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Abstract

In this paper, we introduce fusion frames in Hilbert modules over pro-C*-algebras. Also, we give some

useful results about these frames.
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Introduction

Rames for Hilbert spaces were formally defined
F by Duffin and Schaeffer [5] in 1952 to study
some deep problems in nonharmonic Fourier se-
ries. They were reintroduced and developed in
1986 by Daubechies, Grossmann and Meyer [6].
Frames have many nice properties which make
them very useful in the characterization of func-
tion spaces, signal processing and many other
fields. Many generalizations of frames were intro-
duced, e.g. frames of subspaces [1] and g-frames
[17]. Meanwhile, Frank and Larson presented a
general approach to the frame theory in Hilbert
C*-modules in [7]. Finally, A. and B. Khosravi
[11] generalized the concept of fusion frames and
g-frames to Hilbert C*-modules.

In this note, we generalize the theory of fusion
frames to Hilbert modules over a pro-C*-algebra
and give some useful results.

We refer the reader to [8],[15] for pro-C*-
algebras and [13],[15] for Hilbert modules over
pro-C*-algebras. We also refer the reader to
[1],3],[7],[12],[17] for more information about the
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theory of frames and its generalizations.

In section 2, we give some definitions and basic
properties of pro-C*-algebras and we state some
notations. In section 3, we recall the basic defini-
tions and some notations about Hilbert pro-C*-
modules. We also give some basic properties of
such spaces which we will use in sequel. Finally,
in section 4, we introduce fusion frames in Hilbert
pro-C*-modules. We also generalize some of the
results about fusion frames in Hilbert C*-modules
to pro-C*-algebra case.

2 Pro-C*-algebras

In the follwoing, we briefly recall some definitions
and basic properties of pro-C*-algebras .

A pro-C*-algebra is a complete Hausdorff com-
plex topological x-algebra A whose topology is de-
termined by its continuous C*-seminorms in the
sense that a net {a)} converges to 0 iff p(ay) — 0
for any continuous C*-seminorm p on A and we
have :

(a) p(ab) < p(a)p(b)

(b) p(a*a) = (p(a))?
for all C*-seminorm p on A and a,b € A .

If the topology of a pro-C*-algebra is deter-
mined by only countably many C*-seminormes,
then it is called a o-C*-algebra.


http://ijim.srbiau.ac.ir/

110

Let A be a unital pro-C*-algebra with unit 14
and let a € A. Then, the spectrum sp(a) of a € A
is the set {A € C Al4—a is not invertible}. If
A is not unital, then the spectrum is taken with
respect to its unitization A.

If AT denotes the set of all positive elements
of A, then AT is a closed convex cone such that
AT N (—A"T) =0. We denote by S(A), the set of
all continuous C*-seminorms on A. For p € S(A),
we put ker(p) = {a € A : p(a) = 0}; which is
a closed ideal in A. For each p € S(A), 4, =
A/ker(p) is a C*-algebra in the norm induced by
p which defined as ;

Ha—i—ker(p)HAp:p(a) , peS(A).

We have A = lim A, (see [15]) .

The canonicgl map from A onto A, for p €
S(A), will be denoted by 7, and the image of
a € A under 7, will be denoted by a,. Hence
I>(A,) is a Hilbert A,-module (see [9]), with the
norm, defined as :

I(mp(@i)ienllp= [P(Cien aiai*) 1'? . pe
S(A) , (mplai))ien € P(Ap) -

Example 2.1 Every C*-algebra is a pro-C*-
algebra .

Example 2.2 A closed *-subalgebra of a pro-C*-
algebra is a pro-C*-algebra.

Example 2.3([15]) Let X be a locally compact
Hausdorff space and let A = C(X) denotes all
continuous complex-valued functions on X with
the topology of uniform convergence on compact
subsets of X. Then A is a pro-C*-algebra .

Example 2.4([15]) A product of C*-algebras
with the product topology is a pro-C*-algebra .

Notation 2.1 ¢ > 0 denotes a € AT and a < b
denotesa —b>0 .

