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epted 13 November 2010.|||||||||||||||||||||||||||||||-Abstra
tIn 2009 B. Zheng et al. proposed two modi�ed Gauss-Seidel (MGS) methods for linearsystem with M-matri
es. In this paper, we use the pre
onditioners introdu
ed by B. Zhenget al . For modi�ed Ja
obi method. The 
omparison theorems and numeri
al examplesshow that the proposed methods are superior to the 
lassi
al Ja
obi method.Keywords : Iterative methods; M-matrix; Pre
onditioning; Ja
obi method.||||||||||||||||||||||||||||||||{1 Introdu
tionWe 
onsider the following pre
onditioned linear systemPAX = Pb (1.1)where A = (aij) 2 Rn�n is an M-matrix, P 2 Rn�n is a pre
onditioner and X; b 2 Rnare ve
tors. Without loss of generality, we assume that A has a splitting of the formA = I �L�U , where I is the identity matrix, �L and �U are stri
tly lower and stri
tlyupper triangular parts of A, respe
tively.The pre
onditioner PSmax was introdu
ed by Kotakemori et al. [4℄ as follows:PSmax = I + Smax (1.2)where Smax is de�ned bySmax = (Smij ) = � �ai;ki i = 1 : : : ; n� 1; j > i;o; Otherwise; (1.3)ki = min fjjmax jaij j ; i < ng :�Corresponding author. Email address: Z.lorkojori�Yahoo.
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182 Z. Lorkojori, N. Mikaeilvand = IJIM Vol. 2, No. 3 (2010) 181-187In 2009 Zheng et al. [19℄ proposed the following two pre
onditioners:Pmax = I + Smax +Rmax (1.4)and PR = I + Smax +R; (1.5)where (Rmax)i;j = � �an;kn i = n; j = kn;o; OtherWise (1.6)with kn = minfjjjan;j j = maxfjan;lj; l = 1; : : : ; n� 1gg andRi;j = � �ai;j; i = n; 1 � j � n� 1;0; OtherWise: (1.7)For the pre
onditioner (1.4), the pre
onditioned matrix Amax = (I + Smax +Rmax)A 
anbe split as follows:Amax = Mmax �Nmax (1.8)= (I �D � �D)� (L�Rmax +E + �E + U � Smax + F + SmaxU) (1.9)whereD; E and F are respe
tively the diagonal, stri
tly lower and stri
tly upper triangularparts of SmaxL; while �D and �E are the diagonal, stri
tly lower triangular parts of Rmax(L+U). If Mmax is nonsingular, the modi�ed Ja
obi iterative matrix is de�ned by:Tmax =M�1maxNmax = (I �D � �D)�1(L�Rmax +E + �E + U � Smax + F + SmaxU)For the pre
onditoner (1:5), the pre
onditioned matrix AR = (I+Smax+R)A 
an be splitasAR =MR �NR = (I �D � �D)� (L�R+E + �E + U � Smax + F + SmaxU); (1.10)where �D and �E are the diagonal, stri
tly lower triangular parts of R(L + U). If MR isnonsingular, the modi�ed Ja
obi iterative matrix is de�ned byTR =M�1R NR = (I �D � �D)�1(L�R+E + �E + U � Smax + F + SmaxU):This paper is organized as follows. In se
tion 2, we present some notations, de�nitions andpreliminary results. In se
tion 3, we prove the 
onvergen
e of the proposed methods andsome 
omparison theorems. In se
tion 4 we present some numeri
al examples to 
on�rmour theoreti
al analysis. Finally, in Se
tion 5, 
on
lusion is drown.2 PreliminariesFor A = (ai;j); B = (bi;j) 2 Rn�n; we write A � B if ai;j � bi;j holds for all i; j =1; 2; : : : ; n: Calling A nonnegative if A � 0(ai;j � 0i; j = 1; : : : ; n), where 0 is an n � nzero matrix. For the ve
tors a; b 2 Rn�1; a � b and a � 0 
an be de�ned in the similarmanner.De�nition 2.1. A matrix A is L-matrix if ai;i > 0; i = 1; : : : ; n and ai;j � 0 for alli; j = 1; : : : ; n; i 6= j. A nonsingular L-matrix A is a nonsingular M-matrix if A�1 � 0.



