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A Note on Modular Hyperonvex SpaeH. R. Rahimi a�, S. Sadeghi lemraski b, M. S. Asgari (a) Department of Mathematis, Faulty of Siene, Centeral Tehran Branh, Islami Azad University,Tehran, Iran(b) Department of Mathematis, North Branh, Islami Azad University, Tehran, Iran() Department of Mathematis, Faulty of Siene, Centeral Tehran Branh, Islami Azad University,Tehran, IranReeived 20 Otober 2010; revised 6 Deember 2010; aepted 11 Deember 2010.|||||||||||||||||||||||||||||||-AbstratReently, it has been obtained a lot of results on hyperonvex spae (see [1, 2, 3, 5℄). Inthis paper we develop some of those results for modular hyperonvex spaes.Keywords : Hyperonvex spae, Modular funtion, Modular hyperonvex spae.||||||||||||||||||||||||||||||||{1 IntrodutionThe theory of hyperonvex spae was initiated by Aronzajn and Panithpakdi [1℄. Itwas proved that a hyperonvex spae is a nonexpansive absolute retrat ,i.e. it is anonexpansive retrat of any metri spae in whih it is isometrially embedded. Manyinteresting results and appliations of the theory of hyperonvex spaes in another branhof mathematis are the base of our motivation to study this subjet. For example ,it hasbeen used in probability and mathematial statistis, boundary-value problems [3℄, theinverse funtion [10℄, and the existene of solutions of di�erential equations [9, 12℄. Thetheory of modular funtion spae was initiated by Nakano in 1950 in onnetion with thetheory of order spaes and rede�ned and generalized by Luxemburg and Orliz in 1959.The organization of this paper is the following: We start with introduing the de�-nitions and notations whih will be used later. For onveniene of readers, we suggestthat one refers to [1, 2, 4, 5, 13℄. Setion two startes with the proof of the existeneof the seletion of Lipshitz set valued mappings T � from a modular hyperonvex spaeH� that hoose their values from the spae of the external modular hyperonvex subsetH� i.e "�(H�). Also we get interesting results by onsidering intersetion of the sets inmodular hyperonvex spaes suh as the intersetion of a modular admissible subset and�Corresponding author. Email address:rahimi�iautb.a.ir271



272 H. R. Rahimi et al. = IJIM Vol. 2, No. 4 (2010) 271-278a externally modular hyperonvex subset with respet to the hyperonvex modular spaeH� is externally modular hyperonvex with respet to H�:Also we show that when the ommunion of externally modular hyperonvex subsets of amodular hyperonvex spae is nonempty.2 PreliminariesLet X be a vetor spae on R, a funtion � : X ! [0;+1℄ is alled modular if for everyx; y in X , (i) �(x) = 0 if and only if x = 0, (ii) �(�x) = �(x) , for every � 2 R wherej � j= 1, (iii ) �(�x+�y) � �(x)+�(y) if �+� = 1 and � � 0; � � 0, and � is alled onvexmodular if , �(�x + �y) � ��(x) + ��(y) if � + � = 1 and � � 0; � � 0. By a modularspae we mean X� = fx 2 X : lim�!0 �(�x) = 0g, where � is a modular funtion on X:Following Khamsi [3℄, for a modular spae X�, the sequene fxng is alled �-onvergentto x if �(xn; x) ! x, and it is alled �-Cauhy if �(xn; xm) ! 0 as n;m ! 