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Linear optimization of fuzzy relation inequalities with
max-Lukasiewicz composition

E. Shivanian *

Abstract

In this paper, we study the finitely many constraints of fuzzy relation inequalities problem and opti-
mize the linear objective function on this region which is defined with fuzzy max-Lukasiewicz operator.
In fact Lukasiewicz t-norm is one of the four basic t-norms. A new simplification technique is given to
accelerate the resolution of the problem by removing the components having no effect on the solution
process. Also, an algorithm and one numerical example are offered to abbreviate and illustrate the
steps of the problem resolution process.
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1 Introduction

Uzzy relation equations (FRE), fuzzy rela-
F tion inequalities (FRI) and their connected
problems have been investigated by many re-
searchers in both theoretical and applied areas
[4, 5, 8, 11, 13, 18, 32, 33, 35, 42]. Sanchez [34]
started a development of the theory and applica-
tions of FRE treated as a formalized model for
non-precise concepts. Generally, FRE and FRI
has a number of properties that make it suitable
for formulizing the uncertain information upon
which many applied concepts are usually based.
The application of (FRE) and (FRI) can be seen
in many areas, for instance, fuzzy control, fuzzy
decision making, system analysis, fuzzy model-
ing, fuzzy arithmetic, fuzzy symptom, diagnosis,
and especially fuzzy medical diagnosis and so on
(see [1, 2,5, 7, 8,9, 23, 27, 30, 31, 32, 41, 44]).
An interesting extensively investigated kind
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of such these problems is the optimization of the
objective functions on the region whose feasible
solutions sets have been defined as FRE or FRI
constraints [3, 10, 14, 16, 18, 21, 22, 25, 26, 37,
38, 39, 40]. Fang and Li solved the linear opti-
mization problem with respect to the FRE con-
straints by considering the max-min composition
[10]. The max-min composition is commonly used
when a system requires conservative solutions in
sense that the goodness of one value can not com-
pensate the badness of another value [21]. Recent
results in the literature, however, show that the
min operator is not always the best choice for in-
tersection operation. Instead, the max-product
composition provided results better or equivalent
to the max-min composition in some application

[1].

The fundamental result for fuzzy relation
equations with max-product composition goes
back to Pedrycz [30]. Recent study in this re-
gard can be found in Bourk and Fisher [3]. They
extended the study of an inverse solution of a sys-
tem of fuzzy relation equations with max-product
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composition. They provided theoretical results
for determining the complete solution sets as well
as the conditions for the existence of resolutions.
Their results showed that such complete solution
sets can be characterized by one maximum solu-
tion and a number of minimal solutions. Further-
more, the monograph by Di Nola, Sessa, Pedrycz
and Sanchez [8] contains a thorough discussion of
this class of equations. Nonetheless, recent pub-
lished literatures show that max-L composition
in which L is Lukasiewicz t-norm is played im-
portant role in applications [6, 7, 24, 28, 29, 36].

In this paper, we consider the linear opti-
mization problem of the fuzzy relation inequali-
ties (FRI) with max-Lukasiewicz operator which,
we show max-L for simplicity [20]. This problem
can be formulated as following:

min ctx

s.t. AOL.%'Zdl
BOLZL‘ S d2
xz € [0,1]"

(1.1)

where A = (aij)mxn, aij € [0, 1], B = (bij)an,
bi; € [0,1], are fuzzy matrices, d' = (d})mx1 €
0,1]™,d?> = (d?)i1x1 € [0,1]' are fuzzy vectors
and,x = (j)nx1 € [0,1]" is unknown fuzzy vec-
tor and, ¢ = (c¢j),,1 € R"is vector of cost coeffi-
cients, and “o;” denotes the fuzzy max-L opera-
tor. Problem (1.1) can be rewritten as following
problem:

min 'z
s.t. aiopx>dy, icI'={1,2,..,m},
biopx<d? icI?*={1,2,..1},
0<z;<1, jeJ={12,..,n},
(1.2)
where q; and b; are 7’th row of the matrices A and

