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Abstract

In this paper, we present a new two-parameters family of iterative methods for solving
non-linear equations and prove that the order of convergence of these methods is at least
four. Per iteration of these new methods require two evaluations of the function and two
evaluations of its first derivative. Several numerical examples are given to illustrate the
performance of the presented methods.
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1 Introduction

Solving non-linear equations is one of the most important problems in numerical analysis.
In this paper, a family of iterative methods to find a simple root «, i.e., f(a) = 0 and
f'(a) # 0 of a non-linear equation f(z) = 0 is presented, where f : I — R for an open
interval I is a scalar function.

Newton’s method for a non-linear equation is written as

— f(xn)
In+l = Tnp f/(xn)’ (]_].)

this is an important and basic method, which converges quadratically.
A modification of Newton’s method with third-order convergence due to Weerakoom and
Fernando [6], defined by

2f(x,

[ — $E5) + f/ ()
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In this paper, (1.1) and (1.2) are used for the construction of the new iterative methods.
The organization of paper as follows:

In Section 2 the methods based on Weerakoom-Fernando’s method are given then the
order of convergence is analyzed. In section 3 their better performance is also illustrated
by numerical results.

2 The methods and their analysis of convergence

The following iterative method is considered

— . J(2n)
Tntl =i = oS (2.3)
Iy = Tp — 2f(@n) . (2.4)

fl(wn = FEE) + f/(n)
Our aim is to find a correction term for (2.3) and (2.4) that will yield a family with fourth-

order convergence. To do this, first consider fitting the function f(x) around the point
(zn, f(xy,)) with the third-degree polynomial

g(x) = ax® + ba® + cx + d. (2.5)
Using the tangency condition at the n—th iterate z,
g'(xn) = f'(xn), (2.6)
so, from (2.5) and (2.6) we can obtain ¢ as follows:
c = f'(x,) — 3ax? — 2bx,, (2.7)
which the first derivative of the approximating is as follows: polynomial
g'(x) = 3ax® + 2bx + f'(x,) — 3ax? — 2bx,,. (2.8)
Now, we get f'(z,) = ¢'(z,) and when z, is defined by (2.4), it is clear that

[ (@) (f (yn) + f(20)) + 40 — Aan) f () + 4/\f2(33n)
J'(yn) + [ (20) 7

where y, = x, — J{,((ZZ)) and g = —b and A\ = 3a, then by considering (2.3) and (2.4), our
new methods are

f'(en) » (2.9)

i = o f(za)(f'(yn) + f'(24)) (2.10)
" T @) (' (yn) + (@) + 4 = Az f () 4+ 402 () '
— 2f(wn)
=T S ) (2.11)

Yn = Tn )
f(@n)
where p € R and A € R.
For the methods defined by (2.10)-(2.12), we consider the following theorem:
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Theorem 2.1. Let o € I be a simple root of a sufficiently differentiable function f: I — R
for an open interval I, then the methods defined by (2.10)-(2.12), have a minimum order
of convergence equal to four and it satisfies the following error equation:

I — Ao

f'(e)
where ¢y = g;,((z)), c3 = g;:gz;, 1w €E€R and A € R.

ent1 = [cacs + 263 + ( )(265 + c3)] en + O(ed), (2.13)

Proof: Let e, = x, — a. Using Taylor expansion and taking f(«) = 0 into account

fan) = f'(@)[en + cael + caed + caep + -], (2.14)
F(zn) = f(@)[1 + 2caen + 3cze? + deged + besen + -+, (2.15)
where ¢ = 742 k=23, Dividing (2.14) by (2.15) gives
;’((ZZ)) = e — 262 + (263 — 2c3)€d -+ (2.16)
Now, by using f'(z) = f'(@)[1 + 2¢2(z — @) + 3e3(z — a)? 4+ ---] and (2.16), we get
() = ()1 +2c3€2 + 4(cae3 — c3)ed + -], (2.17)
then
F'yn) + ') = ['(@)[2+ 20060 + (265 + Bes)er, + 4caes — 5+ ca)ey +-0], (218)
and
! ! [1—coe, — §636,2L + (coe3 + 33 — 2¢4)ed + -] (2.19)

Flyn) + [i(wa) — 2f'() 2

From (2.14) and (2.19) we obtain the following expansion
4

fx(y?f?@ j=en (e Se + (—ea - ;cm +3c)ep + o (2.20)

