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Abstract

In this paper, a new spectral-iterative method is employed to give approximate solutions of fractional
logistic differential equation. This approach is based on combination of two different methods, i.e.
the iterative method [35] and the spectral method. The method reduces the differential equation
to systems of linear algebraic equations and then the resulting systems are solved by a numerical
method. The solutions obtained are compared with Adomian decomposition method and iterative

method used in [35] and Adams method [36].
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1 Introduction

0 describe population growth in a limited en-
T vironment, Verhulst [28] first presented the
classical logistic equation and it has been very
popular in population dynamics so far. We can
apply the fractional derivative operator on the
logistic equation to obtain the fractional order
logistic model. Pierre Verhulst published this
model in 1838 for the first time [14]. We can
describe the continuous logistic model by first
order ordinary differential equation. The dis-
cerete logistic model is a simple iterative equa-
tion which shows the chaotic property in certain
regions [11, 29]. There are many variations of the
population modeling. To describe the periodic
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doubling and chaotic characteristic in dynamical
system we can use Verhulst model which is a clas-
sic example [11]. This model indicates that the
population growth may be restricted by some fac-
tors like population density [12, 23].

Many studies are focussed on ordinary and par-
tial fractional equations thanks to their recurrent
appearance in different applications in fluid me-
chanics, viscoelasticity, biology, physics and en-
gineering [13]. Most recently, a large amount of
literatures are developed regarding the usage of
fractional differential equations in non-linear dy-
namics. Consequently, the solutions of fractional
differential equations of physical interest have
been of great importance. We can not find ex-
act solutions for most fractional differential equa-
tions, so approximate and numerical techniques
are applied [15, 16, 19, 20, 21, 22]. Recently
to solve the fractional differential equations sev-
eral numerical and approximate methods, such
as variational iteration method [17], iterative
method [35], homotopy perturbation method [24],
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Adomian decomposition method [8], homotopy
analysis method and collocation method [18, 26]
have been employed.

We consider fractional logistic equation of the
following form:

Dy(x) = py(z)(1 —y(z)),
(1.1)
y(O) = Yo-

where >0, x>0, 0<a<l.

The important application of the logistic equa-
tion is that it is a model of population growth.
The population size at time z is denoted with
y(z) and the constant g > 0 defines the growth
rate. Another application of Logistic equation is
in medicine, where the logistic differential equa-
tion is used to model the growth of tumors. This
application can be considered as an extension of
the above mentioned use in the frame work of
ecology. The existence and the uniqueness of the
solution to the proposed problem (1.1) are intro-
duced in details in [6].

In this paper, we describe preliminaries in Sec.
2, in Sec. 4.1 we describe the iterative method
and in Sec. 3.2 we give a description of shifted
fractional-order Legendre functions. In Sec. 3.3
we use collocation method to obtain the approx-
imate solution for differential equation with ini-
tial conditions as a linear combination of Legen-
dre functions. In Sec. 3.4, we describe the new
spectral-iterative method (NSIM) which is a com-
bination of two different methods, one iterative
and the other spectral. We study the numerical
results in Sec. 4 and review the estimation of the

errors in Sec. 5.

2 Preliminaries

Definition 2.1 In order to proceed, we mneed
the following definitions of fractional derivatives
and integrals. First, we introduce the Riemann-
Liouville definition of fractional integral operator

Je

Let « € RT. The operator J2, defined on the
usual Lebesgue space L [a, b] by

Jefw) = s | @00 @2

Jaf(x) = f(x),
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for a < z < b, is called the Riemann-Liouville
fractional integral operator of order a.
Properties of the operator J¢ can be found in
[1]. For f € Ly a,b],a, 8 >0 and
~v > —1, we mention only the following:

(1) J& f(z) exists for almost every
x € [a,b],

2)  JeIL f(x) = JoTP f(a),
(3)  JeLf(x) = JS IS f(x),

(@) J@—a) = ety

(x —a)*t7.
Definition 2.2 The fractional derivative of f(x)
in the Riemann-Liouville sense is defined as

DS f(x) =DmJI=f(x)

_ﬁ 1 * T — m—a—1
- T / (x— ™oL F(t)dt, (2.3)

dzm™T'(m — «

where m € N and satisfies the relations

m—1<a<m,and f € L;[a,b] .