B, respectively and the constraints are expressed
by the max-L operator definition as:

viel:

a;op T = ma;c{max(aij +x;—1,0)} > d}
j€

Viel”:

b or, © = max{max(a;; +z; — 1,0)} < d7,

JjeJ
(1.3)
In Section 2, the feasible solutions set of the

problem (1.2) and its properties are studied also,
necessary and sufficient conditions are given to
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realize the feasibility of the problem (1.2). In
Section 2, some simplification operations are pre-
sented to accelerate the resolution process. Also,
in Section 4 an algorithm is introduced to solve
the problem and one example is given to illustrate
the algorithm. Finally, a conclusion is stated in
Section 5.

2 The characteristics of the fea-
sible solution set

Definition 2.1 Define S(A,d'); = {z € [0,1]" :
ai o x > di} for each i € I', S(B,d*); =
{x € [0,1]" : b o & < d?} for each i € I?,
and S(A, B,d',d?) = S(A,d")NS(B,d?) = {z €
[0,1]*: Aoz > d', Bop x < d?}.

Lemma 2.1 (a) S(A,d") # 0 if only if for each
i €I there exists some j € J such that dz-1 < ajj.
(b) If S(A,d') # 0 then T = [1,1,...,1])},,, is
the single mazimum solution of S(A,d").
Proof.
(a) Suppose v € S(A,d"). Thus, x € S(A,d");,
Vi € I' by Definition 2.1, and thus, by Relation
(1.3), for each i € I' there are some j; € J such
thatmax(a;j, + zj, — 1,0) > d}. Since for each
ielIl and j € J we have dz1 >0 andr; <1, then
d! < a, +xj, — 1 < a;j, therefore for each i € I'
there exists some j € J such that d} < a;j. Con-
versely, suppose there exist some j; € J such that
dl < a,, Vi € I'. Setxz=1=[1,1,..,1,.
Since x € [0,1]" andljneaj({max(aiji—kxji -1,0)} >
max(aiji + x5, — 1,0) > ajj, + x5, — 1= Qgj; = dll,
Vi € I' hence, by Relation (1.3), x € S(A,d");,
Vi € I' and as a result v € S(A,d").
(b) Proof of this part is easily attained from the
part (a) and this fact that x; < 1,Vj € J.

Lemma 2.2 (a) S(B,d?) # 0

(b) The single minimum solution of S(B,d?) is
0=10,0,...,0% .-
Proof.

Setr = 0 = [0,0,...,00%,,. We select i € I*
arbitrary and constant hereafter. Since, 0 <
bij,d% < 1 we have bZ’j + x; — 1 < d?,Vj e J
thenmax(b;; + x; — 1,0) < d?,Vj € J and hence
glea}({max(bij +z; — 1,0)} < d? therefore x €

S(B,d?) and then part (a) and (b) are proved.

Theorem 2.1 ( Necessary condition)
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If S(A,B,d',d?) # 0 then,Vi € I'3j € J Such
that d,} < ajj.

Proof.

This Theorem is clearly proved from Lemmas 2.1
and 2.2 and Definition 2.1.

Definition 2.2 Set T = (T;)nx1, where T; =

mln{mln{l +d? — b;j, 1}} = min{1, min{1 + d? —
iel? iel?

bij}}.

Lemma 2.3 T is the single maximum solution of

S(B,d?).

Proof.

Suppose x € S(B,d?) then, x € S(B,d?); Vi € I?,

and then, max{max(bz] +x;—1,0)} < d?Vie 12
VIS

by definition 2 1 and Relation 3, therefore b;; +
zj—1< d?,Vi € I? and Vj € J, and hence, for
each j € J, we have x; < 1+ d? — bij,Vi € I?,

and then, z; < min{1 + d? — b;;},Vj € J. By the
iel?

way, sincex; < 1,Vj € J, therefore we haver; <

min{1, min{1 + d? —bij}} =T;, and then v <7,
el

because of being arbitrary j € J, and the proof is

completed.