0. We willsay that the modular funtion � satis�es the Fatou property if �(x) � lim infn �(xn) asxn ! x ,where fxng is a sequene in X�. A modular funtion � is alled omplete ifevery �- Caushy sequene fxng is �- onvergent. A subset A of X� is alled �- losed ifthe �-limit of a �-onvergent sequene of A always belongs to A. By a �-ball B�(x; r), wemean fy 2 X� : �(x� y) � rg .Finally, a subset A of X� is alled �-bounded ifÆ�(A) = supf�(x� y) : x; y 2 Ag <1:We note that � does not behave in general as a metri beause � does not satisfy thetriangle inequality. For example �- onvergent does not imply �- Caushy. However, �-balls are �-losed in a modular spae X� if and only if they have Fatou property [5℄.De�nition 2.1. A modular spae X� is alled modular hyperonvex spae if, for anyolletion of points fx�g�2� of X and for any olletion fr�g of non-negative real numberssuh that �(1=2(x� � x�)) � r� + r� (�; � 2 �), it follows that T�2�B�(x�; r�) 6= ;:If X� is a modular spae we show the family of all the nonempty and bounded subsetX� by B�(X�):De�nition 2.2. Let X� be a modular spae suh that has Fatou property. A subset A ofX� is alled modular admissible subset if A is an intersetion of �-losed balls in X�.De�nition 2.3. Suppose that X� is a modular spae and C it's subset. We say that C ismodular proximinal ,if for eah x 2 X�C \B�(x; dist�(x;C)) 6= �suh that dist�(x;C) = inff�(x� y) : y 2 CgDe�nition 2.4. A subset E of modular spae (X�; �) is alled externally modular hyper-onvex (with respet to X�) if for eah family of elements fx�g�2� in X� and eah familyof positive real number fr�g�2� suh that for every �; � 2 �dist�(x�; E) � r� ; �(12(x� � x�)) � r� + r�



H. R. Rahimi et al. = IJIM Vol. 2, No. 4 (2010) 271-278 273the following holds \�2�B�(x�; r�) \E 6= �:A�(X�) is the notation of all the nonempty modular admissible subsets X� and "�(X�)is the notation of all the externally modular hyperonvex subsets X� and H�(X�) is thenotation of all the modular hyperonvex subsets X�:De�nition 2.5. Let A be a subset of a modular hyperonvex spae X�, setrx(A) = supf�(x� y) : y 2 Ag; x 2 X�;r(A) = inffrx(A) : x 2 X�g;R(A) = inffrx(A) : x 2 Ag;diam(A) = supf�(x� y) : x; y 2 Ag;C(A) = fx 2 X� : rx(A) = r(A)g;CA(A) = fx 2 A : rx(A) = r(A)g;ov�(A) = TfB : B is a �� ball and B � Ag;r(A) is alled the redue of A ( relative to X�), diam(A) is alled the diameter of A, R(A)is alled Chebyshev radius of A, C(A) is alled the Chebyshev enter of A, and ov�(A) isalled the over of A.The reader an see the proof of the following Lemma in [8℄.Lemma 2.1. Let A be a �-bounded subset of modular hyperonvex spae X�, then:1) ov�(A) = TfB�(x; rx(A)) : x 2 X�g.2) rx(ov�(A)) = rx(A), for any x 2 X�.3) r(ov�(A))) = r(A).4) r(A) = 1=2(diam(A)).5) diam(ov�(A)) = diam(A).6) If A = ov�(A), then r(A) = R(A). In partiular we have R(A) = 1=2(diam(A)).If A is a subset of modular spae X�; we denote the "� losed neighborhood A withN"(A) in whih N"(A) = fx 2 X� : dist�(x;A) � "g:De�nition 2.6. Suppose that A is an arbitrary set. A map T from A to P (A) whereP (A) is the power set of A, is alled set-valued mapping.De�nition 2.7. Let T � : X� ! B�(X�) is a set-valued mapping. A seletion is a mapsuh as T : X� ! X� suh that T (x) 2 T �(x) for eah x 2 X�:De�nition 2.8. Suppose that (X1; �1) and (X2; �2) are modular spaes. we say the map-ping T : X1 ! X2 is �� lipshitzian when there exists � � 0 suh that for eah x; y 2 X1the following satis�es �2(T (x)� T (y)) � ��1(x� y):The smallest � that satis�es in the above relation is alled lipshitzian onstant and wenote it with Lip(T ): If � = 1 then we say the above map is nonexpansive.Lemma 2.2. (lemma 2.2 [8℄) If A is a external modular hyperonvex subset or a admissiblemodular subset of a modular hyperonvex spae H�, then A is the modular proximinal inH�:



274 H. R. Rahimi et al. = IJIM Vol. 2, No. 4 (2010) 271-278Lemma 2.3. (lemma 3.2 [8℄) Let X� be a modular hyperonvex spae and D = T�2�B�(x�; r�):In this ase for eah " > 0 we haveN"(D) = \�2�B�(x�; r� + "):De�nition 2.9. If A and B are bounded and losed subsets in modular spae X� we de�neHausdor� distane �H as follows:�H(A;B) = inff" > 0 : A � N"(B) ; B � N"(A)g:Theorem 2.1. (Theorem 2.2 [8℄) If X� is a modular hyperonvex spae then we haveA�(X�) � "�(X�) � H�(X�):3 Main resultsIn this setion, we develop some results getting in [4, 7℄, for modular hyperonvex spae.Theorem 3.1. Let H� be a modular hyperonvex spae , S is an arbitrary set and T � : S !"�(H�). Then there exists the map T : S ! H� suh that for eah x 2 S; T (x) 2 T �(x)and for eah x; y 2 S we have�(T (x)� T (y)) � �H(T �(x); T �(y)):Proof: Let F denote the olletion of all pairs (D,T), where D � S and for all d 2 Dand for all x; y in D we haveT : D ! HT (d) 2 T �(d)�(T (x)� T (y)) � �H(T �(x); T �(y))We note that for eah x0 2 S; T (x0) 2 T �(x0); then (fx0g; T ) 2 F: Thus we have F 6= �:Now, we de�ne the order relation � on F as follows(D1; T1) � (D2; T2), D1 � D2 ; T2jD1 = T1:Suppose f(D�; T�)g is the inreasing hain in (F;�): So it follows that (S�2�D�; T ) 2 Fwhere T jD� = T�: It is lear that this member is an upper bound for above hain. withde�ning order by Zorn;s lemma, the maximal element suh as (D;T ) in (F;�) exists. Now,we show that D = S: Assume D 6= S, therefore there exists the element x0 2 SnD: Let~D = D [ fx0g:Now, onsider the following set :J = (\x2DB�(T (x); �H (T �(x); T �(x0))))\ T �(x0):Sine T �(x0) 2 "�(H�) we have J 6= � if and only if for eah x 2 D :dist�(T (x); T �(x0)) � �H(T �(x); T �(x0)):by lemma 2.2 we have T �(x0) 2 "�(H�) as a modular proximinal subset from H�: Theabove is true if and only if for eah x 2 DB�(T (x); �H (T �(x); T �(x0))) \ T �(x0) 6= �:



H. R. Rahimi et al. = IJIM Vol. 2, No. 4 (2010) 271-278 275By the de�nition of Hausdor� distaneT �(x) � N�H(T �(x);T �(x0))+"(T �(x0)):However by assumption T (x) 2 T �(x) so it must be the ase that for eah " > 0B�(T (x); �H (T �(x); T �(x0)) + ") \ T �(x0) 6= �:Sine T �(x0) is a modular proximinial in H�, this implies thatB�(T (x); �H (T �(x); T �(x0))) \ T �(x0) 6= �:Thus J 6= �: Now hoose y0 2 J and de�ne~T (x) = � y0 ifx = x0T (x) ifx 2 DOn the other hand �( ~T (x0) � ~T (x)) = �(y0 � T (x)) � �H(T �(x); T �(x0)) (8x 2 D):Thus (D [ fx0g; ~T ) 2 F and it has ontradition with maximality of (D;T ): ThereforeD = S:Corollary 3.1. Suppose that H� is a modular hyperonvex spae and (M;�1) is a modularspae and the set-valued mapping T � : M ! "�(H�) is nonexpansive i.e, for eah x; y 2M, �H(T �(x); T �(y)) � �1(x� y): Then the nonexpansive map T :M ! H� exists suh thatfor eah x 2M; T (x) 2 T �(x):Proof: By theorem 3.1 and nonexpansive the T �; there exists the seletion T : M !H� that for eah x 2M; T (x) 2 T �(x) and�(T (x)� T (y)) � �H(T �(x); T �(y)) � �1(x� y); (8x; y 2M):Therefore �(T (x)� T (y)) � �1(x� y), thus T is nonexpansive.Theorem 3.2. Let M� be a bounded modular spae and (H�)�2� be a dereasing family ofnonempty modular hyperonvex subsets of M�, where � is totally ordered. Then T�2�H�is nonempty and modular hyperonvex.Proof: De�ne F as the follows:F = fA = ��2�A� ; A� 2 A�(H�) and (A�) is dereasing and nonempty g:Sine M� is bounded so H� is bounded . Thus H� 2 A�(H�): So H� is not empty anddereasing then ��2�H� 2 F and F 6= �:SineH� is modular hyperonvex then A�(H�) is ompat for every � 2 �: Thus F satis�esthe assumptions of zorn's lemma when ordered by set inlusion. Hene for every D 2 Fthere exists a minimal element A 2 F suh that, A � D:We laim that if A = ��2�A� is minimal then there exists �0 2 � suh that Æ(A�) = 0 forevery � � �0, where Æ(A) = diam(A). Let � 2 � be �xed. For every D �M� de�neov��(D) = \x2H� ��(x; rx(D)):