Proposition 2.1 ([8]) Let A be a unital

pro-C*-algebra with an identity 14. Then for
any p € S(A), we have :

(1) p(a) = p(a*) forallac A

(2) p(la) =1

(3) Ifa,b € AT and a < b , then p(a) < p(b)

(4) a<b iff ap,<b,

(5) If 14 < b, then b is invertible and b=! <14
(6) If a,b € AT are invertible and 0 < a < b ,
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then 0 <b ! <qg!
(7) If a,b,c € A and a < b, then c*ac < ¢*be
(8) Ifa,be AT and a® <b? , then 0 < a<b

Proposition 2.2 If > 2, a; is a convergent
series in a pro-C*-algebra A and a; > 0 fori € N,
then it converges unconditionally.

Proof. For n € N, let S,, = > a; . Then
for any e > 0 and p € S(A), there is a positive
integer N, such that for m,n > N, ;

p(Z?:m ai) <e.

For a permutation o of N, we define , S/, =
> ie1 Gg(;) - Let k € N such that

{(1,2,...N,} € {0(1),0(2), ..., 0 (k)} .

Then S/, — S, for n > k, do not have any a; for
1 <1 < N,. Hence for n > k,

p(S), —Sp) <e.
Thus for S =32, a; and n > k, we have ,
p(S, —S) < p(S;, — Sn) +p(Sn — §) < 2 .

This means that lim S, =S . O
n—oo

3 Hilbert pro-C*-modules

In this section, we recall some of the basic def-
initions and properties of Hilbert modules over
pro-C*-algebras from [15].

Definition 3.1 A pre-Hilbert module over pro-
C*-algebra A is a complex vector space E which is
also a left A-module compatible with the complex
algebra structure, equipped with an A-valued in-
ner product (.,.) : F x E — A which is C-and
A-linear in its first variable and satisfies the fol-
lowing conditions:

(i) (z,y)" = (y,x)

(i) (z,z) >0

(iii) (x,z)=0 iff =0

for every x,y € E. We say that E is a Hilbert A-
module (or Hilbert pro-C*-module over A) if F is

complete with respect to the topology determined
by the family of seminorms

pe(z) = /p((z,x)) reFE,peSA).
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Let E be a pre-Hilbert A-module. By Lemma 2.1
of [19] for every p € S(A) and for all z,y € E, the
following Cauchy-Bunyakovskii inequality holds

p((z,y))? < p((z,2)p((y,y)) -

Consequently, for each p € S(A), we have :

pe(az) < pla)pp(z) ac€ A, z€E.

If E is a Hilbert A-module and p € S(A), then
ker(pg) = {x € E : p((z,x)) = 0} is a closed
submodule of E and E, = E/ker(pg) is a Hilbert
Ap-module with scalar product

ap.(x + ker(pg)) = ax + ker(pg) acA

, xeF

and inner product

(z+ker(pg) , y+ker(pr) ) = (z,9)p
r,yc k.

By Proposition 4.4 of [15], we have E' = lim E, .
p

Example 3.1 If A is a pro-C*-algebra, then it
is a Hilbert A-module with respect to the inner
product defined by :

(a,b) = ab* a,be A .

Example 3.2 (See[15], Remark 4.8) Let [2(A) be
the set of all sequences (a,)nen of elements of a
pro-C*-algebra A such that the series Y .~ a;a;*
is convergent in A. Then [?(A) is a Hilbert mod-
ule over A with respect to the pointwise opera-
tions and inner product defined by :

((@i)ien s (bi)ien ) = D272, aibi™ .

Example 3.3 If {M;};c; is a finite family
of Hilbert A-modules. Then the direct sum
@D,c; M; is a Hilbert A-module with pointwise
operations and A-valued inner product (z,y) =

Ziej<$iayi> , where = (2;)ie; and y = (yi)ics
are in @, ; M; .

