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tIn this arti
le a su

essive approximations method is used to solve nonlinear fuzzy Volterraintegral equations along with representing its error. Then using quadrature rules weapproximate the present integrals in the sequen
e of su

essive approximations and weobtain the numeri
al solution we have tended to.Keywords : Fuzzy number; Fuzzy integral equation; Quadrature rules; numeri
al method||||||||||||||||||||||||||||||||{1 Introdu
tionIn [4, 7, 8℄ Hensto
k integral is de�ned and its properties are investigated, and quadra-ture rules for this integral are introdu
ed in [2℄. Also in [2, 3℄, su

essive approximationsmethod whi
h 
an be obtained by Bana
h �xed point, is used to present a numeri
almethod to solve nonlinear fuzzy Fredholm integral equations. In this arti
le after intro-du
ing Hensto
k integral for fuzzy-number-valued fun
tions and its quadrature rules, therepresented theorems in the existen
e and uniqueness of the solution of the nonlinear fuzzyVolterra integral equations that has this formx(t) = g(t) + (FH)Z ta k(t; s)f(s; x(s))ds ; t 2 [a; b℄and then, we introdu
e su

essive approximations method for that. Later the error of themethod is obtained and �nally using the mentioned quadrature rules a numeri
al methodis presented to solve this kind of equations.�Corresponding author. Email address: parhamsalehi�ro
ketmail.
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170 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-1792 PreliminariesDe�nition 2.1. , [6℄. A fuzzy number is a fun
tion u : < �! [0; 1℄ having the properties:(i) u is normal, that is 9x0 2 < with u(x0) = 1;(ii) u is fuzzy 
onvex set (that is u(�x+(1��)y) � min fu(x); u(y)g 8x; y 2 < � 2 [0; 1℄);(iii) u is upper semi-
ontinuous on <;(iv) the support fx 2 < : u(x) > 0g is a 
ompa
t set.The set of all fuzzy real numbers is denoted by "1. For 0 < � � 1, let us de�ne[u℄� = fx 2 < : u(x) � �g and [u℄0 = fx 2 < : u(x) > 0g: Also, we de�ne u�� = inf [u℄�and u�+ = sup [u℄�.For u; v 2 "1 and � 2 <, we have the sum u + v and the produ
t �u de�ned by[u+v℄� = [u℄�+[v℄�; [�u℄� = �[u℄� 8� 2 [0; 1℄, where [u℄�+[v℄� means the usual additionof two intervals (as subsets of < ), and �[u℄� means the usual produ
t between a s
alerand a subset of <. We denote by P the sum of real numbers and also the sum of fuzzynumbers with respe
t to + (if the terms are fuzzy numbers).Also, we use the Hausdor� distan
e between fuzzy numbers given by d1 : "1 � "1 �!<+Sf0g. as in [5℄d1(u; v) = sup�2[0;1℄fdH([u℄�; [v℄�)g = sup�2[0;1℄ maxfju�� � v��j; ju�+ � v�+jgwhere [u℄� = [u��; u�+℄; [v℄� = [v��; v�+℄ � < and dH is the Hausdor� distan
e. We de�nejj:jjF = d1(:; ~o).Then we have the following theorem and it is known.Theorem 2.1. , [1℄.(i) jj:jjF has the properties of a usual norm on "1 i.e jjujjF = o i� u = ~o,jj�ujjF = j�jjjujjF , and jju+ vjjF � jjujjF + jjvjjF .(ii) j jjujjF � jjvjjF j � d1(u; v) and d1(u; v) � jjujjF + jjvjjF for any u; v 2 "1.The following theorem will be very helpful in what follows:Theorem 2.2. , [8℄.(i) ("1; d1) is a 
omplete metri
 spa
e.(ii) d1(u+ v; v + w) = d1(u;w) 8u; v; w 2 "1(iii) d1(�u; �v) = j�jd1(u; v) 8u; v 2 "1; 8� 2 <