Theorem 2.2
S(B,d2) = [0,7].

Proof.
It is clearly proved from part (b) of Lemma 2.2
and Lemma 2.5.

Definition 2.3 Let J; = {j € J : d} < a;j},Vi €
I'. For each j € J;, we define i, G) = (zr(])k)nxl
such that

) 1+ d} — Q4
bu(j) = 0

Lemma 2.4 Assume i € I' is a fived number.
(a) For each j € J;, the vectors i,y are the min-
imal solutions of S(A,d');.

(b) If d} = 0 then 0 is the single minimum solu-
tion of S(A,d");.

Proof.

(a) Suppose j € J; andi € I', since i(); = 1+
di — ag then, iy; € S(A,d"); through relation
3. Now by contrary, let there exist x € S(A,d");
such thatr <y , as a result zj <1+ dl — aj;
and zy, =0 fork € J—{j}. After thata;j+z;—1 <
dl, Vj € J and followed thatr ¢ S(A,d');, by
means of Relation 1.3, that is a contradiction.

k=
k#
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(b) The proof of this part of lemma is clear
because the one of the minimal solutions will

Corollary 2.1 If S(A,dY); # 0,
S(A,dY ) = U ling), 1], wherei e I'.

JeJi

then

Proof.

Take into account S(A,d'); # O means
the wector 1 is the mazimum solution and the
vectorst () Vj € J; are the minimal solutions
in S(A,db); as a result of Lemmas 2.1 and 2.4,
respectively. Now, letx € | [ix(j),ﬂ, so, for

Jje€J;

somej € Ji, x € iy, 1] and also z € [0,1]"
and Tj > iy, =1+ d} — a;; via Definition 2.3,
Hence, x € S(A,d'); through Relation 1.3. Con-
versely, letv € S(A,d');. Then there exits some
J' € J such that xjy > 1+ d} — ay;r as a result of
Relation 1.3. Since,x € [0,1]"™ so, 1+d —a;j <1,

thend} < a;jr, and for that reason j' € J;. There-

fore, iy < x <1 that implies x € | [iggj), 1].
JjeJ;

Definition 2.4 Let e = (e(1),e(1.2),...e(m)) €
J1xJo X ... X Iy, such thate(i) = j € J;. We define
z(e); = max{l +d! —aij} if If # 0 and x(e); = 0

e(i) = 7}

Lemma 2.5 Let S(A,d') # 0, then S(A,d') =

U [z(e), 1], whereX(e) = {z(e) : e € Jr}.
z(e)eX (e)
Proof.

If S(A,dY) # 0 then, S(A,dY); # 0, Vi € I'.
Hence, by Corollary 2.1 and Definitions 2.1 and
2.4, we have

if 15 =0, where If={ie It

S(A,d") =[] S(A,d"); =
iell
N (Ul T = 1 U e, 1
iell jeJ; i€l e(i)ed;
= U [ﬂ [Zr(e(z))’ﬂ] = U [x(e)ai]
ecJr icl! e€Jy
= U [T (2.4)
z(e)eX (e)

From Lemma 2.5, it is obvious that S(A4,d') =
U [z(e), 1] and Xo(e) = So(A,d'), where
z(e)eXo(e)
Xo(e) and Sp(A,d") are the set of minimal solu-
tions of X (e) and S(A4,d"), respectively.
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Corollary 2.2 (a) If d} =0 fori € I', then we
can remove the i’th row of the matrixz A.

(b) If 5 & J;, Vi € I' then we can omit j’th col-
umn of the matriz A for the purpose of finding
z(e).

Proof.

(a) It is proved from Definition 2./ and the part
(b) of the Lemma 2./, because we will get minimal
elements of S(A,d")

(b) It is proved only by using Definition 2.4.

It is recalled that in part (a), by Definition 2.4
and the part (b) of the Lemma 2.4, the i’th row
of the matrix A has no effect in the calculation
of the vectors x(e) belong to Xo(e) = So(A4,d"),
and also in part (b), before calculating the vec-
tors z(e), Ve € I, we can remove j’th column of
the matrix A by the use of Definition 2.4 and set
z(e); = 0.