Example 3.4 Let E; for i € N | be a Hilbert A-

module with the topology induced by the family

of continuous seminorms {p;},cg(4) defined as :
pi(z) = /p((z, 7))

Direct sum of {E; };en is defined as follows :

Dicn Bi = {(wi)ien = @i €
E; | Y2 (mi,x;) is convergent in A} .

r€eFk;.
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It has been shown (see [12], Example 3.2.3) that
the direct sum @, E; is a Hilbert A-module
with A-valued inner product (z,y) = >"7°, (x4, y;)
, where x = (x;)ieny and y = (¥i)ien are in
@D,cn Ei , pointwise operations and a topology
determined by the family of seminorms

p((m,x}) ) YIS @z‘eNEi , DE
S(A) .

p(x) =

The direct sum of a countable copies of a Hilbert
module E is denoted by I2(E) .

We recall that an element a in A (z in E) is
bounded, if

lalloo= sup{p(a) ; p € S(A)} < oo,
(I#lloc= sup{pr(z) ; p € S(A)} < o0) .

The set of all bounded elements in A (in E) will
be denoted by b(A) (b(F)). We know that b(A)
is a C*-algebra in the C*-norm ||.||o and b(E) is
a Hilbert b(A)-module.([15], Prop. 1.11 and [19],
Theorem 2.1)

Let M C E be a closed submodule of a Hilbert
A-module F and let

Mt ={yeFE : (z,y)=0 forallze€ M} .

Note that the inner product in a Hilbert modules
is separately continuous, hence M~ is a closed
submodule of the Hilbert A-module E. Also,
a closed submodule M in a Hilbert A-module
F is called orthogonally complementable if £ =
M@ M+, A closed submodule M in a Hilbert A-
module F is called topologically complementable
if there exists a closed submodule N in E such
that M @ N =E , NN M = {0}.

Let A be a pro-C*-algebra and let E and F
be two Hilbert A-modules. An A-module map
T : E — F is said to bounded if for each p € S(A)
, there is C}, > 0 such that :

pr(Tz) < Cp.pe(z) (x € E),

where pg, respectively pr, are continuous semi-
norms on F, respectively F. A bounded A-
module map from E to F' is called an operator
from E to F. We denote the set of all opera-
tors from E to F' by Homa(E, F), and we set
Homa(E,FE) = Ends(F) .

Let T'e Homa(E, F). We say T is adjointable
if there exists an operator T* € Hom 4 (F, E) such
that :
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(Tz,y) = (z,T"y)

forallz e £ |, ye F .
We denote by Hom’(E,F'), the set of all ad-
jointable operators from E to F' and End}(E) =
Hom*(E,E) .

By a little modification in the proof of Lemma
3.2 of [19], we have the following result :

Proposition 3.1 LetT:E — FandT*: F —
E be two maps such that the equality

(z,T*y) = (Tx,y)

holds for all x € E,y € F.
Hom*(E,F) .

Then T €

It is easy to see that for any p € S(A), the map
defined by

ﬁE7F(T) = Sup{ ;BF(T:L‘) rel, ﬁE(l') <
1} , T € Homa(E,F),

is a seminorm on Homa(E,F).  Moreover
Homu(E, F) with the topology determined by
the family of seminorms {pg r}pes(a) is a com-
plete locally convex space ([10], Prop. 3.1) .
Moreover using Lemma 2.2 of [19], for each y € F’
and p € S(A), we can write

pe(T*(y)) = sup{p(T™(y),z)

pe(z) <1}

= sup{p(T'(),y)
pe(z) <1}

< sup{prT(z)
pe(r) < 1}pR(Y)

= p(T)pr(y) -

Thus for each p € S(A), we have ppp(T*) <
pE,r(T) and since T** = T', by replacing T with
T*, for each p € S(A), we obtain:

prE(T") = pe r(T). (3.1)

By Proposition 4.7 of [15], we have the canonical
isomorphism

Homa(E, F) = lim Homa, (Ey, F}).

