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Abstract

In this paper, the properties of fuzzy random variables with new meter and some extended
results of monotone convergence theorem and dominated convergence theorem for fuzzy
random variables are discussed. The main result is given by using Dp, g-distance defined
on the set of fuzzy numbers.
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1 Introduction

There are two types of common in the real-life world, randomness and fuzziness. Ac-
cordingly, there are two powerful theories, and possibility theory. For the development
of possibility theory, Dubois and Prad (1988), Klir (1999) and Zadeh (1978) are referred.
In many optimization problems such as Luhanjula (1996), Luhanjula and Gopta (1996),
Yazenin (1987), and Liu (1999, 2001a, 2001b), randomness and fuzziness are often re-
quired for simultion. For other approaches to the combined treatment of randomnss and
fuzziness, Puri and Ralescu (1985, 1986), Klement, Kruse and Meyer (1987), and Negoita
and Ralescu (1987) are recommanded. The concept of fuzzy random variables was intro-
duced by Kwakernaak (1978), who developed useful basic properties. Puri and Ralescu
(1985,1986), used the concept of fuzzy random variables and expected value (these concept
goes beyond those of Kwakernaak) for generalization of the result of random sets to fuzzy
random sets and also they developed an important tool for representing imprecise data
associated with the outcomes of a random experiment.

The paper is organized as follows:
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In Section 2, the basic definitions and concepts are brought. In Section 3, main result of
paper are discussed and finally, conclusion is drown in Section 4.

2 Preliminaries

In this section, first we recall some notations of fuzzy sets, fuzzy numbers and fuzzy random
variables.

Definition 2.1. Let E be a universal set, then a fuzzy set A of E is defined by its mem-
bership function A : E — [0, 1], where A(x) is the membership grade of x in A

Definition 2.2. Co(A) is called the coreof A, defined by Co(A) = {z € E : A(z) = 1}.
Definition 2.3. Supp(g) is called the support of A, defined by Supp(g) =c{x € E:

A(z) > 0}.

Definition 2.4. A, is called the a—level (cut) set of A, defined by Ag={r€E: Alz) >
at.According to the decomposition theorem of fuzzy set, we have: A(z) = sup{alz (z) :

a € [0,1]},where I ; is the indicator function of ordinary set A,

Definition 2.5. A fuzzy number is a fuzzy set of R such that the following conditions are
satisfied:

a) A is normal, that is, there exist xo such that A(zg) =1,

b) A is convez, that is, Vo1, 2 € R and A € [0,1], A (Az1 + (1 — N)zg) > min (AV($1),AV(IE2)) ,

c) A is upper semicontinuous with compact support.

According to the definition a—level (cut) set of a fuzzy number is a closed interval
where we denote by A, = [AS, AL], i.e.

A;:inf{xER:E(x)Za}, and A;r:sup{xeR:/T(m)Za}.

Let (2, A, P) be a probability space, and F(R) denote the set of fuzzy defined on R

Definition 2.6. A Mapping X:0— F(R) is said to be a fuzzy random variable associated
with (2, A) if and only if

{(w,2) 1z € Xoq(w)} € Ax B,

where B denotes the o-field of Borel set in R.For a fuzzy random variable X and w € Q,
let X(w) be a fuzzy set with the membership function X (w)(z).

Definition 2.7. D: F(R) x F(R) — [0,00) by the equation
1 _ _ 1/p :
(Jo la(As = B + (1= a)(A4; = Byl da) " if 1<p<oo

SUpp<a<1 |9(AL — BY) + (1 = ¢)(A; — By if p=o0.

The analytical properties of Dy, depend on the first parameter p, while the second pa-
rameter q of Dy, characterizes the subjective weight attributed to the sides of the fuzzy
numbers.
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3 Main Result

Theorem 3.1. Let {)N(n, X:n> 1} be a sequence of fuzzy random variables of real value.