Theorem 2.3 If S(A,B,d',d*) # 0, then
S(A,B,d"\d*)= U [z(e),7]

z(e)€Xo(e)
Proof.

It is obvious from Definition 2.1, Theorem 2.2
and Lemma 2.5.

Corollary 2.3 (Necessary and Sufficient
Condition)

S(A,B,d',d*) # 0 if only if T € S(A,d") or,
equivalently, S(A, B,d",d*) # 0 if only if there
exists some e € Jr such thatr(e) < Z.

Proof:

It is clearly resulted from Theorem 2.2, Lemma
2.2 and Lemma 2.5.

3 Simplification operations and
resolution algorithm

In order to solve the problem (1.2), it is initially
converted into two follow sub-problems
min ctx
st. Aopz>dt
Bopxz<d?
x € [0,1]"
min ¢t
sit. Aopxz>dt
Bopx<d?
xz € [0,1]"
where, c;r = max(0, ¢;) and ¢; = min(0, ¢;).
It is understandable that Z is an optimal solution
of (4b). Also, (4a) achieves its optimal points at

(4a)

(4b)
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somez(e) € Xo(e). Once x(eg) optimizes (4a), we

set ¥ = (2})nx1 such that

* E] ) C]SO
€T, =
J z(eg); , ¢ >0

Now following lemma gives us an optimal point
of the problem (1.2).

Lemma 3.1 x* is an optimal solution of the
problem (1.2).
Proof. See the Theorem 2.1 in [1]].

In order to calculate x*, it is enough to find ©
and z(eg) . Although T is easily attained through
Definition 2.2, but z(ep) is not so, because, Xy(e)
is attained by pairwise comparison of X (e) mem-
bers. For that reason, having complete set of
Xo(e) is time-consuming, especially, while X (e)
has several members. Therefore, simplification
operations can hasten the resolution of the prob-
lem (4a). With the intention of simplification the
vectors e € Jr is removed at what time z(e) is
not optimal of (4a). One of such these operations
is given by Corollary 2.2. Other operations are
attained by follow theorems.

Definition 3.1 LetJ; = {j € J; : 1 + dz1 —a;; <
Z;},Vie I' where T comes from Definition 2.2.

Theorem 3.1 S(A, B,d',d?) # 0 if only ifJ; #
O\viel.

Proof.

Suppose S(A, B,d',d?) # (). Therefore by Corol-
lary 2.3, T € S(A, B,d',d?) and so we haveT €
S(A,d");,Vi € I'. Thus, for each i € I'there ex-
ists some j € J such that T; > 1 +d} — a;;, as
a result of Corollary 2.12.1, consequently J; # 0,
Vi € I'. Conwversely, supposeJ; # O.¥i € I'. It
means that, Vi € I' there exists some j € J such
thatt; > 1+ d} — a;;. Hence, T € S(A,d");,
Vi € I' through Corollary 2.1, as a result T €
S(A,d"). This fact go with Lemma 2.3 impliesT €
S(A, B,d', d?), therefore, S(A, B,d",d?) # ().

Theorem 3.2 LetS(A, B,d',d?) # 0, then

S(A,B,dY,d*) = U [z(e),Z] where, X(e) =
B

{z(e):ecJr=J1 xJa X ... X I }.

Proof.

By considering Theorem 3.1, it is sufficient to

show z(e) ¢ S(A,B,d' d*)once e ¢ J;

Supposee ¢ Jr. Thus, there erist i’ € I' and
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j' € Ju such thate(i') = j' and 14+ds—ay ;0 > Tjr,
Then ' € I5, and by means of Definition 2./,

z(e)j = gna}ex{l +dl —aip} > 1+dh —apy >

Zjr. Therefore z(e) < T will not be correct,
and as a consequence of Theorem 3.13.1, we can

obtainz(e) ¢ S(A, B,d', d?).