P
p

Consequently, End’(FE) is a pro-C*-algebra for
any Hilbert A-module F and its topology is ob-
tained by {pr}pes(a) ([19]). By Prop. 3.2 of [19],
T is a positive element of End’(E) if and only if
(T'x,z) > 0 for any z € E .
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Lemma 3.1 Let X be a Hilbert module over
C*-algebra B, S € Endy(X) and S > 0, i.e.
this element is positive in C*-algebra Endy(X).
Then for each x € X ,

(Sz,z) < ||S|(z,2) -

Proof. Since S is a positive element in Endp;(X),
we have, S < ||S||I, such that I is the identity
element in Endy(X). Hence S — ||S||I > 0, and
then

((ISIT = S)x, z) =0 , VeeX.
Therefore, we have :
(Sz,z) < ||S]|{z,z),
forall z € X . O

Remark 3.1 Note that if 7' € Endj(X), then
T*T is a positive element in Endj(X). Thus, we
can write :

(T'z,Tx) = (T"Tx,x) < |T*T|(z,z) =
1711z, 2),

forall x € X .
Definition 3.2 Let F and F be two Hilbert mod-
ules over pro-C*-algebra A. Then the operator

T : F — F is called uniformly bounded, if there
exists C' > 0 such that for each p € S(A),

pr(Tz) < Cpp(z) , VzeE. (3.2)

The number C in (2) is called an upper bound
for T' and we set:

|T|looc= inf{C : C is an upper bound for T}.
Clearly, in this case we have:

pT) < Tl , VpeSA).

Proposition 3.2 Let E be a Hilbert module
over pro-C*-algebra A and T be an invertible el-

ement in End’(E) such that both are uniformly
bounded. Then for each x € F,

12
1T o (2, 2) < (T, Ta) < ||T3(x, z).

Proof. Recall that for each p € S(A), the space
End (Ep) is a C*-algebra and T, belong to this
space with the norm defined by:

||TpHp: ﬁE(T)
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Therefore by Remark 3.1, for each p € S(A) and
r € F,

(Tz,Tx)p = (Tx)p, (T)p)
= (Tp(zp), Tp(wp))
< ”Tp||;2;<xpaxp>
= pp(T)*(z, ),
< T3z, 2)p-

By Remark 2.2 of [8], we have:

(Tx, Tx) < |T|*(z,2) , VYzeE. (3.3)

On the other hand, by replacing 7~! and y in-
stead of 7" and z in (3), we obtain:

(Ty, T y) < |72 (y, y)-

Let x € FE such that Tx = y. Then, we can
conclude:

(z,2) <||T7H%(T2, Ta).

because T is an invertible operator, it can be con-
cluded that: ||T7!||cc> 0 and hence:

1T,

Let N and M be closed submodules in a Hilbert
module E such that £ = M & N. We denote by
Py, the projection onto M along N.

Proposition 3.3 Let M be an orthogonally
complemented submodule of a Hilbert A-module
E. Then Py € End'(E).

Proof. Let z,y € E. Then, there exist unique
elements a,b € M and a/,b' € M* such that,
r=a+d , y=>b+1. Therefore

(Pu(z), y) =(a,b+b)=(a,b).
On the other hand,
(x, Py(y)) =(a+d,b)y={a,b).

By Lemma 3.2 of [19], we have Py; = Pp/* . Using
Prop 3.1, we conclude Py € End(E) . O

Proposition 3.4 Let M be an orthogonally
complemented submodule of a Hilbert A-module
E and let T € End(E) be an wertible operator
such that T*TM C M. Then we have:

T(M*)=(TM)* |, Pry=TPyT™!.

zy < (Tx,Tx) Vx € E.
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Proof. Let u € M and v € M+, Since T*Tu €
M, then we have (Tu,Tv) = (T*Tu,v) = 0.
Thus T(M*) C (TM)*. On the other hand if
y € (TM)*, then there exists € E such that
y = Tx. Let x = m + n for some m € M and
n € M+, then we have

(y,Tm) = (Tz,Tm) = (Tm+Tn,Tm) =
(T'm,Tm) + (T'n,Tm) = 0.