276 H. R. Rahimi et al. = IJIM Vol. 2, No. 4 (2010) 271-278Consider A0 = ��2�A0� where A0� = ov��(A�) \A� if � � � and A0� = A� if � � �.Sine A 2 F then the family (A0���) is dereasing . Let � �  � �: Sine A � A�and A� = ov��(A�)\A� so A0 � A0�: Hene the family (A0�) is dereasing. On the otherhand if � � � then ov��(A�) \ A� 2 A�(H�): Sine H� � H� so A0� 2 A�(H�): ThusA0 2 F: Sine A is minimal this implies that A = A0 whih impliesA� = ov��(A�) \A� 8� � �:Let x 2 H� and � � �: Sine A� � A�; then rx(A�) � rx(A�): Now ov��(A�) =Tx2H� ��(x; rx(A�)), then we have ov��(A�) � ��(x; rx(A�)), whih impliesrx(ov��(A�)) � rx(A�):Additionally A� � ov��(A�) sorx(A�) � rx(A�) � rx(ov��(A�)) � rx(A�):Therefore we have rx(A�) = rx(A�) for every x 2 H�. Using the de�nition of r, we getr(A�) � r(A�):Let a 2 A� and s = ra(A�), then a 2 ov��(A�). Sine A� � ov��(A�) soa 2 \x2A� ��(x; s) \ ov��(A�):By hyperonvexity of H�,S� = H� \ \x2A� ��(x; s) \ ov��(A�) 6= �:Let z 2 S�, then z 2 Tx2A� ��(x; s): SineA� = H� \ ov��(A�):It follows that rz(A�) � s; whih impliesr(A�) � s = ra(A�)for every a 2 A�: Hene r(A�) = r(A�) 8�; � 2 �:Assume that Æ(A�) > 0 for every � 2 �: Set A00� = C(A�) for every � 2 �: The family(A00�) is dereasing. Let � � � and x 2 A00�, then rx(A�) = r(A�): Sine we proved thatrz(A�) = rz(A�) for every z 2 H� then rx(A�) = rx(A�) = r(A�) = r(A�), whih impliesthat x 2 A00�: Therefore A00 = ��2�A00� 2 F:Sine A00 � A and A is minimal, we get that A00 = A: Therefore A� = C(A�) for every� 2 . This is in ontradition to hyperonvexity of H� for eah � 2 �. Thus there exists�0 2 � suh that Æ(A�) = 0 for every � � �0 .So A� = fagfor every � � �0, whih impliesthat a 2 T�2�H� 6= �:In order to omplete the proof, we need to show that S = T�2�H� is modular hyper-onvex. Let (��i)i2I be a family of balls entered in S suh that Ti2I ��i 6= �: De�neD� = Ti2I ��i \ H� for all � 2 �: Sine H� is modular hyperonvex and the family(��i)i2I entered in H� then D� is not empty and D� 2 A�(H�): Therefore D� is modularhyperonvex. the above proof shows that T�2�D� 6= �:



H. R. Rahimi et al. = IJIM Vol. 2, No. 4 (2010) 271-278 277Lemma 3.1. Let H� be a modular hyperonvex spae and E � H� be externally modularhyperonvex related to H�: Suppose A is a modular admissible subset of H�: Then E \ Ais externally modular hyperonvex related to H�:Proof: Suppose fx�g and fr�g satisfy �(12 (x��x�)) � r�+r� and dist�(x�; E\A) �r�: Sine A is admissible, A = Ti2I ��(xi; ri) and sine ��(x�; r�)\A 6= �: It follows that�(12 (x� � xi)) � r� + ri for eah i 2 I: Sine A � ��(xi; ri) it follows thatdist�(xi; E \A) � ri ; �(12(xi � xj)) � ri + rj 8i; j 2 I:Therefore by external modular hyperonvexity of E(\i ��(xi; ri)) \ (\� ��(x�; r�)) \E =\� ��(x�; r�) \ (A \E) 6= �:Thus E \A is externally modular hyperonvex related to H�:Theorem 3.3. Let fHig be a dereasing hain of nonempty modular externally hyper-onvex subsets of a bounded modular hyperonvex spae H�: Then \iHi is nonempty andexternally modular hyperonvex in H�:Proof: By Theorem (3.2) and Theorem (2.1), we have D = TiHi 6= �: To prove D isexternally modular hyperonvex, let fx�g � H and fr�g � R satisfy�(12(x� � x�)) � r� + r� ; dist�(x�;D) � r�:SineH� is modular hyperonvex we know that A = T� ��(x�; r�) 6= �: also dist�(x�;D) �r� and dist�(x�;Hi) � r� for eah i, so by externally modular hyperonvexity ofHi impliesthat for eah i we have A\Hi 6= �: By Theorem 2.1 and lemma 3.1, fA\Hig is a dereasinghain of nonempty modular hyperonvex subsets of H�: Now by Theorem 3.2, we have\i (A \Hi) = A \D 6= �:Thus TiHi is nonempty and externally modular hyperonvex in H�:AknowledgmentsThe authors would like to sinerely thank the referee for his/her valuable ommentsand useful suggestions
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