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Numerial Method for Non-linear Fuzzy VolterraIntegral Equations of the Seond KindP . Salehi �, M . NejatiyanDepartment of mathematis, Siene and Researh Branh, Islami Azad University,Hesarak, Poonak, Tehran 14778, IranReeived 17 January 2011; revised 22 July 2011 ; aepted 6 August 2011.|||||||||||||||||||||||||||||||-AbstratIn this artile a suessive approximations method is used to solve nonlinear fuzzy Volterraintegral equations along with representing its error. Then using quadrature rules weapproximate the present integrals in the sequene of suessive approximations and weobtain the numerial solution we have tended to.Keywords : Fuzzy number; Fuzzy integral equation; Quadrature rules; numerial method||||||||||||||||||||||||||||||||{1 IntrodutionIn [4, 7, 8℄ Henstok integral is de�ned and its properties are investigated, and quadra-ture rules for this integral are introdued in [2℄. Also in [2, 3℄, suessive approximationsmethod whih an be obtained by Banah �xed point, is used to present a numerialmethod to solve nonlinear fuzzy Fredholm integral equations. In this artile after intro-duing Henstok integral for fuzzy-number-valued funtions and its quadrature rules, therepresented theorems in the existene and uniqueness of the solution of the nonlinear fuzzyVolterra integral equations that has this formx(t) = g(t) + (FH)Z ta k(t; s)f(s; x(s))ds ; t 2 [a; b℄and then, we introdue suessive approximations method for that. Later the error of themethod is obtained and �nally using the mentioned quadrature rules a numerial methodis presented to solve this kind of equations.�Corresponding author. Email address: parhamsalehi�roketmail.om169



170 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-1792 PreliminariesDe�nition 2.1. , [6℄. A fuzzy number is a funtion u : < �! [0; 1℄ having the properties:(i) u is normal, that is 9x0 2 < with u(x0) = 1;(ii) u is fuzzy onvex set (that is u(�x+(1��)y) � min fu(x); u(y)g 8x; y 2 < � 2 [0; 1℄);(iii) u is upper semi-ontinuous on <;(iv) the support fx 2 < : u(x) > 0g is a ompat set.The set of all fuzzy real numbers is denoted by "1. For 0 < � � 1, let us de�ne[u℄� = fx 2 < : u(x) � �g and [u℄0 = fx 2 < : u(x) > 0g: Also, we de�ne u�� = inf [u℄�and u�+ = sup [u℄�.For u; v 2 "1 and � 2 <, we have the sum u + v and the produt �u de�ned by[u+v℄� = [u℄�+[v℄�; [�u℄� = �[u℄� 8� 2 [0; 1℄, where [u℄�+[v℄� means the usual additionof two intervals (as subsets of < ), and �[u℄� means the usual produt between a salerand a subset of <. We denote by P the sum of real numbers and also the sum of fuzzynumbers with respet to + (if the terms are fuzzy numbers).Also, we use the Hausdor� distane between fuzzy numbers given by d1 : "1 � "1 �!<+Sf0g. as in [5℄d1(u; v) = sup�2[0;1℄fdH([u℄�; [v℄�)g = sup�2[0;1℄ maxfju�� � v��j; ju�+ � v�+jgwhere [u℄� = [u��; u�+℄; [v℄� = [v��; v�+℄ � < and dH is the Hausdor� distane. We de�nejj:jjF = d1(:; ~o).Then we have the following theorem and it is known.Theorem 2.1. , [1℄.(i) jj:jjF has the properties of a usual norm on "1 i.e jjujjF = o i� u = ~o,jj�ujjF = j�jjjujjF , and jju+ vjjF � jjujjF + jjvjjF .(ii) j jjujjF � jjvjjF j � d1(u; v) and d1(u; v) � jjujjF + jjvjjF for any u; v 2 "1.The following theorem will be very helpful in what follows:Theorem 2.2. , [8℄.(i) ("1; d1) is a omplete metri spae.(ii) d1(u+ v; v + w) = d1(u;w) 8u; v; w 2 "1(iii) d1(�u; �v) = j�jd1(u; v) 8u; v 2 "1; 8� 2 <