Since (T'n,Tm) = 0, we have (T'm,Tm) = 0
and then Tm = 0. Thus y = Tn, and we
have (TM)+ C T(M*). Let x € E. Since
E=M+M"* sowehave z =u+v , u€

M, ve M+ . Hence, Tx = Tu+ Tv . On
the other hand, we have, TM* = (T'M)*. Thus
Tu € TM and Tv € (TM)*. Therefore :

Pry(Tx)=Tu , TPy(z)=Tu.

This completes the proof . O
Remark 3.2 Let A be a 0-C*-algebra and T a
continuous invertible operator on a Hillbert A-
module E. Then, T (M) is a closed submodule of
E for any closed submodule M C E.(See [4],[16])

4 Fusion frames in Hilbert pro-
C*-modules

In this section, we will assume that A is a unital
pro-C*-algebra, X is a Hilbert A-module and I
is a finite or countable index set. Furthermore, if
M is an orthogonally complemented submodule
of X, we let Py; denote the orthogonal projection
of X onto M. By Prop. 3.3, we have, Py; €
End(X).

Definition 4.1 A sequence {z; i € I} of
elements in a Hilbert A-module X is said to be a
frame if there are real constants C'; D > 0 such
that:

el

for any z € X. The constants C' and D are called
lower and upper frame bounds for the frame, re-
spectively. If C' = D = )\, the frame is called a
A-tight frame. If C' = D =1, the frame is called
a Parseval frame. We say that {z; : i1 € I} is a
frame sequence if it is a frame for the closure of
A-linear hull of {z; : i € I'}. If, in (4) we only re-
quire to have the upper bound, then {z; : i € I}
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is called a Bessel sequence with Bessel bound D.

Definition 4.2 Let {v; : ¢ € I} be a family of
weights in A, i.e., each v; is a positive invertible el-
ement from the center of A, and let {M; : i € I}
be a family of orthogonally complemented sub-
modules of X. Then {(M;,v;)) : i € I} is a
fusion frame if there exist real constants C, D >
0 such that:

il
(4.5)

for any z € X. We call C' and D the lower and
upper bounds of the fusion frame. If C' = D = A,
the family {(M;,v;) : @ € I} is called a A-tight
fusion frame and if C' = D = 1, it is called a
Parseval fusion frame. If in (5), we only have
the upper bound, then {(M;,v;) : i € I} is called
a Bessel fusion sequence with Bessel bound D.
Let X be a Hilbert A-module and {v; : i € I}
be a family of weights in A. Let for each i € I,
M; be an orthogonally complemented submodule
of X and let {z;; : j € J;} be a frame for M;
with bounds C; and D;. Suppose that 0 < C' =
inf; C; < D = sup,; D; < co. Then, the following
conditions are equivalent.

(a) {vizij 1€, je J;}is aframe for X.

(b) {(M;,v;) : i € I} is a fusion frame for X.
Proof. Since for each i € I, {x;; : j € J;} is a
frame for M; with frame bounds C; and D;, we
have :

Ciw, ) <3 je s, (@, i5)(wij, x) < Difw,x) for
all z € M; .

Therefore, for all z € X, we obtain :

CZiEI Uz2<PMz(‘T)7 PMi (1‘)>
Zie[ 01U12<PM1 (l’), PMi (l’)>

IN

Zie] CZ<UIPM1 (I‘), UiPMi (LE)>

<
>oier 2 e, Wil (), i) (@i, vi Py, (2))

—~

Sier Vi 2 jes (P, (), wig) (wij, Par, (2))

IN

Zie] U7/2D1/<PMZ(x)7 PMZ(‘T»

IN

DZiEI U7,2<PM1 (37), PM1($)> .
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So, we can briefly write :

C Zie] UZ2<PM1 (:E), PMz(:L‘))
dicr 2jer; (T vidig) (vitij, @)

IN

<
D Zie[ ,012<PM1($)7 PMZ(*I» .

