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Abstract

In this paper we give conditions for a tuple of commutative bounded linear operators which holds
in the property of the Hypercyclicity Criterion. We characterize topological transitivity and semi-
hereiditarily hypercyclicity of a dynamical system given by an n-tuple of operators acting on a sepa-
rable infinite dimensional Banach space X.
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1 Introduction

T
opological transivity was first introduced by
G. D. Birkhoff in 1920, for the study of

flows and characterized a dynamical system. See
[3, 4, 8] for more information.
Dynamical systems have different behavior, for
example, some of them have dense periodic points
and some others may be minimal and so with-
out any periodic point. We will consider a dy-
namical system (X, T ) given by an n-tuple T =
(T1, T2, ..., Tn) acting on an infinite dimensional
Banach space X. We give some conditions on X
(or T ) to be hold in semi-hereditarily hypercyclic
and topological transitive properties.

The symbol (X, T ) can be used in real physical
system, where a state is never given or it mea-
sured with a certain error. Two current defini-
tions of topological transitivity on an elementary
dynamical system (X, f), where X is a metric
space and f : X → X is continuous as follows:

a) For every pair of nonempty open subsets U
and V of X, there is a positive integer n such that
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fn(U)
∩

V ̸= ∅.
b) There is a point x0 ∈ X such that the orbit

of x0, ({x0, f(x0), ..., fn(x0), ...}), is dense in X.

The above definitions do not imply the others.
For example, take X = {0}

∪
{1/n : n ∈ N}

with standard metric and f : X → X defined
by f(0) = 0 and f(1/n) = 1/(n+ 1), n = 1, 2, ....
Clearly the point x0 = 1 is the only point which
its orbits is dense in X, but by taking U = {1/2}
and V = {1}, one can see that there is no positive
integer n such that fn(U)

∩
V ̸= ∅. So (b) does

not imply (a). Let I = [0, 1], g(x) = 1− |2x− 1|
be the self map on I, X be the set of all peri-
odic points of g and f = g|X . Then the system
(X, f) does not satisfy the definition (b) but it
holds in (a).This follows from the fact that for
any nondegenerate subinterval J of I there is a
positive integer k with gk(J) = I. Hence, when-
ever J1 and J2 are nonempty open subintervals of
I , there is a periodic orbit of g which intersects
both J1 and J2. This gives (a) for (X, f).

Under some conditions on space X (or on the
map f), the two definitions are equivalent.

Theorem 1.1 ([10]) If X has no isolated point
then (b) implies (a). If X is separable and second
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category then (a) implies (b).

By an n-tuple of operators we mean a finite se-
quence of length n of commuting continuous lin-
ear operators on a Banach space X.

Definition 1.1 Let T = (T1, T2, ..., Tn) be an n-
tuple of operators acting on an infinite dimen-
sional Banach space X. Let

F = {T1
k1T2

k2 ...Tn
kn : ki ∈ Z+, i = 1, ..., n}

be the semigroup generated by T . For x ∈ X, the
orbit of x under the tuple T is the set Orb(T , x) =
{Sx : S ∈ F}. A vector x is called a hypercyclic
vector for T if Orb(T , x) is dense in X and in
this case the tuple T is called hypercyclic.

Definition 1.2 By T (k)
d we will refer to the set

of all k copies of an element of F , i.e.

T (k)
d = {S1 ⊕ ...⊕ Sk : S1 = ... = Sk ∈ F}.

We say that T (k)
d is hypercyclic provided there ex-

ist x1, ..., xk ∈ X such that

{W (x1 ⊕ ...⊕ xk) : W ∈ T (k)
d }

is dense in the k copies of X, X ⊕ ...⊕X.

Note that if T1, T2, ..., Tn are commutative
bounded linear operators on a Banach space X,
and {mj(i)}j, is a sequence of natural numbers
for i = 1, ..., n, then we say

{T1
mj(1)T2

mj(2)...Tn
mj(n) : j ≥ 0}

is hypercyclic if there exists x ∈ X such that

{T1
mj(1)T2

mj(2)...Tn
mj(n)x : j ≥ 0}

is dense in X.

We say that a tuple T = (T1, T2, ..., Tn) is topo-
logically transitive with respect to a tuple of non-
negative integer sequences

({kj(1)}j , {kj(2)}j , ..., {kj(n)}j),

if for every nonempty open subsets U, V
of X there exists j0 ∈ N such that

T
kj0(1)
1 T

kj0(2)
2 ...T

kj0(n)
n (U) ∩ V ̸= Ø. Also, we say

that an n-tuple T is topologically transitive if it
is topologically transitive with respect an n-tuple
of nonnegative integer sequences.

