, t) —u(x, t),| en(x, t*) |= maxy |
en(z,t) | then since e, is a decreasing function with respect to ¢ from the mean value
theorem we write,

ent1(,1) = en(x,t) + Ly H(—en(z,t) — a [ [F (un(2, 1)) — Fi(u(z,1))] dt
— [J[D?(un (2, ) — D?(u(z,t))] dt — B [y [Fa(un(z,t)) — Fa(u(z,t))] dt)
<enlx,t) + L [—en(z,t) + L7t | en(z,t) | (T(| a | Ly + Lo+ | 8| L3)]
< en(w,t) = Tep(z,n) + T(| @ | L + Lot | 8] L)Ly L+ [ en(x,1) |
<1-T1—o) | enlz,t7) |,
where 0 < 1 < t. Hence, eny1(z,t) < B | en(z,t*) | . Therefore,

lens1ll = mazvies | ens1 |
< Brmaxyiey | €y |
< Billen]|-
Since 0 < 51 < 1, then |le,|| — 0. So, the series converges and the proof is complete.

Theorem 3.4. The solution uy(z,t) obtained from the relation (2.21) using MVIM for
the problem (1.1) converges when 0 < a; <1 ,0<y < 1.

Proof: The Proof is similar to the previous theorem.

Theorem 3.5. If the series solution (2.34) of problem (1.1) uses HAM then it converges
to the exact solution of the problem (1.1).

Proof: We assume:
u(x, ) = 3o tm(z, 1),
Fy(u(z, ) = 3000 Fiy (um (2, 1)),
D2(u(z,t)) = 00 D*(up(x,1)),
By(u(z,t)) = 32000 Py(um(, 1)).
where,

lim wuy,(x,t) =0.
m—0o0
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We write,

n

> [um(z,t) = Xt -1 (2, 8)] = w1 + (U2 — w1) + . + (tn — un_1) = un(z,t).  (3.46)

m=1

Hence, from (3.46),
lim wuy,(z,t) = 0. (3.47)

n—oo

So, using (3.47) and the definition of the linear operator L, we have

L{um (z,t) — XmUm—1(z,t)] = L[Z [Um (2, t) — XmUm—1(x,t)]] = 0.
1 m=1

M8

3
Il

therefore from (2.30), we obtain,

Lftm (2,t) = XmUm—1(x,t)] = hH1(2,8) Y Rt (um-1(2,1)) = 0.

hE

m=1 m=1
Since h # 0 and Hy(x,t) # 0 , we have
> Rt (um-1(z,t)) = 0. (3.48)
m=1

By substituting R,,—1(um—1(z,t)) into the relation (3.48) and simplifying it , we have

S Rt (w1 (2,) = o0 [ (2,) + o [ F — L(um_1(2,t)) dt
— Jo D*(um—1(2,t)) dt = B [ Fo(um—1(,t)) dt + (1 = xm) f(2)]
= u(z,t) — f(z) +a ) Fi(u(z,t) dt — [i D*(u(x,t)) dt
—B 1 Fy(u(z,1)) dt.

(3.49)
From (3.48) and (3.49), we have

u(z,t) = f(x) — afg Fy(u(z,t)) dt + fot(ﬁ2(u(x,t)) dt + ﬂfot Fy(u(z, t)) dt.
Therefore, u(x,t) must be the exact solution.

Theorem 3.6. If | up(x,t) |< 1, then the series solution u(x,t) = > 2 ui(x,t) of
problem (1.1) converges to the exact solution by using HPM.

Proof: We set,

On(z,t) = Z ui(z,t),
i=1

n+1

Pny1(z,t) = Z wi(w,t).
i=1
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" | pns1(x,t) — dn(z,t) | = D(dpy1(x,t), dn(z,t))
= D(¢n + tin, én)
= D(uy,0)
<Y Ll fo | Fi(tm g (z,t) | dt
+ Jo | D2 (1 (2,1)) | dt
+ 181 fy | Paltmn-1(z, 1)) | dt.
thus, N .
ST bnsr (@) = dna.t) [|[< man | £(2) ] (mar)™.
Therefore, "~ "

lim wp,(z,t) = u(z,t).

n—oo
Theorem 3.7. If | wuy(z,t) |< 1, then the series solution u(x,t) = Y .0y ui(x,t) of
problem (1.1) converges to the exact solution by using MHPM.

Proof: The Proof is similar to the previous theorem.

Lemma 3.1. The computational complexity of the ADM and MADM is O(n?),that of
HAM, VIM and MVIM is O(n),that of HPM and MHPM is O(n?).

Proof: The number of computations including division, production, sum and subtrac-
tion.