P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179 171(iv) d1(u+ v; w + e) � d1(u;w) + d1(v; e) 8u; v; w; e 2 "1In [8℄ Congxin Wu and Zengtai Gong introdu
ed the 
on
ept of the Hensto
k integralfor a fuzzy-number-valued fun
tion.Let f : [a; b℄ �! "1. For �n : a = x0 < x1 < ::: < xn = b a partition of the interval [a; b℄;let us 
onsider the intermadiate points �i 2 [xi�1; xi℄; i = 1; :::; n , and Æ : [a; b℄ �! <+.The division P = f([xi�1; xi℄; �i); i = 1; :::; ng denoted shortly by P = (�n; �) is said to beÆ � fine if: [xi�1; xi℄ � (�i � Æ(�i); �i + Æ(�i)):The fun
tion f is 
alled Hensto
k integrable to I 2 "1 if for every � > 0 there is afun
tion Æ : [a; b℄ �! <+ su
h that for any Æ � fine division P we have:d1(�ni=1(xi � xi�1)f(�i); I) < �:Then I is 
alled the Hensto
k integral of f and it is denoted by:(FH)Z ba f(t)dt:If the above Æ : [a; b℄ �! <+ is 
onstant fun
tion, then one re
aptures the 
on
ept ofRiemann integral introdu
ed by Goest
hel and Voxman [6℄. In this 
ase I 2 "1 will be
alled the Riemann integral of f on [a; b℄ and will be denoted by:(FR)Z ba f(t)dt:Theorem 2.3. , [8℄.(i) If f and g are Hensto
k integrable mapping and if d1(f(t); g(t)) is Lebesgue integrable,then: d1( (FH)Z ba f(t)dt ; (FH)Z ba g(t)dt ) � (L)Z ba d1(f(t); g(t))dt:(ii) Let f : [a; b℄ �! "1 be a Hensto
k integrable bounded mapping. Then for any �xedu 2 [a; b℄, the fun
tion 'u : [a; b℄ �! < de�ned by 'u(t) = d1(f(u); f(t)) is Lebesgueintegrable on [a; b℄.De�nition 2.2. , [5℄. Let f : [a; b℄ ! "1 be a bounded mapping. Then the fun
tion![a;b℄(f; :) : <+ [ fog ! <+![a;b℄(f; Æ) = supf d1(f(x); f(y)); x; y 2 [a; b℄; jx � yj � Ægis 
alled the modulus of os
illation of f on [a; b℄. If f is 
ontinuous on [a; b℄, then ![a;b℄(f; Æ)is 
alled uniform modulus of 
ontinuity of f .Some properties of the modulus of os
illation are presented below:



172 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179Theorem 2.4. , [5℄. The following properties hold:(i) d1(f(x); f(y)) � ![a;b℄(f; jx� yj) for any x; y 2 [a; b℄ ;(ii) ![a;b℄(f; Æ) is in
reasing fun
tion on Æ ;(iii) ![a;b℄(f; 0) = 0;(iv) ![a;b℄(f; Æ1 + Æ2) � ![a;b℄(f; Æ1) + ![a;b℄(f; Æ2) for any Æ1; Æ2 � 0;(v) ![a;b℄(f; nÆ) � n![a;b℄(f; Æ) for any Æ � 0 and n 2 N;(vi) ![a;b℄(f; �Æ) � (�+ 1)![a;b℄(f; Æ) for any Æ; � � 0;(vii) If [
; d℄ � [a; b℄ then ![
;d℄(f; Æ) � ![a;b℄(f; Æ):De�nition 2.3. , [2℄. For L � 0, a fun
tion f : [a; b℄! "1 is L-Lips
hitz ifd1(f(x); f(y)) � Ljx� yjfor any x; y 2 [a; b℄.3 Quadrature rules for the Hensto
k integralHere we present the quadrature rules obtained in [2℄, whi
h 
ontain as parti
ular 
asesthe trapezoidal, middle point and three point rules.Theorem 3.1. , [2℄. Let f : [a; b℄ ! "1 be a bounded and Hensto
k integrable fun
tion.Then for any partition � : a = t0 < t1 < ::: < tn = b and �i 2 [ti�1; ti℄ we have:d1( (FH) R ba f(t)dt ; Pni=1(ti � ti�1)f(�i) ) �Pni=1(ti � ti�1)![ti�1;ti℄(f; ti � ti�1) �(b� a)![a;b℄(f; �(�)):where �(�) = maxi=1;:::;nfti � ti�1g is the norm of the partition �.Parti
ular ele
tion of the points �i leads to the following result:Corollary 3.1. , [2℄. Let f : [a; b℄ ! "1 be a bounded and Hensto
k integrable fun
tion.Then: d1( (FH)Z ba f(t)dt ; b� a2 (f(a) + f(b)) ) � b� a2 ![a;b℄(f; b� a2 ):For Lips
hitzian fun
tions the following result holds:
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hitz fun
tion. Then for any partition� : a = t0 < t1 < ::: < tn = b and �i 2 [ti�1; ti℄; i = 1; :::; n we have:d1( (FH)Z ba f(t)dt ; nXi=1(ti�ti�1)f(�i)) � L2 nXi=1 [(ti��i)2+(�i�ti�1)2℄ � L2 nXi=1(ti�ti�1)2:Parti
ular ele
tion of the points �i leads to the following result:Corollary 3.2. , [3℄. Let f : [a; b℄! "1 be a L-Lips
hitz fun
tion. Then we have:d1( (FH)Z ba f(t)dt ; b� a2 (f(a) + f(b)) ) � L(b� a)24 :Finally, we generalize the quadrature formula from the last 
orollary for a partition� : a = t0 < t1 < ::: < tn = b. A