P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179 171(iv) d1(u+ v; w + e) � d1(u;w) + d1(v; e) 8u; v; w; e 2 "1In [8℄ Congxin Wu and Zengtai Gong introdued the onept of the Henstok integralfor a fuzzy-number-valued funtion.Let f : [a; b℄ �! "1. For �n : a = x0 < x1 < ::: < xn = b a partition of the interval [a; b℄;let us onsider the intermadiate points �i 2 [xi�1; xi℄; i = 1; :::; n , and Æ : [a; b℄ �! <+.The division P = f([xi�1; xi℄; �i); i = 1; :::; ng denoted shortly by P = (�n; �) is said to beÆ � fine if: [xi�1; xi℄ � (�i � Æ(�i); �i + Æ(�i)):The funtion f is alled Henstok integrable to I 2 "1 if for every � > 0 there is afuntion Æ : [a; b℄ �! <+ suh that for any Æ � fine division P we have:d1(�ni=1(xi � xi�1)f(�i); I) < �:Then I is alled the Henstok integral of f and it is denoted by:(FH)Z ba f(t)dt:If the above Æ : [a; b℄ �! <+ is onstant funtion, then one reaptures the onept ofRiemann integral introdued by Goesthel and Voxman [6℄. In this ase I 2 "1 will bealled the Riemann integral of f on [a; b℄ and will be denoted by:(FR)Z ba f(t)dt:Theorem 2.3. , [8℄.(i) If f and g are Henstok integrable mapping and if d1(f(t); g(t)) is Lebesgue integrable,then: d1( (FH)Z ba f(t)dt ; (FH)Z ba g(t)dt ) � (L)Z ba d1(f(t); g(t))dt:(ii) Let f : [a; b℄ �! "1 be a Henstok integrable bounded mapping. Then for any �xedu 2 [a; b℄, the funtion 'u : [a; b℄ �! < de�ned by 'u(t) = d1(f(u); f(t)) is Lebesgueintegrable on [a; b℄.De�nition 2.2. , [5℄. Let f : [a; b℄ ! "1 be a bounded mapping. Then the funtion![a;b℄(f; :) : <+ [ fog ! <+![a;b℄(f; Æ) = supf d1(f(x); f(y)); x; y 2 [a; b℄; jx � yj � Ægis alled the modulus of osillation of f on [a; b℄. If f is ontinuous on [a; b℄, then ![a;b℄(f; Æ)is alled uniform modulus of ontinuity of f .Some properties of the modulus of osillation are presented below:



172 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179Theorem 2.4. , [5℄. The following properties hold:(i) d1(f(x); f(y)) � ![a;b℄(f; jx� yj) for any x; y 2 [a; b℄ ;(ii) ![a;b℄(f; Æ) is inreasing funtion on Æ ;(iii) ![a;b℄(f; 0) = 0;(iv) ![a;b℄(f; Æ1 + Æ2) � ![a;b℄(f; Æ1) + ![a;b℄(f; Æ2) for any Æ1; Æ2 � 0;(v) ![a;b℄(f; nÆ) � n![a;b℄(f; Æ) for any Æ � 0 and n 2 N;(vi) ![a;b℄(f; �Æ) � (�+ 1)![a;b℄(f; Æ) for any Æ; � � 0;(vii) If [; d℄ � [a; b℄ then ![;d℄(f; Æ) � ![a;b℄(f; Æ):De�nition 2.3. , [2℄. For L � 0, a funtion f : [a; b℄! "1 is L-Lipshitz ifd1(f(x); f(y)) � Ljx� yjfor any x; y 2 [a; b℄.3 Quadrature rules for the Henstok integralHere we present the quadrature rules obtained in [2℄, whih ontain as partiular asesthe trapezoidal, middle point and three point rules.Theorem 3.1. , [2℄. Let f : [a; b℄ ! "1 be a bounded and Henstok integrable funtion.Then for any partition � : a = t0 < t1 < ::: < tn = b and �i 2 [ti�1; ti℄ we have:d1( (FH) R ba f(t)dt ; Pni=1(ti � ti�1)f(�i) ) �Pni=1(ti � ti�1)![ti�1;ti℄(f; ti � ti�1) �(b� a)![a;b℄(f; �(�)):where �(�) = maxi=1;:::;nfti � ti�1g is the norm of the partition �.Partiular eletion of the points �i leads to the following result:Corollary 3.1. , [2℄. Let f : [a; b℄ ! "1 be a bounded and Henstok integrable funtion.Then: d1( (FH)Z ba f(t)dt ; b� a2 (f(a) + f(b)) ) � b� a2 ![a;b℄(f; b� a2 ):For Lipshitzian funtions the following result holds:



P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179 173Theorem 3.2. , [2℄ . Let f : [a; b℄! "1 be a L-Lipshitz funtion. Then for any partition� : a = t0 < t1 < ::: < tn = b and �i 2 [ti�1; ti℄; i = 1; :::; n we have:d1( (FH)Z ba f(t)dt ; nXi=1(ti�ti�1)f(�i)) � L2 nXi=1 [(ti��i)2+(�i�ti�1)2℄ � L2 nXi=1(ti�ti�1)2:Partiular eletion of the points �i leads to the following result:Corollary 3.2. , [3℄. Let f : [a; b℄! "1 be a L-Lipshitz funtion. Then we have:d1( (FH)Z ba f(t)dt ; b� a2 (f(a) + f(b)) ) � L(b� a)24 :Finally, we generalize the quadrature formula from the last orollary for a partition� : a = t0 < t1 < ::: < tn = b. Aording to [8℄, the Henstok integral has the property(FH)Z ba f(t)dt = n�1Xi=0(FH)Z ti+1ti f(t)dtand onsequently,d1( (FH)Z ti+1ti f(t)dt ; (ti+1 � ti)2 (f(ti) + f(ti+1) ) � L(ti+1 � ti)24 :where ti; i = 0; n realize a uniform partition of the interval [a; b℄, and L is the Lipshitzonstant of f . Then, ti+1 � ti = b�an and ti = a+ i b�an ;8i = 0; n: Using the properties ofthe distane between fuzzy numbers presented in Theorem 2.2 and the above inequalitywe obtain the generalization of the trapezoidal inequality for Lipshitzian fuzzy-number-valued funtions:d1( (FH)Z ba f(t)dt ; n�1Xi=0 (ti+1 � ti)2 (f(ti) + f(ti+1)) ) � L(b� a)24n :4 numerial methodIn this setion, we onsider the nonlinear fuzzy Volterra integral equationx(t) = g(t) + (FH)Z ta k(t; s)f(s; x(s))ds ; t 2 [a; b℄suh that the funtions g : [a; b℄! "1 and f : [a; b℄� "1 ! "1are ontinuous. The following theorems state the existene and uniqueness of the solutionof above equation.



174 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179Theorem 4.1. Consider the nonlinear fuzzy Volterra integral equation:x(t) = Tx = g(t) + (FH)Z ta k(t; s)f(s; x(s))ds ; t 2 [a; b℄assume that:(i) g : [a; b℄ �! "1 satis�es the following onditions:(1) g 2 C[a; b℄(2) 9g ; 8t 2 [a; b℄ jjg(t)jjF � g(ii) f : [a; b℄� "1 �! "1 satis�es the following onditions:(1) f 2 C([a; b℄� "1)(2) 91; 2 > 0 ; 8u 2 "1 jjf(s; u)jjF � 1jjujjF + 2(iii) k : [a; b℄� [a; b℄ �! < satis�es the following onditions:(1) 8t; s 2 [a; b℄ k(t; s) � 0 ; 8t � t0 k(t; s) � k(t0; s)(2) supa�t�b R ta k(t; s)ds < 11(3) the funtion t 7! R ta k(t; s)ds is ontinuous on [a; b℄(4) 8t0 2 [a; b℄ s 7! k(t0; s) 2 L1[a; b℄then integral equation has a solution x 2 C[a; b℄.Theorem 4.2. Assume that the funtion f(.,.) given by the previous theorem, satis�esthe following ondition:8u; v 2 "1 d1( f(s; u); f(s; v) ) � L(d1(u; v))rfor some onstants L > 0 and 0 < r � 1:Then, under the onditions of the previous theorem, integral equation has a unique on-tinuous solution on [a; b℄:Now, we apply the methods developed in the previous setion to give numerial solu-tions for the integral equations.Theorem 4.3. Under the hypotheses of the above theorems, if L(b � a)MK < 1, whereMK = supa<t;s<b k(t; s), then the iterative proedurex0(t) = g(t);xm(t) = g(t) + (FH)Z ta k(t; s)f(s; xm�1(s))ds