This shows that if {viz;; : ¢ € I,j € J;} is
a frame for X with frame bounds A and B,
then, {(M;,v;) : ¢ € I} form a fusion frame for
X with frame bounds % and g. Moreover, if
{(M;,v;) : i € I} is a fusion frame for X with
frame bounds A and B, the above calculation
implies that {v;x;; : i € I,j € J;} is a frame for
X with frame bounds AC and BD. Thus (a) <
(b) . O

Definition 4.3 Let X be a Hilbert A-module.
A squence {z; : i € I} in X is called complete,
if the A-linear hull of {z; : i € I} is dense in X.
Also, a family of closed submodules {M; : i € I}
of X is called complete if the A-linear hull of
UjerM; is dense in X.

Lemma 4.1  Let {(M;,v;) : i € I} be a fusion
frame for Hilbert A-module X such that the closed
A-linear hull of {M; : i € I} is orthogonally com-
plemented. Then {M; : i € I} is complete .

Proof. Let M be the closed A-linear hull of
{M; : i € I}. Then X = M @& M*+. As-
sume that {M; : ¢ € I} is not complete. Then
there exists some z € X, x # 0 with x 1L M.
Hence for each ¢ € I, x 1 M; . It follows
Zz61v12<PMz(x)’PMz(x)> = 0, hence {(Mivvi) :
i € I} is not a fusion frame for X . O

The following lemma follows immediately from
the definitions.

Lemma 4.2 Let {M; : i € I} be a family of
closed submodules of a Hilbert A-module X such
that the closed A-linear hull of {M; : i € I} is
orthogonally complemented and for each i € I, let
{zij + j € Ji} be a frame for M;. Then {M; : i€
I} is complete if and only if {x;; : i € I,j € J;}
is complete .

Lemma 4.3 Let X be a Hilbert A-module
and {(M;,v;) : © € I} be a fusion frame for
X with frame bounds C' and D. Let M be an
orthogonally complemented submodule of X.
Then {(M; N M,v;) : i € I} is a fusion frame
for M with frame bounds C' and D.



M. Azhini, et al /TJIM Vol. 5, No. 2 (2013) 109-118

Proof. For all i € I and x € M, we have:

Prnm (2) = Pog (Py () = Py ()

Hence, for all x € M, we can write:

> ier Vi (Painn (%), Pagnv () =
Zie[ 7)22<PMZ($), PMi (.73)> .

Now, the result follows. O

Lemma 4.4 Let {(M;,v;) : i € I} be a Bessel
fusion sequence for a Hilbert A-module X with
Bessel bound D. Then, for each © = (x;);er in
the Hilbert A-module M = @, M;, the series
Y icr Viwi converges unconditionally and for each
p € S(A), we have:

ﬁX(zie[ Uil'i) < \/EﬁM(:E) .

Proof. Let x = (z;)ie;r be an element of
M = @,.; M; and J be a finite subset of I. Let
Yy = ZiGJ vix;. Since the projection Py, is self
adjoint, we have

W, y) = (Y, Doie g Vii) = D ey VilY, Ti) =
ZieJ<UiPMz‘ (y)v xz> .

Using Cauchy-Bunyakovskii inequality, we have

p((y,9)* = p(ZiEJ<UiPMi(y)7xi>)2 =
p({({viPas, (v) }ies, {zi}ies)”
<
p(({viPar, (y) Yied, {viPa, (y) Yics
Np(({zities, {zities))

P VPP, () Par, )D)P( X s {wis i)

for all p € S(A). Since {(M;,v;) : i € I} is a
Bessel fusion sequence with Bessel bound D, we
can write

Zie] Uz2<PMz (y)v PMi (y)> <
S ier VAP, (v), Par, () < D{y,y) -

Hence, for all p € S(A), we have
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p((y,9))* < Dop({y, yN)p( ey (@i z2)) -

Using px(y) = v/p({y,y)), we obtain

ﬁX(ZUﬂi) =px(y) < \/B'P(Z@i,%ﬂ)l/z
ied ieJ (4'6)

p € S(A).