It is noticeable that as a result of Definition 3.1,
we haveJ; C J; , Vi € I' that meansX (e) C X (e).
Also, by Theorem 3.2, So(A, B,d',d*) C X(e)
in which So(4, B,d',d?) is minimal elements of
S(A, B,d',d?). Thus, the region of search can be
reduced to find the set So(4, B, d', d?).

Definition 3.2 Let J& =
Vi e It

{7 € Ji:ce #0},

Theorem 3.3 Suppose x(eg)is an optimal solu-
tion in (4a) and J; # O for somei’ € I', then
there ezistz(e’) such thate’ (') € J; and also,
x(e') is the optimal solution in (4a).

Proof.

Suppose J;ﬁ # 0 for some i’ € I' andeg(i') = j'.
Define € € Jr such that €'(i') = k € J} and
e'(i) = eo(i) for eachi € I* andi # i'. By means
of Definition 2.4, we have

z(ep) ;s = max{l +d} —a;;}
z‘el;f,o

> max {1+d;

/
—azi} =x(e)
ielj})&z';éz" ”} ( )]
and x(eg); = x(e’); for each j € J and j # j', k.
Therefore, with noting c,j = 0 we have:

ca(eg) = cjrrm(e) o +

Z cjra(en); > cypa(e)y +
JjeJ&j#]’
Y (e = cta(e)

JeJ&jF#]!

Therefore x(€') is an optimal solution in (fa)
then, proof is completed.

Corollary 3.1 If J; # 0 for some i € I' then by
omitting i ’th row we reach a reduced problem for
which each optimal solution is an optimal solution
for the previous (main) problem.

Proof.

It is resulted from Theorem 3.3 and also, notes
that cj =0 for each j € J;.
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Definition 3.3 Letji,j52 € J , ¢j; > 0 and ¢j, >
0. We say jo dominates ji if only if

(a) j1 € J; implies jo € J;,Vi € T,

(b) For each i € I'such that j1 € J; , cj, (1+d} —
aijy) > ¢y (1+ dj — aij,) -

Theorem 3.4 Suppose x(ey) is the optimal in
(4a) and jo dominates ji for ji,jo € J, then,
there exist x(e') such that IJEII =0 and also, z(e’)
is an optimal solution in (4a).

Proof. Define ¢ = (€'(i))mx1 such that

e’(i):{ eoli) i¢ I

72 1€ It?lo
It is obvious that Ije =0 and so z(¢’);, = 0. Also,
z(eo); = z(€); for each j € J andj # ji,j2,

x(e')j, = 1+ dj, — agj,. Now, if ig ¢ I3 then:

97(60)]'2 = x(el)h =1+ d}o — Qigjas

so we have

cta(ey) = c;rl:v(eo)jl +

Z cj+x(eo);

JeJ&jF#h

> ), cuale)
JEJ&I#n

That proof is completed in this case. Otherwise,

assume ig € I5°. We show c*'a(eq) > ctla(e)

. As a result of definition 2.4, let x(eg)j, = 1+

d! — aij,. Therefore, we have e;;a:(eo)j2 >0 by

Definition 3.3. Consequently, since
t
ca(eg) = cjlx(eo)jl + cj-—zav(eg)j2

+ Z cjx(eg)j,

J#I1,J2

=ctlz(e)

and

ctla(e) —c ,2(

]2+ch

J#J1,52

~ ~ - +
It is sufficient to show c] w(eg)j, > cj x(€)j,.

Now, by definition 2.4, set
z(eg)j, =1+ d}/

— Qi
Since jo dominates j1, so we have

& (L+dy — aij,) > ¢}, (14 djy — o)

That means cf z(e)j, > c;ga:(e’)jz,once iop = 1.