IfX LEN 5( then

X, i.P.D X,
where a.s.D i.e is almost surly based on D, 4.
Proof: Since X,, 222 X | therefore P{w € Q: limp_00Dp y(Xn, X) = 0} = 1 On the
other hand 34 € F' s.t P(A) =0,Vw € A then

Lt —s00Dp g (X, X) = 0

So, Ve > 0,3n’ € N s.t Vn' < n, then Dp7q()zn,)?) < e,Yw € Q Thus,

1=P{ U ) [Dpa(Xn. X) < €]}

e>01<n’ n<n’/

<P{(\JID X) <€}

e>01<n/

let By = ﬂn’gn[an(Xna X) < ¢

:P{mBn’}

1<n’/

—lZmn_ﬂ)oP{ﬂ D,q XnaX)<€]}

/Sn
< Limy 00 P{[Dp¢(Xn, X) < €}.

Theorem 3.2. Let {)N(n, X:n> 1} be a sequence of fuzzy random variables and integrable.

IfX ﬂ;{ then

E[X,] 2 [X],

for , p=1.

Proof: By the assumption we have Dy ,(X,,, X) 2, 0. Now we show that D1 4(E[X,], E[X)) L
0, as, n — oo.

Dig(E[X,), EIX)) = Ji la(uie — 1d) + (1 = @) (e — p13)|der
1
Bl / (X — X+ (1— @) (X — Xo)|daf
0

= E[D14(Xn, X)]

= E[D14(X, X)I

{w€Q|D17q()?n,)?)Ze}]+E[D17Q(Xn7 X)I

{wele,q()Z*n,)?)«}]

let In = EDvq(Xn, X)L, (%, %)z
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< I+ eP{w € QD1 4(X,, X) < €}

S In +e€
To complete the proof we show that I,, — 0,n — oc.

I, = E[Dq 4(Xn, X)I{wGQIDLq()?nJ?)Ze}]

/  D1y(X,, X)dP(w)
{we|D1,¢(Xn,X)>e}

= [, D1g(Xn, X)dP(w).

< 00 a.s.D, and Dy ¢(X,, X) < oo a.s.. Indeed

Since )Afn, X are integrable, we have H)Afn

P(A,;) = 0, n — oo, since X, PD X, Then,

In = [4 D14(Xpn, X)dP(w) < supueaD1,q(Xn, X)P(An) = 0, as n — oo
Applying theorems (3.1) and (3.2) we have the following theorems.

Theorem 3.3. Let {)A(:n,)? :n > 1} be a sequence of fuzzy random variables and be

independent of random variable Y such thatY € Ly, X e Ly(F), X, € Li(F). If X, asD,

X, then
E[X,Y] 2 E[X]|E[Y].

Proof: By theorems (3.1) and (3.2), E[X,] RN E[X]. since X, 23D X There-

for(iE[f(n]E[Y] 2, E[X]E[Y]. Now, to complete the proof we show that E[X,]E[Y] =
E[X,Y]. For all fuzzy random variables we have,

Xa(w) = { Xpa@), X0 @)] | 0<a <1}, VweQ

Thus, 0(X,) = 0({Xpa;0 < a < 1}). We also know that a fuzzy random variable X,
and a real-valued random variable Y are independent if and only if o(X,,) and ¢(Y') are
independent for n > 1, i.e, for any A € o(X,), B € o(Y), P(ANn B) = P(A)P(B).
Therefore it is enough to show that

E[X,o)E[Y] = E[X,oY], Yae€0,1].

Now here we consider three cases for a random variable. B
(1) Let Y = I4 for A € o(Y). Since I4 is a random set thus [4 X, is a random set. By
Aumann integral we have

E[Xua] = {E(2)| Z(w) € Xna(W)},

and
E[Xpala] ={E(Z14)| Z(w) € Xpa(w)} = {E(Z)P(A)| Z(w) € Xpa(w)}

= P(AN{E(2))| Z(w) € Zna(w)} = EIY]E[Xpal.
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Now if Y = >"" | a;14,, then we have

n n
ElY Xno] = E[Y_ aila,Xnol = Y _ a;E[I4, Xpal
=1 =1

n n

= Z alP(Az)E[Xna] = Z aZE[IAz]E[Xna]
=1 i=1

= E[i ail 1) E[X o] = E[Y]E[Xna)-

(2) Let Y is a non-negative random variable (i.e Y > 0, a.s.). Therefore there exist a
simple random variable 0 < Y;, = Y7 a;14, such that 0 < Y, /Y. By monotone
convergence theorem for classical case we have E[Y,,] /" E[Y], so Y, Xpa — Y Xyo. Thus

E[Y Xnal = Limm—so E[YmXnal = Limm—oe E[Ym] E[Xpna] = E[Y]E[Xal-

(3) Let Y is a arbitrary random variable, then there exist non-negative random variable
Y7 and Y5 such that Y = Y5 — Y7, therefore

E[sznoc] = E[(Yé - E)Xna] = E[YQXna] - E[Yljzna]

= E[Y2]E[Xna] - E[YI]E[Xna] = (E[Yﬂ - E[YI])E[XM] = E[Y]E[Xna]-

Theorem 3.4. Let {)?n,)? : n > 1} be a sequence of fuzzy random variables and inte-
grable, the following conditions are equivalent.