Definition 1.3 A tuple T = (T1, T2, ..., Tn) is
called topologically mixing if for any given open
sets U and V , there exist positive integers M(1),
..., M(n) such that

T
m(1)
1 ...Tm(n)

n (U) ∩ V ̸= Ø,

∀m(i) ≥ M(i), i = 1, ..., n.

Definition 1.4 We say that a tuple T =
(T1, T2, ...Tn) is hereditarily hypercyclic with re-
spect to a tuple of nonnegative increasing se-
quences

({kj(1)}j , {kj(2)}j , ..., {kj(n)}j)

of integers provided for all tuples of subsequences

({kji(1)}i, {kji(2)}i, ..., {kji(n)}i)

of ({kj(1)}j , {kj(2)}j , ..., {kj(n)}j), the sequence

{T kji(1)
1 T

kji(2)
2 ...T

kji(n)
n : i ≥ 1}

is hypercyclic. We say that an n-tuple T is hered-
itarily hypercyclic, if it is hereditarily hypercyclic
with respect to an n-tuple of nonnegative increas-
ing sequences of integers.

Definition 1.5 We say that a tuple T =
(T1, T2, ...Tn) is semi-hereditarily hypercyclic with
respect to a tuple of nonnegative increasing se-
quences

({kj(1)}j , {kj(2)}j , ..., {kj(n)}j)

of integers provided for all tuples of subsequences

({kji1 (1)}i1 , {kji2 (2)}i2 , ..., {kjin (n)}in)

of ({kj(1)}j , {kj(2)}j , ..., {kj(n)}j), the sequence

{T kji(1)
1 T

kji(2)
2 ...T

kji(n)
n : ij ≥ 1, j = 1, ..., n}

is hypercyclic. We say that a pair T is semi-
hereditarily hypercyclic, if it is semi-hereditarily
hypercyclic with respect to a pair of nonnegative
increasing sequences.

Clearly, if a tuple T = (T1, T2, ...Tn) is hereditar-
ily hypercyclic, then it is semi-hereditarily hyper-
cyclic.

Definition 1.6 An strictly increasing sequence
of positive integers {nk} is said to be syndetic if
supn{nk+1 − nk} < ∞.
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The formulation of the Hypercyclicty Criterion in
the next section was given by N. S. Feldman [6] for
the case of n = 2. Here, we want to extend some
properties of hypercyclic operators to a tuple of
commuting operators. For some other topics we
refer to [1, 2, 5, 6, 7, 9, 11, 12, 13, 14, 15, 16, 17,
18, 19].

2 Main Results

In this Section we characterize the equivalent con-
ditions for a tuple of operators, satisfying the Hy-
percyclicity Criterion.

Theorem 2.1 (The Hypercyclicity Criterion)
Suppose that X is a separable infinite dimen-
sional Banach space and T = (T1, T2, ..., Tn) be
the n-tuple of operators T1, T2, ..., Tn acting on
X. If there exist two dense subsets Y and Z in
X, and strictly increasing sequences {mj(i)}j for
i = 1, ..., n such that :

1. T
mj(1)
1 ...T

mj(n)
n y → 0 for all y ∈ Y ,

2. There exist a sequence of functions {Sj : Z →
X} such that for every z ∈ Z, Sjz → 0, and

T
mj(1)
1 ...T

mj(n)
n Sjz → z as j → ∞,

then T is a hypercyclic tuple.

Theorem 2.2 Let T be a tuple of operators
{T1, T2, ..., Tn} on a separable infinite dimen-
sional Banach space X. Also, let T ∗

i has no eigen-
values for i = 1, ..., n. Then the followings are
equivalent:

(i) T (2)
d is hypercyclic.

(ii) for every nonempty open subsets U , V of X
and every neighborhood W of 0, there exist inte-
gers m1, ...,mn such that

Tm1
1 Tm2

2 ...Tmn
n (U) ∩W ̸= Ø

and

Tm1
1 Tm2

2 ...Tmn
n (W ) ∩ V ̸= Ø.

Proof. (i) implies (ii): Let (U, V ) be a pair of
nonempty open subsets of X and W be a neigh-
borhood of 0. Put U1 = U , V1 = U2 = W and

V2 = V . Since T (2)
d is hypercyclic, there exists

a tuple of nonnegative integers (m1, ...,mn) such
that

Tm1
1 Tm2

2 ...Tmn
n (U1) ∩ V1 ̸= Ø

and

Tm1
1 Tm2

2 ...Tmn
n (U2) ∩ V2 ̸= Ø.