ADM:
In step 2,

Ap,Boy Ly = %5+ 90 4 2.
In step 3,

Uug - 6.

uq : 11.

ug - 26.

Up41 - %n2 + 277n+ 11,n > 0.
In step 5, the total number of the computations is equal to

Yt ui(,t) = O(n).

MADM:
In step 2,

Ap,Boy Ly = %5+ 904 2.
In step 3,

Uug - 6.

uy : 17.

ug - 26.



Sh. Sadigh Behzadi | IJIM Vol. 3, No. 4 (2011) 283-302 297

Up41 : %nQ + %n—i— 16,n > 1.
In step 5, the total number of the computations is equal to

S gui(w,t) = O(n?).

VIM:

In step 2,
ug : 6.
uy - 17.

Upt1 17, n > 0.
In step 4, the total number of the computations is equal to
Yoo ui(z,t) = O(17n).

MVIM:

In step 2,
ug : 6.
up : 13.

Upt1 13, n>0.
In step 4, the total number of the computations is equal to
Yo gui(z,t) = O(13n).

HAM:

In step 2,
up - 6.
Uuj - 10.

Up41 2 10, n > 0.
In step 4, the total number of the computations is equal to
Yoo ui(z,t) = 10n 416 = O(10n).

HPM:

In step 2,
Uug - 6.
Ul - 10.
ug - 10.

Unp+1 - 100+ 16, n > 0.
In step 4, the total number of the computations is equal to

S gui(w,t) = O(n?).



298 Sh. Sadigh Behzadi /| IJIM Vol. 3, No. 4 (2011) 283-302

MHPM:

In step 2,
Uug - 6.
up : 13.
ug - 13.

Up41 2 10n 4+ 10, n > 2.
In step 4, the total number of the computations is equal to
up +ur +uz + 3 g ui(, ) = O(n?).

4 Numerical example

In this section, we compute a numerical example which is solved by the ADM, MADM,
VIM, MVIMm HPM, MHPM and HAM. The program is provided with Mathematica 6

according to the following algorithm where ¢ is a given positive value.

Algorithm 1:

Step 1. Set n « 0.

Step 2. Calculate the recursive relations (2.10) for ADM , (2.13) for MADM, (2.34) for
HAM, (2.39) for HPM and (2.42) for MHPM.

Step 3. If | up+1 — up |< € then go to step 4, else n <+ n + 1 and go to step 2.

Step 4. Print u(z,t) = Y ;" ,ui(x,t) as the approximate of the exact solution.

Algorithm 2:

Step 1. Set n — 0.

Step 2. Calculate the recursive relations (2.20) for VIM and (2.21) for MVIM.
Step 3. If | up4+1 — uy |< € then go to step 4, else n < n + 1 and go to step 2.
Step 4. Print u,(z,t) as the approximate of the exact solution.

Example 4.1. Consider the Burgers-Huzley equation as follows:
Up + Uy — Ugy = u(l —u)(u — 2),

subject to the initial conditions:
1
flz)=1+ tanh(ga:).

Table 1, shows that, approximate solution of the Burgers-Huxley equation is convergent
with 4 iterations by using the HAM . By comparing the results of Table 1 , we can observe
that the HAM 1is of higher level of convergence than the ADM, MADM, VIM, MVIM,
HPM and MHPM.
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Table 1

Numerical results for Example (4.1)

(x,t) Errors
ADM(n=16) MADM(n=13) VIM(n=9) MVIM(n=7) HPM(n=8) MHPM(n=7) HAM(n=4)
(0.1,0.15) 0.080623 0.072725 0.051647 0.042458 0.060658 0.042673 0.033365
(0.2,0.18) 0.081482 0.073668 0.054562 0.043461 0.062763 0.044658 0.023706
(0.3,0.28) 0.083772 0.074235 0.055651 0.043736 0.063495 0.045277 0.034458
(0.4,0.34) 0.084785 0.074788 0.056351 0.044386 0.063756 0.046674 0.036742
(0.5,0.4) 0.085562 0.075325 0.057744 0.044825 0.064347 0.047706 0.037173
(0.7,0.45) 0.086687 0.075864 0.058443 0.045746 0.064832 0.048248 0.038785
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5 Conclusion

The HAM has been shown to solve effectively, easily and accurately a large class of non-
linear problems with the approximations which rapidly converge to exact solutions. In
this work, the HAM has been successfully employed to obtain the approximate solution
to analytical solution of the Burgers-Huxley equation. For this purpose, we have showed
that the HAM is of higher level of convergence than the ADM, MADM, VIM, MVIM,
HPM and MHPM. Also, the number of computations in HAM is less than the number of
computations in ADM, MADM, VIM, MVIM, HPM and MHPM.
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