Properties of the operator D¢ can be found in
1, 4. Form—1<a<m,r>aandy > —1
we mention only the following:

« r —a
(1) Dg(w—a) = gty (z —a)™,
(2)  DgJif(x) = f(x).
3 New spectral iterative
method
a:%.p:%.,ﬂ:i
L [|RESY|s Cpu Times
5 LE6E — OF 0.204
10 L.O& — 13 0.21%9
15 L.BE — 20 0,424
20 LEBE — 27 0.7a2
Table 1.
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s H=3. 8= 10
L "HEL‘} | f_ pu Times
[ 5 I.2E — 08  D.250
L O0E - 15 0,232
15 308 - 21 0437
20 BOE — 28 L. 484
Table 2.
= n,p— }, 3= 1n
L "HE’(‘:y“l Cpu Times
5 EOE — 09 O.1ET
10 30E - 156 0250
15 G.OE — 22 DGHG
20 T.OE — 20 1.531

Table 3.

3.1 Iterative method

Consider the following nonlinear differential
equation:

Llyl + Nyl = f(=), (3.4)
where L is a linear operator and N is a nonlinear
operator from a Banach space E into E, f is a
given function in £ and we are looking for y € F
satisfying (3.4).

Daftardar and Jafari [35], suggest that the solu-
tion of y(z) be expanded by the infinite series

solution
o
=> yi(x)
k=0

and the nonlinear operator N in Eq. (3.4) is de-
composed as follows:

(e.)
- ZA’i(y()ayla e 7yi)7
=0

(3.5)

(3.6)
where Ag = 0 and A; are obtained by

Substituting (3.5) and (3.6) into (3.4) gives the
following recursive scheme:

L[?JO] - f($)7

Llyiti] = — 4,
We define the M + 1—th term approximation so-

lution as
M
r) =Y yilx
i=0

(3.7)
i=0,1,--

(3.8)
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n_:,p._ ,;ﬁ_—
L “Ii‘E'.‘:y"J_ { pu Times
o 308 — 06 0172
L0 208 - 12 0.266
L5 208 —-19 0453
20 G.O0E — 27 0,844
Table 4.
mBh=g 8=7
L "H‘E':‘:-r .« Cpu Tlmf*q
o aE - 08 L1297
L0 failed
L5 failed
20 failed
Table 5.

where, if convergence happen,

y(@) = lim ()

3.2 Shifted fractional-order Legendre
function

The Legendre polynomials, denoted by [,,(z), are
orthogonal with respect to the weight function
w(x) =1 over I = [—1, 1], namely [9],

1
2

where

0, O.W.

In order to use these polynomials on the inter-
val [0, 1], we define the so-called shifted Legendre
polynomials by introducing the change of variable
x = 2t — 1. Let the shifted Legendre polynomials
l,(x) be denoted by Ly (t). The shifted Legen-
dre polynomials are orthogonal with respect to
the weight function w(¢) =1 in the interval [0, 1]
with the orthogonality property

2

1
Ly(t) Ly (t)dt = ——dpm
/0 () Lm ()t 2n+16

Then L;(t) can be obtained as follows:

(2n+1)(2t — 1)
n+1

n
——— Ly q(t =1,2,..
n+1n1()7n y &y

Lna(t) = Ln(t)
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n:},;}.:l,_ﬁzﬁ
L TERESy[- Cpu Times
5 4 0E — G 3.891
Lo failed
L5 failed
20 failed
Table 6.
— — T 5 1T
n_—,p._i,_.'ﬁ_ﬁ
L TRESyloc Cpu Times
B TA30E - 06 3906
Ly failed
L5 failed
20 failed
Table 7.
Lo(t) = 1, Li(t)=2t—1. (3.9)

Note that L,(0) = (—1)" and L,(1) = 1. The
shifted fractional-order Legendre functions de-
fined by introducing the change of variable t = ¢
with a > 0 on shifted Legendre polynomials, are
denoted by F'LY(x)[10].

Hence FL$(x) satisfy the following recurrence
relation

(2n +1)(22% — 1)

—nilFLg,l(a;), n=1,23,..,
FL§(x) =1, FL¥(z)=2z°—1.