ording to [8℄, the Hensto
k integral has the property(FH)Z ba f(t)dt = n�1Xi=0(FH)Z ti+1ti f(t)dtand 
onsequently,d1( (FH)Z ti+1ti f(t)dt ; (ti+1 � ti)2 (f(ti) + f(ti+1) ) � L(ti+1 � ti)24 :where ti; i = 0; n realize a uniform partition of the interval [a; b℄, and L is the Lips
hitz
onstant of f . Then, ti+1 � ti = b�an and ti = a+ i b�an ;8i = 0; n: Using the properties ofthe distan
e between fuzzy numbers presented in Theorem 2.2 and the above inequalitywe obtain the generalization of the trapezoidal inequality for Lips
hitzian fuzzy-number-valued fun
tions:d1( (FH)Z ba f(t)dt ; n�1Xi=0 (ti+1 � ti)2 (f(ti) + f(ti+1)) ) � L(b� a)24n :4 numeri
al methodIn this se
tion, we 
onsider the nonlinear fuzzy Volterra integral equationx(t) = g(t) + (FH)Z ta k(t; s)f(s; x(s))ds ; t 2 [a; b℄su
h that the fun
tions g : [a; b℄! "1 and f : [a; b℄� "1 ! "1are 
ontinuous. The following theorems state the existen
e and uniqueness of the solutionof above equation.