Since x = (z;)icr is an element of €, ; M;, the
series ) ;. ;(z;,x;) is convergent in A and by
Prop. 2.2, converges unconditionally. So, by (6),
the series ), ;viz; converges unconditionally
and we have

for all p € S(A). O Let {(M;,v;) : i €I}
be a fusion frame for a Hilbert A-module X with
frame bounds C' and D. Then, the corresponding
frame transform 6 : X — [2(X) defined by
0(x) = (viPur,());c; for € X, is an isomorphic
imbedding with closed range, and its adjoint
operator 6* : [2(X) — X is bounded and defined
by 0%(y) = Xiervilm,(yi) for y = (yi)ier in
I>(X). Proof. Since {(M;,v;) : i € I} is a
fusion frame, for each x € X, we have:

C(x,x) < Eie] 1}12<PM1 (:E),PMZ(.%'» < D(.%', I’> '

Thus, the frame transform is well-defined and by
Prop. 2.1, for each p € S(A) and =z € X, we can
write

Cp(z, x) < p(0(x),0(x)) < Dp(z,z) .

Hence, for each p € S(A) and x € X, we obtain

VCpx(z) < Pra(x)(8(x)) < VDpx (2),  (4.7)

where px and Di2(x), are continuous seminorms
on X and [2(X), respectively. Thus, 6 is bounded
by the second inequality of (7) and is injective by
the first inequality and Lemma 2.2 of [19]. Now,
we show that 6 has closed range. Let {6(z,)}
be a sequence in Hilbert A-module [2(X) such
that converges to an element y. Thus, {0(z,)}
is a Cauchy sequence and by definition, for each
e >0 and p € S(A), there exists positive number
N such that for m,n > N, we have
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Pr(x)(0(xn) — O(z1)) < VCe .

Using the first inequality of (4.4), we can write

ﬁﬁX(xn - xm) < ]5[2(X)(9(~Tn) - Q(Z'm)) < \/55

for m,n > N. Hence, {z,} is a Cauchy sequence
in Hilbert A-module X and therefore converges
to an element x € X. By the second inequality
of (7), for each p € S(A), we have

Pi(x) (0(zn — 2)) < VDpx(2n —x) 0.

Thus, the sequence {6(zy)} converges to 6(z)
in Hilbert A-module [2(X). This means that
O(x) = y. Therefore §# : X — [*(X) is an
isomorphic imbedding with closed range. Now,
for each y = (3;)ier in 12(X) define:

0 (X)) = X, 0%(y) =i viPu, (i)

By Proposition 2.2, the series ) . (v, ) con-
verges unconditionally. Moreover, we have

Zi€I<PMi (yi)v PMz(yZ)> < Zie[<yia yi) .

Hence, {Pu,(yi)}ier is in @,c; M;. Thus, by
Lemma 4.4, > . ;v Py, (yi) converges uncondi-
tionally and 6* is well-defined. On the other
hand, for each z € X and y = (y;)ies in 12(X),
we have

(2,07 (y)) = (&, 2ier viPar, (i) =
ZiEI<UiPMi (l’), yZ> = <0($), y>

This shows that 6* is bounded (Prop. 3.1). O

Proposition 4.1  Let {(M;,v;) : i € I} be a
Parseval fusion frame for a Hilbert A-module X .
Then, the corresponding frame transform 6 pre-
serves the inner product.

Proof. For each x,y € X, we have the polariza-
tion identity as follows

(z,y) = i 22:0 i*(x + iFy, x4 iFy)
On the other hand, by the definition of frame

transform 6, for each x € X, we have

(0(x),0(x)) =
((viPa;(2))sery (viPag, (2))ie )

Zie] <UiPMi (IL’), UiPMi (:L’)>
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Zie[ vz2<PMz(x)7PML(x)>

= (z,x) .

Using the polarization identity, for each z,y € X,
we can write

O),0(y) = §Xioi™(O(x) +

*0(y), 0(z) + i*6(y))
= 139 0@ +
iky), 0(x + Zky)>

3 .
= % > h—0 *x +
i*y, x + ify)

= (z,y) .