J1
Otherwise, suppose ig # i'. Since ig € I3 and ja

dominates 31, thus

& (L4 djy — aigj) > ¢ (1 + djy — aigj,)
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Also, through definition 2.4 we have x(eg);; =
ma;g{l +d} —aij, } = 14 dj, — ayj, that implies
IS
1 1 ‘
L+dy —apj, > 1+d; —ai;,, Vi€ I
Therefore

¢ (L+djy — aigy) > cf (L+dj — aigj,)

1
> ) (1+ d;y — aiyj)

That  results c;x(eo)jl > cj;a:(e’)jz, hence

cTtx(eg) > cttx(e’), therefore proof is completed.

Corollary 3.2 If jo dominates j1 for ji,j2 € J,
then, by omitting j1 'th column we reach a reduced
problem for which each optimal solution is an op-
timal solution for the previous (main) problem.

4 An algorithm for finding an
optimal solution and example

Definition 4.1 Consider the Problem (1.1). We
call A = Gij)mm and B = (Eij)lxnthe char-
acteristic matrices of the matrix A and matriz
B, respectively, wherea,; =1+ d} — ai; for each
i€ Itand j € J, also Bij =1+ d? — b;; for each
ic€I?andj e J .

Algorithm: Given problem (1.2),
1. Find the matrices A and B by Definition 2.4.

2. If there exists i € I' such that a;; < d ,
Vj € J then stop. Problem 1.2 is infeasible
(see Theorem 2.1).

3. Calculate T from B by Definition 2.2.

4. If there exists i € I' such that d} = 0 then
remove i'Th row of the matrix A (see the
part (a) of the Corollary 2.2).

5. If @;; > w; then, set @;; = 0Vi € I' and

vj e J.

6. If there exists i € I' such thataij =0VvjeJ
then stop. Problem (1.2) is infeasible (see
Theorem 3.1 and 3.2)

7. If there existsj’ € Jsuch that, a;; =0,Vie

I' then remove j’th column of the matrix A
(see Theorem 3.2) and set z(eg);» = 0.
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8. For each i € I', if J& # () then remove i’th
row of the matrix A (see Corollary 3.1).

9. Remove each column j € J from A such that
¢; < 0 and set x(eg); = 0.

10. If jo dominates j; then remove the column j;
from A, Vji,j2 € J (see Corollary 3.2) and
setz(eg);, = 0.

11. Let Jrew = {j € J; : a;; # 0} and Jpe¥ =
JTEY X JZ x o x J. Find the vectors
z(e), Ve € JrW by Definition 2.4 from A,

and x(ep) by pairwise comparison between
the vectors z(e).

12. Find z* via Lemma 3.1.

5 Numerical example

Consider the problem in below:

min 2x1 — x2 — 3x3 + 2.514 — T5
+6x¢ — 3x7 + 228 + x9 + Dx10
1 016 0.37 095 0.17 0.07
0.08 0.51 026 01 03 04
0.99 0.59 0.28 0.34 0.34 0.74
0.83 0.75 025 035 0.2 0.5
0.73 0.84 0.94 0.44 0.54 0.84
| 0.37 0.7 055 04 0.2 0.2
- gy T
X2
0.77 0.14 0.8 0.6 ] T3
0.3 035 0.9 1 T4
0.19 0.21 0.7 0.65 o 5
0.2 02 095 085 | “| g
0.99 044 0.1 0.5 T7
0.73 0.24 098 0.9 | xs
Z9
L Z10 |
SEP
0.5
0.57
- 0.6
0.72
| 0.6 |
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0 094 069 049 0.5 0.51