(i) D1g(Xn, X) =0, B[D14(Xn, Ito))] = ElD1o(X, Ijoy)]
(i1) E[D1,4¢(Xpn, X)] =0
(731) Dl,q()wfn, X) EiR 0, DLq()Z'm Itoy) is uniformly integrable.

Proof: (i) = (i1): Let Y, = DLq()?n, X). Therefore Y,, is a nonnegative real-value
random variable and E[Y;] < oo and Y, EiR 0, thus E[Y,] — 0, i.e Dl,q()}na)?) — 0.
(19) = (i4i) : For all € > 0 we have

E[D1,4(Xn, X)]

P(w € Q| Dy (X, X) >e€) <
€

— 0,

as n — 0o. Since )?n, is integrable then
P{w € Q| Dy4(X,, Ifpy) = 00} =0,

and
P{w € Q| DLq()Z'n,I{O}) <a}—1, as, n— o0 (3.1)

or
P{w € Q| D1 4(Xn. Itoy) > a} =0, as, n— oc. (3.2)

Therefore E[Dy (X, Itoy)] = 1o + I1,, where

Ia = E[Dl,q(Xnu I{O})I{WEQ\ quq()’zml{o})>a}]a
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11, = E[D1,4(Xp, I;))
By using (3.1) and (3.2), we have

I{wem Dl,q(in,z{o})ga}]-

Limy—00E[D1,4(Xn, I10y)] = Lima ooy + Limg ool I,
= Limg—yoola + Lity oo B[D1,¢(Xn, Ioy)]
Therefore

0= Lima_,oola = LimaﬁooEl:D17q<Xn’ I{O})I{wem Dl,q()zn,f{o})>a}]

(it) —> () -
|E[D1,q(Xn, Ioy)] — E[D1o(X, Itopll < E[|D1,4(Xn, Ijoy) — D1,g(X, I{0})]]

1
= E[I/O laX0a + (1= ) X0l = laXd + (1 — @)X, llda]

1
< B /0 14X + (1 — @)X — X — (1 — @)X [1do]

= E[Dlvq(f(n,f()] —0, as, n— oo.

Because, X, LED X or Dl,q()?n,)?) L, 0. Then by using the theorem (3.3) the proof is

completed.

Theorem 3.5. ( Dominated convergence theorem for fuzzy random variables) Let {)?n, X:n>

1} be a sequence of fuzzy random variables and Y be a real-valued random variable and

Yel. If)?n 23Dy ¥ and Dqu()?n,l{o}) <|Y|, a.s. forn>1 then

X, X € Li(F) and E[X,] 2 B[X].

Proof: From theorem (3.1) and (3.2) to complete the proof it is enough to show that

)Z'n,)? € Ly1(F). Since X, asD, )NC, then

Dy 4(X,, X) 2250,
and there exist an event E € F', such that P(E) = 0, and for all w € €,
Limy—s00D1 4(X, X) = 0,
in the other hand
Ye>0, In e N stVn>n' = D17q()~(n,)~() <e.
Since DLq()?n,I{O}) <|Y|, as., and Y € Ly, then
E[D1,4(Xn, Iy)] < E[|Y]] < o0,

and X,, € L1(F). So for the enough large n
Dl,q()a I{O}) < Dl,q()?na Xv) + Dl,q()?na I{O})
<e—+ Dl,q()}mI{O}) < 00  a.s..

Therefore X € Ly (F).
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Conclusion

In this paper we have developed some important theorems of probability theory by using
a distance defined on the set of fuzzy numbers and their « cuts. The results is agreed to
crisp case where a= 1.
And finally, Special thanks to reviewers for their worthwhile and useful offers.
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