This proves (ii).

(ii) implies (i): In order to show that T (2)
d is hy-

percyclic, we will show that for every nonempty
open subsets U , V of X, there exists a tuple of
integers (m1, ...,mn) such that

Tm1
1 Tm2

2 ...Tmn
n (U) ∩ V ̸= Ø

and

Tm1+1
1 Tm2+1

2 ...Tmn+1
n (U) ∩ V ̸= Ø.

For this let (U, V ) be any pair of nonempty open
subsets of X. Also, let W be any neighborhood
of 0. In assertion (ii) of the theorem substitute
W by W ∩ T−1

1 T−1
2 ...T−1

n (W ). Then there exists
a tuple of integers (m1, ...,mn) such that

Tm1
1 Tm2

2 ...Tmn
n (U)∩(W∩T−1

1 T−1
2 ...T−1

n (W )) ̸= Ø

and

Tm1
1 Tm2

2 ...Tmn
n (W ∩T−1

1 T−1
2 ...T−1

n (W ))∩V ̸= Ø.

Hence

T j1
1 T j2

2 ...T jn
n (U) ∩W ̸= Ø

and

T j1
1 T j2

2 ...T jn
n (W ) ∩ V ̸= Ø

formi ≤ mi+1, i = 1, ..., n. Now, let u, v be arbi-
trary elements in U and V , respectively. Choose
k0 ∈ N such that B(u, 1

k0
) ⊂ U and B(v, 1

k0
) ⊂ V .

For k ≥ k0 put Uk = B(u, 1k ), Vk = B(v, 1k ) and
Wk = B(0, 1k ). Then there exists a tuple of posi-
tive integers (mk(1),mk(2), ...,mk(n)) such that

T j1
1 T j2

2 ...T jn
n (Uk) ∩Wk ̸= Ø

and

T i
1T

j
2 (Wk) ∩ Vk ̸= Ø

for mk(i) ≤ mk(i) + 1, i = 1, ..., n. So there exist
uk, u

′
k ∈ Uk, vk, v

′
k ∈ Vk and wk, w

′
k ∈ Wk such

that

uk, u
′
k −→ u, wk, w

′
k −→ 0,

T
mk(1)
1 T

mk(2)
2 ...Tmk(n)

n uk −→ 0,

T
mk(1)+1
1 T

mk(2)+1
2 ...Tmk(n)+1

n wk −→ v,

T
mk(1)+1
1 T

mk(2)+1
2 ...Tmk(n)+1

n u′k −→ 0,

and

T
mk(1)+1
1 T

mk(2)+1
2 ...Tmk(n)+1

n w′
k −→ v.
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Hence, uk + wk −→ u and so

T
mk(1)
1 T

mk(2)
2 ...Tmk(n)

n (uk + vk) −→ v.

Also, u′k + w′
k −→ u and so

T
mk(1)+1
1 T

mk(2)+1
2 ...Tmk(n)+1

n (u′k + v′k) −→ v.

Thus the sets

T
mk(1)
1 T

mk(2)
2 ...Tmk(n)

n (U) ∩ V

and

T
mk(1)+1
1 T

mk(2)+1
2 ...Tmk(n)+1

n (U) ∩ V

are both nonempty for k large enough and so the
proof is complete.□

Proposition 2.1 Let T be a tuple of operators
T1, T2, ..., Tn on a separable infinite dimensional
Banach space X. Then T = (T1, T2, ..., Tn) is
semi-hereditarily hypercyclic with respect to a tu-
ple of increasing sequences of nonnegative inte-
gers

({m(1)
k(1)

}k, {m(2)
k(2)

}k, ..., {m(n)
k(n)

}k)

if and only if for all given any two open sets
U , V , there exists a pair of positive integers
(M1,M2, ...,Mn) such that

T
m

(1)
k(1)

1 T
m

(2)
k(2)

2 ...T
m

(n)
k(n)

2 (U) ∩ V ̸= Ø

for any k(i) > Mi for i = 1, ..., n.

Proof. Let T = (T1, T2, ..., Tn) be semi-
hereditarily hypercyclic with respect to a tuple
of increasing sequences of nonnegative integers

({m(1)
k(1)

}k, {m(2)
k(2)

}k, ..., {m(n)
k(n)

}k).

Suppose that there exist some open sets U , V
such that for all positive integers i1, ..., in,

T
m

(1)
ki1

(1)

1 T
m

(2)
ki2

(2)

2 ...T
m

(n)
kin

(n)

n (U) ∩ V = Ø

for some tuple of subsequences

({m(1)
ki1

(1)
}i1 , {m

(2)
ki2

(2)
}i2 , ..., {m

(n)
kin

(n)
}in )

of

({m(1)
k(1)

}k, {m(2)
k(2)

}k, ..., {m(n)
k(n)

}k).