174 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179Theorem 4.1. Consider the nonlinear fuzzy Volterra integral equation:x(t) = Tx = g(t) + (FH)Z ta k(t; s)f(s; x(s))ds ; t 2 [a; b℄assume that:(i) g : [a; b℄ �! "1 satis�es the following 
onditions:(1) g 2 C[a; b℄(2) 9
g ; 8t 2 [a; b℄ jjg(t)jjF � 
g(ii) f : [a; b℄� "1 �! "1 satis�es the following 
onditions:(1) f 2 C([a; b℄� "1)(2) 9
1; 
2 > 0 ; 8u 2 "1 jjf(s; u)jjF � 
1jjujjF + 
2(iii) k : [a; b℄� [a; b℄ �! < satis�es the following 
onditions:(1) 8t; s 2 [a; b℄ k(t; s) � 0 ; 8t � t0 k(t; s) � k(t0; s)(2) supa�t�b R ta k(t; s)ds < 1
1(3) the fun
tion t 7! R ta k(t; s)ds is 
ontinuous on [a; b℄(4) 8t0 2 [a; b℄ s 7! k(t0; s) 2 L1[a; b℄then integral equation has a solution x 2 C[a; b℄.Theorem 4.2. Assume that the fun
tion f(.,.) given by the previous theorem, satis�esthe following 
ondition:8u; v 2 "1 d1( f(s; u); f(s; v) ) � L(d1(u; v))rfor some 
onstants L > 0 and 0 < r � 1:Then, under the 
onditions of the previous theorem, integral equation has a unique 
on-tinuous solution on [a; b℄:Now, we apply the methods developed in the previous se
tion to give numeri
al solu-tions for the integral equations.Theorem 4.3. Under the hypotheses of the above theorems, if L(b � a)MK < 1, whereMK = supa<t;s<b k(t; s), then the iterative pro
edurex0(t) = g(t);xm(t) = g(t) + (FH)Z ta k(t; s)f(s; xm�1(s))ds
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onverges to the unique solution x� of the integral equation and the error estimation isd�1(x�; xm) � (L(b� a)MK)m1� L(b� a)MK (b� a)MK(
1
g + 
2)where d�1(f; g) = supa�t�b d1(f(t); g(t)) denotes the uniform distan
e between fuzzy-number-valued fun
tions.proof: Using the �rst part of the Theorem 2.2 for m 2 N we haved�1(x�; xm) � d�1(x�; xm+1) + d�1(xm+1; xm)moreover d�1(x�; xm+1) = d�1(T (x�); T (xm)) � L(b� a)MKd�1(x�; xm)and d�1(xm+1; xm) = d�1(T (xm); T (xm�1))� L(b� a)MKd�1(xm; xm�1)� (L(b� a)MK)2d�1(xm�1; xm�2)...� (L(b� a)MK)md�1(x1; x0)so d�1(x�; xm) � (L(b� a)MK)m1� L(b� a)MK d�1(x1; x0)�nally d�1(x1; x0) = supa<t<b d1(x1(t); x0(t))= supa<t<b d1( x0(t) + (FH) R ta k(t; s)f(s; x0(s)) ds ; x0(t) )= supa<t<b d1( (FH) R ta k(t; s)f(s; x0(s)) ds ; ~0 )� supa<t<b(L) R ta d1( k(t; s)f(s; x0(s)) ; ~0 ) ds= supa<t<b(L) R ta k(t; s)d1( f(s; x0(s)) ; ~0 ) ds= supa<t<b(L) R ta k(t; s)jjf(s; g(s))jjF ds� (b� a)MK(
1
g + 
2)In this way we obtain the inequality of the error estimation. �The above theorem states that the sequen
e of su

essive approximations (xm)m2N, 
on-verges to the solution x� of integral equation. To approximate this solution by the termsof the sequen
e of su

essive approximations, the integrals must be 
omputed. In this



176 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179aim, we use the quadrature formula obtained in previous se
tion.Consider the uniform partition of the interval [a; b℄:� = fa = t0 < t1 < ::: < tn = bgwith ti = a + i (b�a)n ; 8i = 0; n. Then, on the knots of the partition �, the su

essiveapproximations are: x0(ti) = g(ti);xm(ti) = g(ti) + (FH)Z tia k(ti; s)f(s; xm�1(s))ds:Computing the integrals, we apply the quadrature formula in the Corollary 3.2 and obtainthe following algorithm. y0(ti) = g(ti);y1(ti) = g(ti) + i�1Xj=0 (b� a)2n [k(ti; tj)f(tj ; g(tj)) + k(ti; tj+1)f(tj+1; g(tj+1))℄;y2(ti) = g(ti) + i�1Xj=0 (b� a)2n [k(ti; tj)f(tj ; y1(tj)) + k(ti; tj+1)f(tj+1; y1(tj+1))℄and by indu
tion, we haveym(ti) = g(ti) + i�1Xj=0 (b� a)2n [k(ti; tj)f(tj; ym�1(tj)) + k(ti; tj+1)f(tj+1; ym�1(tj+1))℄for m � 3; m 2 N; and 8i = 0; n:Example 4.1. Consider the triangular fuzzy number A = (0; 1; 2) having the level sets[A℄� = [�; 2��℄ ; � 2 [0; 1℄ and the fun
tions g : [0; 1℄! "1 , K : [0; 1℄� [0; 1℄! < givenby g(t) = A = (0; 1; 2) , k(t; s) = 1p1+t+s for all t; s 2 [0; 1℄:The fun
tion ar
tan : < ! < is 
ontinuous and stri
tly in
reasing, so for all u 2 "1 wehave ar
tan(u) 2 "1 and we 
an de�ne[ar
tan(u)℄� = [ar
tan(u��); ar
tan(u�+)℄ ; � 2 [0; 1℄The following integral equation is made using the above fun
tions.x(t) = A+ (FH)Z t0 1p1 + t+ sar
tan(x(s)) ds ; t 2 [0; 1℄First, we partition the interval [0; 1℄ by ti = i15 ; i = 0; 1; :::; 5 and 
ontinue the algorithmto m = 10 to make the following sequen
e of su