Z. Lorkojori, N. Mikaeilvand = IJIM Vol. 2, No. 3 (2010) 181-187 183Lemma 2.1. [13℄ Let A be a nonnegative n� n nonzero matrix. Then1. �(A); the spe
tral radius of A, is an eigenvalue;2. A has a nonnegative eigenve
tor 
orresponding to �(A);3. �(A) is a simple eigenvalue of A;4. �(A) in
reases when any entry of A in
reases.De�nition 2.2. Let A be a real matrix. ThenA =M �Nis 
alled a splitting of A if M is a nonsingular matrix. The splitting is 
alled1. weak regular if M is nonsingular, M�1 � 0 and M�1N � 0;2. regular if M is nonsingular, M�1 � 0 and N � 0;3. nonnegative if M�1N � 0;4. M-splitting if M is a nonsingular M-matrix and N � 0.De�nition 2.3. We 
all A = M �N the Ja
obi splitting of A, if M = I is nonsingularand N = (L+ U). In addition, the splitting is 
alled1. Ja
obi 
onvergent if �(M�1N) < 1;2. Ja
obi regular if M�1 = I�1 � 0 and N = (L+ U) � 0.Lemma 2.2. [7℄ Let A =M �N be an M-splitting of A. Then �(M�1N) < 1 if and if Ais a nonsingular M-matrix.Lemma 2.3. [15℄ Let A be a nonsingular M-matrix, and let A = M1 � N1 = M2 � N2be two 
onvergent splittings, the �rst one weak regular and the se
ond one regular. ifM�11 �M�12 then �(M�11 N1) � �(M�12 N2) < 1:3 Convergen
e And Comparison TheoremsBefore proving the 
omparison theorems, we prove the 
onvergen
e of modi�ed Ja
obimethod with the pre
onditioner PSmax = I + Smax, the pre
onditioned matrix ASmax =(I + Smax)A 
an be written asASmax =MSmax �NSmax = (I �D)� (L+E + U � Smax + F + SmaxU):In whi
h D;E and F are de�ned as in se
tion 1. Hen
e, if ai;kiaki;i 6= 1(i = 1; 2; ; n � 1)then the modi�ed Ja
obi iterative matrix TSmax 
an be de�ned byTSmax =M�1SmaxNSmax = (I �D)�1(L+E + U � Smax + F + SmaxU)as (I �D)�1 exists.



184 Z. Lorkojori, N. Mikaeilvand = IJIM Vol. 2, No. 3 (2010) 181-187Lemma 3.1. Let A = I�L�U be a nonsingular M-matrix. Assume that 0 � ai;kiaki;i <1; 1 � i � n� 1, then ASmax =MSmax �NSmax is regular and Ja
obi 
onvergent.Proof: The elements of ASmax are ami;j = ai;j � ai;kiaki;j. We observe that when0 � ai;kiaki;i < 1; 1 � i � n � 1, the diagonal elements of ASmax are positive and M�1Smaxexists. It is known that (see [1℄) an L-matrix A is a nonsingular M-matrix if and onlyif there exists a positive ve
tor y su
h that Ay > 0. By taking su
h y, the fa
t thatI + Smax � 0 implies ASmaxy = (I + Smax)Ay > 0.Consequently, the L-matrix ASmax is a nonsingular M-matrix, whi
h means A�1Smax � 0.Sin
e 0 � ai;kiaki;i < 1, we have (I �D)�1 � I, the following inequality holds:M�1Smax = (I �D)�1 � 0sin
e U � Smax � 0 
learly NSmax � 0 holds. Therefore, ASmax = MSmax � NSmax is aregular and Ja
obi 
onvergent splitting by de�nition (2.3) and lemma (2.2).3.1 On The Pre
onditioner Rmax = I + Smax +RmaxTheorem 3.1. Let A be a nonsingular M-matrix and let that 0 � ai;kiaki;i < 1; 1 � i �n � 1 and 0 � ai;kjakj ;n < 1; kj = 1; � � � ; n � 1; then Amax = Mmax � Nmax is a regularand Ja
obi 
onvergent splitting.Proof: We observe that when 0 � ai;kiaki;i < 1; 1 � i � n � 1 and 0 � an;kjakj ;n <1; kj = 1; � � � ; n�1 the diagonal elements of Amax are positive andM�1max exists. Similar tothe proof of lemma (3.1), we 
an show that Amax = (I + Smax +Rmax)A is a nonsingularM-matrix when A is a nonsingular M-matrix.Thus A�1max � 0. When 0 � ai;kiaki;i < 1; 1 � i � n � 1 and 0 � an;kjakj ;n < 1; kj =1; � � � ; n� 1, we have D + �D < I so (I �D � �D) � 0 the following relation holds:M�1max = (I�D� �D)�1 = (I�(D+ �D))�1 = fI+(D+ �D)+(D+ �D)2+� � �+(D+ �D)n�1g � 0Sin
e L � Rmax � 0 and U � Smax � 0, 
learly Nmax = L�Rmax +E + �E +U �Smax +F + SmaxU � 0. Then Amax =Mmax �Nmax is a regular and Ja
obi 
onvergent splittingby de�nition (2.3) and lemma (2.2).Theorem 3.2. Let A be a nonsingular M-matrix. Then under the assumptions of theorem(3.1), the following relation holds,�(Tmax) � �(T ) < 1:Proof: The iteration matrix of the 
lassi
al Ja
obi method for A is T = (L + U).Sin
e A is a nonsingular M-matrix, the 
lassi
al Ja
obi splitting A = I� (L+U) is 
learlyregular and 
onvergent. From theorem (3.1), Amax = PmaxA =Mmax �Nmax is a Ja
obi
onvergent splitting. To 
ompare �(Tmax) with �(T ) , we 
onsider the following splittingof A : Amax = PmaxA = (I + Smax +Rmax)A =Mmax �Nmaxand hen
e, A = (I + Smax +Rmax)�1Mmax � (I + Smax +Rmax)�1Nmax:



Z. Lorkojori, N. Mikaeilvand = IJIM Vol. 2, No. 3 (2010) 181-187 185If we take M1 = (I + Smax + Rmax)�1Mmax and N1 = (I + Smax + Rmax)�1Nmax, then�(M�11 N1) < 1 sin
e M�1maxNmax =M�11 N1. Also, note thatM�11 =M�1max(I+Smax+Rmax) = (I�D� �D)�1(I+Smax+Rmax) � (I�D� �D)�1 � I�1:If follows from lemma (2.3) that �(M�11 N1) < �(M�1N) < 1. Hen
e �(M�1maxNmax) <�(M�1N) < 1, i.e., �(Tmax) � �(T ) < 1.3.2 On The Pre
onditioner RR = I + Smax +RTheorem 3.3. Let A be a nonsingular M-matrix and let that 0 � ai;kiaki;i < 1; 1 � i �n� 1 and 0 �Pn�1k=1 an;kak;n < 1; then AR = MR �NR is regular and Ja
obi 
onvergentsplitting.Proof: The proof is same as the proof of theorem (3.1).Similar to the proof theorem (3.2), we 
an 
ompare �(T ) with �(TR). The following isa 
omparison result and we will state it without proof.Theorem 3.4. Let A be a nonsingular M-matrix. Then under the assumptions of theorem3:3, the following relation holds, �(TR) � �(T ) < 1:4 ExamplesIn this se
tion, we test the following matrix,A = 0BB� 1:00 0:00 �0:20 �0:60�0:10 1:00 �0:10 �0:50�0:30 �0:10 1:00 �0:10�0:40 �0:30 �0:10 1:00 1CCABy using pre
onditioners I + Smax + Rmax and I + Smax + R , we have the followingmatri
es : Amax = 0BB� 0:76 �0:18 �0:26 0:00�0:30 0:85 �0:15 0:00�0:34 �0:13 0:99 0:000:00 �0:30 �0:18 0:76 1CCAand AR = 0BB� 0:76 �0:18 �0:26 0:00�0:30 0:85 �0:15 0:00�0:34 �0:13 0:99 0:00�0:06 �0:01 �0:11 0:60 1CCABy 
omputation, we have�(M�1N) = 0:736125 > �(M�1maxNmax) = 0:530363and �(M�1N) = 0:736125 > �(M�1R NR) = 0:53029:



186 Z. Lorkojori, N. Mikaeilvand = IJIM Vol. 2, No. 3 (2010) 181-187Next, we test the following matrix:
A =

0BBBBBBBBBBBBBB�
1:0 �0:1 0:0 �0:1 0:0 �0:1 0:0 �0:2 �0:4 0:0�0:1 1:0 �0:1 �0:3 �0:1 0:0 0:0 �0:1 �0:1 0:0�0:2 �0:1 1:0 �0:1 0:0 �0:1 0:0 0:0 �0:3 �0:1�0:1 �0:1 0:0 1:0 0:0 �0:1 �0:4 0:0 �0:1 0:00:0 �0:1 0:0 �0:1 1:0 �0:4 �0:2 0:0 �0:1 �0:1�0:2 0:0 �0:1 0:0 0:0 1:0 0:0 �0:4 �0:1 �0:10:0 �0:1 �0:2 �0:1 0:0 �0:1 1:0 0:0 �0:3 �0:1�0:2 �0:1 �0:2 0:0 0:0 �0:1 0:0 1:0 �0:3 0:00:0 �0:1 �0:1 0:0 �0:2 0:0 �0:1 �0:2 1:0 �0:1�0:1 0:0 0:0 �0:1 0:0 �0:1 �0:3 0:0 �0:1 1:0

1CCCCCCCCCCCCCCAWe have�(T ) = 0:856049; �(Tmax) = 0:774723 and �(TR) = 0:774471. Clearly, �(Tmax) < �(T )and �(TR) < �(T ) holds.5 Con
lusionIn 1991, A. D. Gunawardena et al. proposed the modi�ed Gauss-Siedel (MGS) methodfor solving the linear system with the pre
onditioned P = I + S [A. D. Gunawardena,S. K. Jain, L. Snider, Modi�ed Iterative Method For Consistent Linear System, LinearAlgebra Appl. 154-156 (1991)123-143℄. Based on their work, in 2009 B. Zheng et al.[19℄proposed two modi�ed Gauss-Seidel (MGS) methods for linear system with M-matri
es.In this paper, we used the pre
onditioners introdu
ed by B. Zheng et al . for modi�edJa
obi method. Also, the 
omparison theorems and numeri
al examples were shown thatthe proposed methods are superior to the 
lassi
al Ja
obi method.Referen
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