0.02 1 0.82 059 0.89 0.76
0.1 0.73 04 037 045 0.7
0.1 0.1 03 0.2 0.25 0.49
- 2 ]
T2
3
0.87 0.43 0.2 0.5 x4
0.74 0.52 0.56 0.36 5 x5
0.69 0.2 095 085 | " | g
0.58 0.01 0.8 0.98 x7
T8
Ty
L T10 |
0.7
< 0.76
— | 06
0.5
T € [0, l]n
Step 1:
The matrices A and B are as following
[ 0 0.84 0.63 0.05 0.83
142 099 124 14 12
e 0.58 0.98 1.29 1.23 1.23
0.77 0.85 1.35 1.25 1.4
0.99 0.88 0.78 1.28 1.18
| 1.23 09 1.05 12 14
093 0.23 0.86 0.2 0.4 ]
1.1 1.2 115 06 0.5
0.83 1.38 1.36 0.87 0.92
1.1 14 14 0.65 0.75
0.88 0.73 1.28 1.62 1.22
1.4 087 1.36 0.62 0.7 |
1.7 076 1.01 1.21 1.2
5o 1.74 0.76 094 1.17 0.87
1.5 087 1.2 1.23 1.15
1.4 14 12 13 1.25
1.19 0.83 127 15 1.2
1 1.02 1.24 12 14
09 091 14 0.65 0.75
1.01 092 149 0.7 0.52
Step 2:

There is no ¢ € I' such that a;; < dzl,Vj e J
therefore we can go to step 3.
Step 3:
T= [1 076 094 1 0.87
0.9 0.83 1 0.65 0.52 ]
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Step 4: -
Since d} = 0, then first row from matrix A is
removed.
Step 5:

In according to this step, A is converted to as
following:

0 0 0 0O
058 0 0 0 O
A= 077 0 0 0 O
099 0 078 0 O
0O 0 0O 0O
0 0 0 06 05
083 0 0 O 0
0 0 0 065 O
0.88 073 0 O 0
0 0 0 062 O
Step 6:

There is no i € I' such that a;; = 0,Vj e J
therefore we can go to step 7.

Step T:

The second, fourth, fifth and eighth columns in
according with this step are removed and we have
z(eo)2 = x(eo)s = z(eo)s = xz(eo)s = 0, by the
way matrix A is converted to following;:

0 0 0 0 0.6 0.5
058 0 083 0 0 0
A=1077 0 0 0 065 0
099 0.78 0838 073 0 0
0 0 0 0 062 0

Step 8:

SinceJZ # (), then we can delete fifth row, then
we get to

0 0 O O 06 05
T 058 0 083 0 O 0
07T 0 0 0 065 O
0 0 O 0 062 0
Step 9:

Since c3,c7 < 0 then, we can remove third and
seventh columns and we get to

0 0 0.6 0.5

T 0.58 083 0 0
077 0 065 O

0 0 062 0

Also, we have x(ep)s = z(eg)7 = 0.
Step10:
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In the attained matrix, first and ninth columns
dominate sixth and tenth columns, respectively.
By removing sixth and tenth columns, matrix A
is converted to

0 0.6
— 058 0
A= 0.77 0.65

0 0.62

Also, we havex(eg)s = z(ep)10 = 0.

Stepll:

In the new matrix, we have JJ = {9}, J§ =
{1}, Jpew = {1,9} and Jge = {9}. For e; =
(9,1,1,9), z(e1)1 = 0.77 and x(e1)9 = 0.62, then

z(e1) = (0.77,0,0,0,0,0,0,0,0.62,0)

Also, e = (9,1,9,9) results in x(e2); = 0.58 and
z(e2)9 = 0.65, then

z(es) = (0.58,0,0,0,0,0,0,0,0.65,0)

Therefore minimal solutions are z(e1) and z(ez).
Since ctlaz(e1) > ctla(es), then z(ey) = z(ea) =
(0.58,0,0,0,0,0,0,0,0.65,0) is optimal solution
for (4a).

Step12:

Since z(eg) optimizes the problem with objective
function ¢tz then

x* = (0.58,0.76,0.94,0,0.87,0,0.83,0,0.65,0)

6 Conclusion

In this paper, we studied the linear optimiza-
tion problem with fuzzy relational inequalities
constraints defined by max-Lukasiewicz operator.
First, we discussed the feasibility region charac-
terization, then; by introducing a new simplifica-
tion technique the usual difficulty of finding the
minimal solutions that optimize the problem with
objective function ¢tz was solved. In this rela-
tion an algorithm together with some simplifica-
tion operations to accelerate the problem resolu-
tion was presented. At last, we gave an example
to more illustrate of the problem.
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