3.3 Collocation method

Consider the linear fractional differential equa-
tion:
n
> Dy(x) = g(x),

k=0

(3.10)

where oy, € (k, k + 1], with initial conditions

The unknown function y(¢) in problem (3.10), can
be approximated by a truncated series of Legen-
dre functions,

i=0,1,---,n. (3.11)

m

ym(t) =Y ¢ FLS(t),

J=0

(3.12)
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m=;1j_¢=%1, =;‘
L RESyllee CUpu Times
5 20E - 006G 4.297
1 failed
L5 failed
20 failed

Table 8.

o= 1,;&:-}:,{3‘: 2
L "ﬁ%ﬂ"l Cpu Tir?'ie:-:
5] 308 - 07 L.375
Lo LoE -11 L.GT2
L5 L2E - 15 2.328
20 TO0E — 20 3.266

Table 9.

where ¢; are unknowns. Here, the main purpose
is to find ¢;. In order to achieve this end, putting
(3.12) in (3.10) and (3.11) we obtain:

n

D ey D*FLY(t) = g(b),

§=0 k=0

(3.13)

m
¢ FLYY(0) = B, i = 0,1,---,n.
j=0

(3.14)

Relation (3.14) forms a system with n + 1
equations and m + 1 unknowns, to construct
the remaining m — n equations, we substitute

m—-n

- in (3.13), to ob-
1=

tain m — n equations. So, reduces the obtaining

to the solution of the system AC = b, where A, C

Legendre-Guass points {t@}

and b are A = [%] , C= [co,cl,---,cm]T,
b = [%] and matrices Al _p)x(m41) and

A2(p41)x (m+1) are defined by

n

Alfi, ) =Y D*FL§(t:),i=1,2,---,m —n,

k=0
j:Oala"'vmu
A20i,j] = FL&(0), i=0,1,---,n,
jzoala"'umu
and vectors bl(,,_n)x1; b2(m—n)x1 are defined by
bl[z]:g(tl)? 1=12,---,m—n,
b2li] = p;, 1=0,1,---,n.
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o= 5, = 1 B = 1-{0
L "HEL‘} | Cpu Times
B ADE — 06 2.469
10 12E - 09 3422
15 S0E - 13 4.531
20 16E — 16 5984
Table 10.
o=, U=+, = %
T [ RESy[= CPU Times
5 30E - 06  2.515
10 1.OE - 09  3.516
15 25FE —13 4828
20 50E —17  7.110

Table 11.

3.4  The methodology

Consider the fractional logistic equation

= py(x)(1 - y(x)),

where « € (0, 1] [27], with initial condition

D%(x) (3.15)

y(0) = 6. (3.16)
The nonlinear equation (3.15), can be written by
Dy(x)

— py(x) = —py®(z),

(3.17)
y(0) = B.

Substituting the y(z) = > -, yx(x) in the non-
linear fractional logistic equation, we have:

- 2
Z D% (x Z Py (T) = —p <Z yk(@)
k=0

oo
= - Z Ak‘a
k=0

where Ag = 0 and

k-1 K
A =—p> )+ n>_w)*.
1=0 1=0

The solution of problem (3.17), is

2) =3 yula)
k=0
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o = F1 j"l‘ _ '51 '-(-" =
L "Ii‘E‘;'y"J_ CPU Tlm-F-q
5] L6E — 05 G.TG6
1 208 - 08 12.250
L3 208 -11 L&.953
20 QOE - 15 23 084
Table 12.
/’/
;
| : Exact ** A;ams : NSIM‘l

Figure 1: Comparing the exact solution and ap-
proximate solution by NSIM and Adams method.

where yi(x) satisfies in

D%y () (3.18)

— pyr(z) = — A,
k=01,

We solve the above linear equation using the
spectral method. The function yi(z) can be ap-
proximated as

oo

)= S drL

7=0
where the unknown coefficients cgk) are deter-
mined by using the collocation method. The
residual function associated to the equation
(3.18) is

RESyi(x)

= D% (z) — pyr(z) + A,

k=0,1,---

By imposing the initial condition (3.16), we have

B? kZO?

o0
chFLa —

Jj=0 0, k=1,2,---.