This shows that 6 preserves the inner prod-
uct. d

Remark 4.1 By Proposition 4.1, if 6 is a
frame transform for a Parseval fusion frame of
a Hilbert A-module X then for each z € X,
we have (6(z),0(x)) = (xz,x). Hence for each
p € S(A), we obtain:

px(z) = px)(0(x) , z€X.

Then, by (1) and for each p € S(A), we have
Pxa2(x)(0) = Piz(x), x (07) = 1.

Definition 4.4 Let M = {(M;,v;) : i € I} be
a fusion frame for a Hilbert A-module X. Then

the fusion frame operator S for M is defined
by

S(z) = 0*0(x) = YierviPu(z)

Let {(M;,v;) : i € I} be a fusion frame for a
Hilbert A-module X with fusion frame operator
S and fusion frame bounds C' and D. Then, S is
a positive, self-adjoint and invertible operator on
X and we have the reconstruction formula

=3 PSPy ()

reX.

forall z € X .

Proof. It is easy to see that for each x,y € X, we
have (S(x),y) = (z,S(y)). Hence, by Proposition
3.1, we obtain S € End’(X) and S* = S. On the
other hand, for any x € X, we can write

(S(x), ) = 3 ier vi (Pa (@), 7) =
Zie] UZ2<PM7,(':C)7 PMz('r)) :
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Thus, S is a positive operator. Since {(M;,v;) :
i € I} is a fusion frame with bounds C' and D,
for each x € X, we have

C(x,x) < Eie] v12<PMz (.TU), PM1($)> =
(S(x),z) < D{x,z) .

Thus, CI < S < DI that [ is the identity
element in pro-C*-algebra End’(X). By (6)
and (7) of Proposition 2.1, S is invertible and
D11 <81 < C~1I. We also have

v=5718(2) = 3 0P ST Py (@)

(2

rzeX.

This completes the proof. o

Remark 4.2 Since S and S~! are positive
elements from pro-C*-algebra End’(X), by (2)
and (3) of Proposition 2.1, we have

C<px(S)<D , D' <px(s)<Ct.
Proposition 4.2 Let A be a o-C*-algebra and
let {(M;,v;) i € I} be a fusion frame for
a Hilbert A-module X with fusion frame opera-
tor S and fusion frame bounds C' and D. If T
is an invertible element of End%(X) such that
both are uniformly bounded and for each i € I,
T*T(M;) € M;, then {(TM;,v;) : i € I} is a
fusion frame for X with fusion frame operator
TST!.

Proof. By definition, M; for each ¢ € I, is a
closed submodule of X, so each TM; is also a
closed submodule of X (Remark 3.2). Since T is
surjective, for each x € X, there exist a unique
y € X such that x = T'y. On the other hand, for
each ¢ € I, M; is an orthogonally complemented
submodule, hence there exist unique elements u €
M; and v € MZ-l such that y = v + v. Thus
x = Tu + Tv and since TM; N TM;+ = {0}, for
each ¢ € I, we have

X =T(M;) & T(M;) .

On the other hand, by Proposition 3.4, we have
T(M:*) = (TM;)*, for each i € I, which implies
that T'M; is orthogonally complemented. Using
Propositions 3.2 and 3.4, for each x € X and
p € S(A), we have

> ier Vi (Pras, (), Prag, (x)) =
S ier V(T Py, T~ (), TPy, T ()

<
T332 e 07 (Par, (T~ a), Pag, (T 1))
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<
D|T|3(T "2, T a)
<
D\ T3 )T~ |3 (s ) -
On the other hand,
) ZZZEI vi2<P2TMi (x)a Psz (l’)> . >
1T e 2 e vi (P (T ), Pag, (T "))
>
CIT= T e, T )
>

CITHIRNTNR =, ) -

This shows that {(T'M;,v;) i € I} is a
fusion frame for X. Furthermore, if S’ is the
corresponding fusion frame operator, then by
using Proposition 3.4, for any x € X, we have

S(T~'z) = diel V2 Py (T ) =

(2

T Y viPrv, () =T71S" .

Thus, ' = TST~! . O
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