P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179 175onverges to the unique solution x� of the integral equation and the error estimation isd�1(x�; xm) � (L(b� a)MK)m1� L(b� a)MK (b� a)MK(1g + 2)where d�1(f; g) = supa�t�b d1(f(t); g(t)) denotes the uniform distane between fuzzy-number-valued funtions.proof: Using the �rst part of the Theorem 2.2 for m 2 N we haved�1(x�; xm) � d�1(x�; xm+1) + d�1(xm+1; xm)moreover d�1(x�; xm+1) = d�1(T (x�); T (xm)) � L(b� a)MKd�1(x�; xm)and d�1(xm+1; xm) = d�1(T (xm); T (xm�1))� L(b� a)MKd�1(xm; xm�1)� (L(b� a)MK)2d�1(xm�1; xm�2)...� (L(b� a)MK)md�1(x1; x0)so d�1(x�; xm) � (L(b� a)MK)m1� L(b� a)MK d�1(x1; x0)�nally d�1(x1; x0) = supa<t<b d1(x1(t); x0(t))= supa<t<b d1( x0(t) + (FH) R ta k(t; s)f(s; x0(s)) ds ; x0(t) )= supa<t<b d1( (FH) R ta k(t; s)f(s; x0(s)) ds ; ~0 )� supa<t<b(L) R ta d1( k(t; s)f(s; x0(s)) ; ~0 ) ds= supa<t<b(L) R ta k(t; s)d1( f(s; x0(s)) ; ~0 ) ds= supa<t<b(L) R ta k(t; s)jjf(s; g(s))jjF ds� (b� a)MK(1g + 2)In this way we obtain the inequality of the error estimation. �The above theorem states that the sequene of suessive approximations (xm)m2N, on-verges to the solution x� of integral equation. To approximate this solution by the termsof the sequene of suessive approximations, the integrals must be omputed. In this



176 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179aim, we use the quadrature formula obtained in previous setion.Consider the uniform partition of the interval [a; b℄:� = fa = t0 < t1 < ::: < tn = bgwith ti = a + i (b�a)n ; 8i = 0; n. Then, on the knots of the partition �, the suessiveapproximations are: x0(ti) = g(ti);xm(ti) = g(ti) + (FH)Z tia k(ti; s)f(s; xm�1(s))ds:Computing the integrals, we apply the quadrature formula in the Corollary 3.2 and obtainthe following algorithm. y0(ti) = g(ti);y1(ti) = g(ti) + i�1Xj=0 (b� a)2n [k(ti; tj)f(tj ; g(tj)) + k(ti; tj+1)f(tj+1; g(tj+1))℄;y2(ti) = g(ti) + i�1Xj=0 (b� a)2n [k(ti; tj)f(tj ; y1(tj)) + k(ti; tj+1)f(tj+1; y1(tj+1))℄and by indution, we haveym(ti) = g(ti) + i�1Xj=0 (b� a)2n [k(ti; tj)f(tj; ym�1(tj)) + k(ti; tj+1)f(tj+1; ym�1(tj+1))℄for m � 3; m 2 N; and 8i = 0; n:Example 4.1. Consider the triangular fuzzy number A = (0; 1; 2) having the level sets[A℄� = [�; 2��℄ ; � 2 [0; 1℄ and the funtions g : [0; 1℄! "1 , K : [0; 1℄� [0; 1℄! < givenby g(t) = A = (0; 1; 2) , k(t; s) = 1p1+t+s for all t; s 2 [0; 1℄:The funtion artan : < ! < is ontinuous and stritly inreasing, so for all u 2 "1 wehave artan(u) 2 "1 and we an de�ne[artan(u)℄� = [artan(u��); artan(u�+)℄ ; � 2 [0; 1℄The following integral equation is made using the above funtions.x(t) = A+ (FH)Z t0 1p1 + t+ sartan(x(s)) ds ; t 2 [0; 1℄First, we partition the interval [0; 1℄ by ti = i15 ; i = 0; 1; :::; 5 and ontinue the algorithmto m = 10 to make the following sequene of suessive approximations in the ti points.y0(ti) = A;ym(ti) = A+ i�1Xj=0 110 ( 1p1 + ti + tj artan(ym�1(tj))+ 1p1 + ti + tj+1artan(ym�1(tj+1)) )