Now, by using f(2) = f/(a)[(x — @) + e2(x — @)* + e3(x — @)® + - - -] and above equations,
the following expansions is concluded

3
F(za) = £+ 5)e + (e + Sezes = 3e)e 4+, (2.21)
FC)(f'(yn) + ['(@a)) = [P (@265 + e3)ep, + (deaey — des + 2ca)e, +---], (2.22)
F (@) (F (yn) + f1(22)) = f2()[2 + 6caen + (663 + 9c3)e? + (16cac3+
12¢4)ed + -], (2.23)
4(p — Aen) flxg) = f2(a)[4Ae, + 4Be? 4 4Ce3 + -], (2.24)
_ {p—Aa) _ (pea—Aaca—N) _ (pes—Aacs—Ae2)
where A = Fla) B = Fla) and C' = %,
and

ANfH(n) = fP(a)[4re? 4 8Acaed + -], (2.25)
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therefore

ANF2(an) + 40k = Azg) f(xn) + ' (2a) (' (yn) + f(2n) = 2% (@)L + (24+

9
3eg)en + (2A + 2B + 503 + 30%)6% + -]
Now, dividing (2.22) by (2.26) and equation (2.10), get the following result

I — A
f'(e)

ent1 = [cacs +2¢5 + ( )(2¢5 + ¢3)] ep + O(ey),

and this ends the proof. B

3 Numerical Examples

(2.26)

All done computations by MATHEMATICA software has 120 digit floating point arith-
metic (Digits:=120). An approximate solution quite is accepted as exact root, depending
on the precision (e) of the computer. Criterias |z,4+1 — x| < € and |f(z,+1)| < € are used
for computer programs, and so, when the stopping criterion is satisfied, x, 1 is taken as
the exact root o. For numerical illustrations, the fixed stopping criterion ¢ = 10713, is

used.

In comparison the Newton’s method (NM) with the well-known fourth-order Os-

trowski’s method [5], (OM), defined by

— f(yn) f(n)
et = = O o)) Pl
o f(xa)
)
and (CM), [2], defined by
) T
" " J (@) = f(yn) f’(wn)’
f(@n)

the other method, (KM1), [4],

_ Sf(n)
Tny1 = Ty — (1+ R(xp) + 2R (w,) + 5R3 (2) + -+ )f/(xn),
_ [yn)
) = )
_ _ f(zy)
Yn = Tn fl(xn)’
the Kou et al.’s method [3], (KM2),
fA(xn) + 7 (yn)

Tpyl = T — f/(xn)(f(acn) — f(yn»’

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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Un = T — f(@n)
" ! f(@n)’
and (AEM) defined by (2.10)-(2.12), in the present contribution, the same examples in
Changbum Chun [1] are used.

(3.35)

fi(z) = 23 + 422 — 10, fo(z) = 2% — e® — 32 + 2, f3(x) = ze® —sin? () + 3cos (z) + 5,

fa(@) = sin(z)e” + I (a? +1), f5(2) = (# —1)° =2, fe(2) = (v +2)e” = 1, fr(x) =

sin? (z) — 2% + 1.

Table 1. Comparison of the number of iterations (NIT) in (NM), (OM), (CM), (KM1),
(KM2) and (AEM) methods

NIT
f(x) NM OM CM KM1 KM2 AEM
fi(z),zo=1 |6 4 4 4 4 4
fi(x),zo=2 |6 4 4 4 4 4
fQ(.CB),l’() =1 5 3 3 3 3 4
fz(x),CC() =3 7 4 4 4 4 5
fg(x),w() =-1 6 4 4 5 4 4
fg(x),xo =-219 5 5 5 6 6
falz)yxg=—-2 17 4 4 4 5 4
f4(x),ﬂco =5 7 5 5 5 5 5
f5($>,$0 =3 7 4 4 4 4 4
f5(a:),:50 =4 8 5 5 5 5 5
f@(x),ZC() =2 9 5 5 5 6 6
f6(x),x0 = 12 6 7 7 7 8
fr(z),xg =1 7 4 4 5 5 4
f7(33),l‘0 =25 7 4 4 4 4 4

4 Conclusion

In this paper, a family of new iterative methods were defined and analyzed for solving non-
linear equations and also it was proved that the order of convergence of these methods is
at least four.
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