essive approximations in the ti points.y0(ti) = A;ym(ti) = A+ i�1Xj=0 110 ( 1p1 + ti + tj ar
tan(ym�1(tj))+ 1p1 + ti + tj+1ar
tan(ym�1(tj+1)) )
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 representation of fuzzy numbers this sequen
e is 
onverted to the twofollowing sequen
es, (y0(ti))�k� = �k ;(ym(ti))�k� = �k + i�1Xj=0 110 ( ar
tan( (ym�1(tj))�k� )p1 + ti + tj + ar
tan( (ym�1(tj+1))�k� )p1 + ti + tj+1 )and (y0(ti))�k+ = 2� �k ;(ym(ti))�k+ = 2� �k + i�1Xj=0 110 ( ar
tan( (ym�1(tj))�k+ )p1 + ti + tj + ar
tan( (ym�1(tj+1))�k+ )p1 + ti + tj+1 )for �k = k10 ; k = 0; 1; :::; 10 and m = 1; 2; :::; 10:Table 1, shows the values of (y10(ti))�k� for the membership degrees of �k = k10 ; k =0; 1; :::; 10:Table 1 t = 0 t = 0:2 t = 0:4 t = 0:6 t = 0:8 t = 1�0 0 0 0 0 0 00.1 0.1000 0.1175 0.1343 0.1507 0.1672 0.18380.2 0.2000 0.2347 0.2677 0.2999 0.3319 0.36390.3 0.3000 0.3512 0.3996 0.4463 0.4923 0.53780.4 0.4000 0.4669 0.5293 0.5891 0.6472 0.70420.5 0.5000 0.5815 0.6567 0.7280 0.7964 0.86280.6 0.6000 0.6950 0.7817 0.8629 0.9401 1.01410.7 0.7000 0.8074 0.9042 0.9940 1.0786 1.15900.8 0.8000 0.9186 1.0245 1.1217 1.2125 1.29840.9 0.9000 1.0288 1.1427 1.2464 1.3425 1.43291.0 1.0000 1.1381 1.2590 1.3683 1.4691 1.5633Table 2, shows the values of (y10(ti))�k+ for the membership degrees of �k = k10 ; k =0; 1; :::; 10:



178 P . Salehi, M . Nejatiyan = IJIM Vol. 3, No. 3 (2011) 169-179Table 2 t = 0 t = 0:2 t = 0:4 t = 0:6 t = 0:8 t = 1�0 2.0000 2.1946 2.3567 2.4976 2.6237 2.73850.1 1.9000 2.0910 2.2504 2.3894 2.5139 2.62750.2 1.8000 1.9870 2.1436 2.2805 2.4033 2.51550.3 1.7000 1.8827 2.0362 2.1707 2.2917 2.40240.4 1.6000 1.7779 1.9281 2.0601 2.1790 2.28800.5 1.5000 1.6728 1.8193 1.9484 2.0651 2.17230.6 1.4000 1.5671 1.7095 1.8355 1.9497 2.05490.7 1.3000 1.4609 1.5988 1.7213 1.8327 1.93560.8 1.2000 1.3540 1.4869 1.6055 1.7138 1.81420.9 1.1000 1.2464 1.3737 1.4879 1.5927 1.69021.0 1.0000 1.1381 1.2590 1.3683 1.4691 1.5633If we plot (ti; (y10(ti))�k� ); (ti; (y10(ti))�k+ ) points, the following �gurate will be resulted thatshows the approximate solution for the integral equation is a fuzzy number.
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Fig. 1. A fuzzy number (numeri
al solution of fuzzy integral equation.)5 Con
lusionThe aim of this arti
le has been to present a numeri
al method for solving nonlinearfuzzy Volterra integral equations. The method approximates the solution for equation inuniform partition points of the interval [a; b℄. Also, theorems have been presented in theexisten
e and uniqueness of the solution of the Volterra integral equations that have beenproved before and have been presented later. The error of this method has been proved,whi
h 
an be used to show the 
onvergen
e of the method. A method similar to this
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