Since T is semi-hereditarily hypercyclic with re-
spect to

({m(1)
k(1)

}k, {m(2)
k(2)

}k, ..., {m(n)
k(n)

}k),

thus

{T
m

(1)
ki1

(1)

1 T
m

(2)
ki2

(2)

2 ...T
m

(n)
kin

(n)

n : ij ≥ 0 , j = 1, ..., n}

is hypercyclic and so we get a contradiction. Con-
versely, suppose that

({m(1)
ki1

(1)
}i1 , {m

(2)
ki2

(2)
}i2 , ..., {m

(n)
kin

(n)
}in )

be an arbitrary subsequence of

({m(1)
k(1)

}k, {m(2)
k(2)

}k, ..., {m(n)
k(n)

}k).

Let U , V be open sets in X, so there exists posi-
tive integers Mi, i = 1, ..., n such that

T
m

(1)
k(1)

1 T
m

(2)
k(2)

2 ...T
m

(n)
k(n)

2 (U) ∩ V ̸= Ø

for any k(i) > Mi for i = 1, ..., n. This implies
clearly that

T
m

(1)
ki1

(1)

1 T
m

(2)
ki2

(2)

2 ...T
m

(n)
kin

(n)

n (U) ∩ V ̸= Ø

for any ij > Mj and all j = 1, ..., n. Now the
proof is complete.□

Theorem 2.3 Let T be a tuple of operators
T1, T2, ..., Tn on a separable infinite dimensional
Banach space X. Then T = (T1, T2, ..., Tn) is
semi-hereditarily hypercyclic with respect to a tu-
ple of increasing syndetic sequences of nonnega-
tive integers if and only if T is topologically mix-
ing.

Proof. Suppose that T = (T1, T2, ..., Tn) is semi-
hereditarily hypercyclic with respect to a tuple
of increasing syndetic sequences of nonnegative
integers

({m(1)
k(1)

}, {m(2)
k(2)

}, ..., {m(n)
k(n)

}).

Let U and V be two nonempty open sets in X.
We will show that there exist integers Mi, i =
1, ..., n such that

Tm1
1 Tm2

2 ...Tmn
n (U) ∩ V ̸= Ø

for any mi > Mi, i = 1, ..., n. Put

Mi = sup{m(i)
k(i)+1

−m(i)
k(i)

: k(i) ≥ 0}
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for i = 1, ..., n. For all ij = 0, ...,Mj and j =
1, ..., n, define Ui1,i2,...,in = U and

Vi1,i2,...,in = T−i
1 T−i

2 ...T−i
n (V ).

Thus there exist integers M
(j)
i1,i2,...,in

such that for

any k(j) > M
(j)
i1,i2,...,in

, j = 1, ..., n, we have

T
m

(1)
k(1)

1 T
m

(2)
k(2)

2 ...T
m

(n)
k(n)

2 (Ui1,i2,...,in) ∩ Vi1,i2,...,in ̸= Ø

that is also holds for any k(j) > m
(j)
Mi1,i2,...,in

. Put

Mo(j) = max{m(j)
Mi1,i2,...,in

: ik = 0, 1, 2, ...,Mk, k = 1, ..., n},

and let Mo(j) = m
(j)
k0(j)

.

Now if mj > m
(j)
k0(j)

, there exist k(j) > k0(j)

and 0 ≤ ij ≤ Mj such that mj = m
(j)
k(j) + ij for

j = 1, ..., n. Thus we get

Tm1
1 Tm2

2 ...Tmn
n (U) ∩ V

= T
m

(1)
k(1)

+i1

1 T
m

(2)
k(2)

+i2

2 ...T
m

(n)
k(n)

+in
n (Ui1,i2,...,in) ∩ V

= T
m

(1)
k(1)

1 T
m

(2)
k(2)

2 ...T
m

(n)
k(n)

2 (Ui1,i2,...,in) ∩ T−i1
1 T−i2

2

...T−in
n (V )

= T
m

(1)
k(1)

1 T
m

(2)
k(2)

2 ...T
m

(n)
k(n)

2 (Ui1,i2,...,in) ∩ Vi1,i2,...,in

̸= Ø.

Conversely if T is topologically mixing, then by
Proposition 2.1, T is semi-hereditarily hyper-
cyclic with respect to the pair of entire sequences
and so the proof is complete.□
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