For all k, the matrix form of the above system
is:

MO®) = pk),
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1.6 x 10727 o
1.4% 10727~
1.2 % 10'27;
1. % 10'27;
8. % 10728
6. % 10'2“;
4. % 10’ZRJ

2.%x 10728 o

o T ol
o 0.2 0.4

l

Residual Error o Estimate Error|

Figure 2: a:%,uzé’ﬁzz

8.x 10728 4
7_X10—2XA
G-XIU—ZRA
5.% 10728
4_)(10-28A
3.% 10728
2_x10—28A

1.x 10728 4

(o]

-

T T T 1
0 0.2 0.4 0.6 0.8 1

l

x
Residual Error ___©  Estimate Error]

Figure 3: a =, u=1,8=1
M = [mij](n+1)(n+1)v
ck) = [c(()k),cgk), o P

k) = Bl BB b,

n

Suppose that {:c,} are zeros of Legendre poly-

nomial of degree n, we have
mo; = FLF(0),
7=0,1,2,....n,
my; = DYF LS (2;) — pF L5 (2:1),
7=0,1,2,...,n, i =1,2,...,n.

For:=1,2,3,....,n, k=1,2,3, ...,
we have

0 =5, BV =0,

and
B =0, b = — Ag(ay).

The approximate solution of (3.15) with
L +1 terms is

(3.19)
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7.% 10729
6. % 10'29;
5.% 10'”;
4. % 10'29;
3.%x 10274
2. % 10'2";

1.% 10729

o T T
o 0.2 0.4

l

X
Estimate Error]

Residual Error °

3

Figure 4: a =2, u=1, 8= 1

6.% 107274
5.%x 10727+
4. % 10727
3.%x 107274
2.%x 107274

1.% 10727

o . - v S

o 0.2 0.4 0.6 0.8 1

Resiual Error <

l

Estimate Error]

Figure 5: a =2, un=3,8=1

where

(3.20)

4  Numerical study

Consider the following logistic initial value
problem:

(4.21)

We demonstrate the effectiveness of the proposed
method (NSIM) by applying it on four values of
a, f and p for above problem. For each case, the
maximum norm of the residual error of yr, ,(x)
is presented. Tables 1, 2, 3 and 4 shows the ob-
tained numerical results of the (NSIM), tables 5,
6, 7 and 8 shows the obtained numerical results of
the (IM) and tables 9, 10, 11 and 12 shows the ob-
tained numerical results of the (ADM). The exact

solution of (4.21) is y(z) = % for a = 0.5,
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@ = 0.5 and f = 0.5. The figure 1 shows the so-
lutions obtained by (NSIM) and Adams method
with A = 0.001 and exact solution.

All the computations associated with the
method have been performed by a personal com-
puter having the Intel Pentium 4, 2.8 GHz pro-
cessor, 1GB RAM and using Maple 13 with 32
digits precision.

5 Estimation of the errors

The approximate solution of (4.21) is yr, ,,(z) and
the exact solution is y(z). Substituting yr, ,(x)
and y(x) in (4.21), we obtain the following results.

D% (x) — py(x)(1 — y(z)) =0,
(5.22)

y(0) = 85,
D (%) = pyrn(z)(1 — yLa(r)) = R(v),

yL,n(O) = B?
(5.23)
where R(z) is the residual error. From (5.22)
and (5.23) we obtain

D®Ep n(z) = pEpp(x)(1 4+ Ep p(x)

Ern(0) =0,

where Er, ,, = yrn(x) — y(x) is error of solution.
The solution of the (5.24) is an estimate of the
error of yr, ,(x). To hove convergence we should
have |R(x)|~ |EL ,(z)| and limy7, 00 |ELn(2)|=
0.

We calculate Ey, ,(x) by Adams method for h =
0.1 and compare with residual error of NSIM for
L =20 in figures 2, 3, 4 and 5.

6 Conclusion

In this paper we proposed a new method to
solve logistic equations of fractional order. This
method was based on combination of iterative
and spectral methods, which reduced nonlinear
differential equations to systems of linear alge-
braic equations. The obtained approximate so-
lutions have shown the effectiveness of our new
method.
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