P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179 177Using parametri representation of fuzzy numbers this sequene is onverted to the twofollowing sequenes, (y0(ti))�k� = �k ;(ym(ti))�k� = �k + i�1Xj=0 110 ( artan( (ym�1(tj))�k� )p1 + ti + tj + artan( (ym�1(tj+1))�k� )p1 + ti + tj+1 )and (y0(ti))�k+ = 2� �k ;(ym(ti))�k+ = 2� �k + i�1Xj=0 110 ( artan( (ym�1(tj))�k+ )p1 + ti + tj + artan( (ym�1(tj+1))�k+ )p1 + ti + tj+1 )for �k = k10 ; k = 0; 1; :::; 10 and m = 1; 2; :::; 10:Table 1, shows the values of (y10(ti))�k� for the membership degrees of �k = k10 ; k =0; 1; :::; 10:Table 1 t = 0 t = 0:2 t = 0:4 t = 0:6 t = 0:8 t = 1�0 0 0 0 0 0 00.1 0.1000 0.1175 0.1343 0.1507 0.1672 0.18380.2 0.2000 0.2347 0.2677 0.2999 0.3319 0.36390.3 0.3000 0.3512 0.3996 0.4463 0.4923 0.53780.4 0.4000 0.4669 0.5293 0.5891 0.6472 0.70420.5 0.5000 0.5815 0.6567 0.7280 0.7964 0.86280.6 0.6000 0.6950 0.7817 0.8629 0.9401 1.01410.7 0.7000 0.8074 0.9042 0.9940 1.0786 1.15900.8 0.8000 0.9186 1.0245 1.1217 1.2125 1.29840.9 0.9000 1.0288 1.1427 1.2464 1.3425 1.43291.0 1.0000 1.1381 1.2590 1.3683 1.4691 1.5633Table 2, shows the values of (y10(ti))�k+ for the membership degrees of �k = k10 ; k =0; 1; :::; 10:



178 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179Table 2 t = 0 t = 0:2 t = 0:4 t = 0:6 t = 0:8 t = 1�0 2.0000 2.1946 2.3567 2.4976 2.6237 2.73850.1 1.9000 2.0910 2.2504 2.3894 2.5139 2.62750.2 1.8000 1.9870 2.1436 2.2805 2.4033 2.51550.3 1.7000 1.8827 2.0362 2.1707 2.2917 2.40240.4 1.6000 1.7779 1.9281 2.0601 2.1790 2.28800.5 1.5000 1.6728 1.8193 1.9484 2.0651 2.17230.6 1.4000 1.5671 1.7095 1.8355 1.9497 2.05490.7 1.3000 1.4609 1.5988 1.7213 1.8327 1.93560.8 1.2000 1.3540 1.4869 1.6055 1.7138 1.81420.9 1.1000 1.2464 1.3737 1.4879 1.5927 1.69021.0 1.0000 1.1381 1.2590 1.3683 1.4691 1.5633If we plot (ti; (y10(ti))�k� ); (ti; (y10(ti))�k+ ) points, the following �gurate will be resulted thatshows the approximate solution for the integral equation is a fuzzy number.
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Fig. 1. A fuzzy number (numerial solution of fuzzy integral equation.)5 ConlusionThe aim of this artile has been to present a numerial method for solving nonlinearfuzzy Volterra integral equations. The method approximates the solution for equation inuniform partition points of the interval [a; b℄. Also, theorems have been presented in theexistene and uniqueness of the solution of the Volterra integral equations that have beenproved before and have been presented later. The error of this method has been proved,whih an be used to show the onvergene of the method. A method similar to this



P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179 179method was previously used by B. Bede and A. M. Bia for Fredholm equations, but ourhypothesis for using the method in Volterra equations is di�erent and a little more here.Referenes[1℄ G. A. Anastassiou, S. G. Gal, On a fuzzy trigonometri approximation theorem ofWeierstrass-type, J Fuzzy Math. 9 (3) (2001)701-708.[2℄ B. Bede, S. G. Gal, Quadrature rules for integrals of fuzzy-number-valued funtions,Fuzzy Sets Syst. 145 (2004) 359-380.[3℄ A. M. Bia, Error estimation in the approximation of the solution of nonlinear fuzzyFredholm integral equations, Inform. Si. 178 (2008) 1279-1292.[4℄ Y. Feng, Fuzzy-valued mapping with �nite variation, fuzzy-valued measures and fuzzyvalued Lebegue-Stieltjes integrals, Fuzzy Sets and Systems, 121 (2001) 227-236.[5℄ S. G. Gal, Approximation theory in fuzzy setting, in: G. A. Anastassiou (Ed.), Hand-book of Analyti-Computational Methods in applied Mathematis, Chapman & Hall,CRC Press, Boa Raton, London, New York, Washington DC, (2000) (Chapter 13).[6℄ R. Goetshel, W. Voxman, Elementary fuzzy alulus, Fuzzy Sets and Systems 18(1986) 31-43.[7℄ C. Wu, Z. Bokan, Embedding problem of nonompat fuzzy number spae E, FuzzySets and Ststems, 105 (1999) 165-169.[8℄ C. Wu, Z. Gong, On Henstok integral of fuzzy-number-valueed funtions, Fuzzy Setsand Systems 120 (2001) 523-532.


