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Dynamical system and Semi-Hereditarily hypercyclic property
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Abstract

In this paper we give conditions for a tuple of commutative bounded linear operators which holds
in the property of the Hypercyclicity Criterion. We characterize topological transitivity and semi-
hereiditarily hypercyclicity of a dynamical system given by an n-tuple of operators acting on a sepa-

rable infinite dimensional Banach space X.
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1 Introduction

opological transivity was first introduced by
T G. D. Birkhoff in 1920, for the study of
flows and characterized a dynamical system. See
[3, 4, 8] for more information.
Dynamical systems have different behavior, for
example, some of them have dense periodic points
and some others may be minimal and so with-
out any periodic point. We will consider a dy-
namical system (X,7) given by an n-tuple 7 =
(Ty, Ty, ...,T),) acting on an infinite dimensional
Banach space X. We give some conditions on X
(or T ) to be hold in semi-hereditarily hypercyclic
and topological transitive properties.

The symbol (X, 7") can be used in real physical
system, where a state is never given or it mea-
sured with a certain error. Two current defini-
tions of topological transitivity on an elementary
dynamical system (X, f), where X is a metric
space and f : X — X is continuous as follows:

a) For every pair of nonempty open subsets U
and V of X, there is a positive integer n such that
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oyNv #0.

b) There is a point xg € X such that the orbit
of zg, ({x0, f(x0), ..., ["(x0),...}), is dense in X.
The above definitions do not imply the others.
For example, take X = {0} J{1/n : n € N}
with standard metric and f : X — X defined
by f(0) =0and f(1/n) =1/(n+1),n =1,2,....
Clearly the point x¢p = 1 is the only point which
its orbits is dense in X, but by taking U = {1/2}
and V = {1}, one can see that there is no positive
integer n such that f™(U)(\V # 0. So (b) does
not imply (a). Let I =[0,1], g(z) =1 — |22 — 1
be the self map on I, X be the set of all peri-
odic points of g and f = g|x. Then the system
(X, f) does not satisfy the definition (b) but it
holds in (a).This follows from the fact that for
any nondegenerate subinterval J of I there is a
positive integer k with ¢*(J) = I. Hence, when-
ever Ji and Jy are nonempty open subintervals of
I, there is a periodic orbit of g which intersects
both J; and J. This gives (a) for (X, f).

Under some conditions on space X (or on the
map f), the two definitions are equivalent.

Theorem 1.1 ([10]) If X has no isolated point
then (b) implies (a). If X is separable and second
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category then (a) implies (b).
By an n-tuple of operators we mean a finite se-

quence of length n of commuting continuous lin-
ear operators on a Banach space X .

Definition 1.1 Let T = (T1, T3, ...,T,,) be an n-
tuple of operators acting on an infinite dimen-
stonal Banach space X. Let

F={nhnk Tr  kezt, i=1,.,n}

be the semigroup generated by T. For x € X, the
orbit of x under the tuple T is the set Orb(T,x) =
{Sxz : S € F}. A vector x is called a hypercyclic
vector for T if Orb(T,x) is dense in X and in
this case the tuple T is called hypercyclic.

Definition 1.2 By %(k) we will refer to the set
of all k copies of an element of F, i.e.

TP = {S1@ .. @S : S =...= S, € F}.

We say that 7"1(k) is hypercyclic provided there ex-
ist x1,...,x € X such that

(W ... &) We T

1s dense in the k copies of X, X @ ... ® X.

Note that o Tv,T5,...,T, are commutative
bounded linear operators on a Banach space X,
and {m;(i)};, is a sequence of natural numbers
fori=1,...,n, then we say

{Tlmj(l)TQWJ(Q)__.Tnmj(n) :j >0}

is hypercyclic if there exists x € X such that
{Tlmj(l)TQﬂlj(?)__.Tnmj(n)x :j >0}

1s dense in X.

We say that a tuple T = (11,75, ..., T,) is topo-

logically transitive with respect to a tuple of non-
negative integer sequences

ki) b ki) b o ki) )
if for every nonempty open subsets U,V
of X there exists j, € N such that

lejO(l)TijO(Q)...T:jO(">(U) NV # @. Also, we say
that an n-tuple 7 is topologically transitive if it
is topologically transitive with respect an n-tuple
of nonnegative integer sequences.
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Definition 1.3 A tuple T = (T1,T3,...,T,) is
called topologically mixing if for any given open
sets U and V', there exist positive integers M (1),
.oy M(n) such that

O 1)Uy n V£ 0,
Ym(i) > M(3),

1=1,...,n.

Definition 1.4 We say that a tuple T =
(Th, Ty, ...T},) is hereditarily hypercyclic with re-
spect to a tuple of monnegative increasing se-
quences

(ki b Ak b ki 1)

of integers provided for all tuples of subsequences
({& 'i(l)}iv {k '¢(2)}i7 o {k 'z‘(n)}i)

of ({kjy}is ki) }is s {Ejm)}s), the sequence
(IO TR e > 1)

is hypercyclic. We say that an n-tuple T is hered-
itarily hypercyclic, if it is hereditarily hypercyclic
with respect to an n-tuple of nonnegative increas-
ing sequences of integers.

Definition 1.5 We say that a tuple T =
(Th, 15, ... T},) is semi-hereditarily hypercyclic with
respect to a tuple of nonnegative increasing se-
quences

ki) tis ki) Y o 1Ry 15)

of integers provided for all tuples of subsequences
(LK, (0 ins (R, @ Yz ooos (K, () i)
of ({kj) s> 1kj2) )iy -+ 1kjn) }4), the sequence
(TEO @ | st 51 5 =1, n)

is hypercyclic. We say that a pair T is semi-
hereditarily hypercyclic, if it is semi-hereditarily
hypercyclic with respect to a pair of nonnegative
INCTreasing Sequences.

Clearly, if a tuple T = (11,15, ...T},) is hereditar-
ily hypercyclic, then it is semi-hereditarily hyper-
cyclic.

Definition 1.6 An strictly increasing sequence
of positive integers {ny} is said to be syndetic if
supp{nk+1 — ng} < oo.
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The formulation of the Hypercyclicty Criterion in
the next section was given by N. S. Feldman [6] for
the case of n = 2. Here, we want to extend some
properties of hypercyclic operators to a tuple of
commuting operators. For some other topics we
refer to [1, 2, 5, 6, 7, 9, 11, 12, 13, 14, 15, 16, 17,
18, 19].

2 Main Results

In this Section we characterize the equivalent con-
ditions for a tuple of operators, satisfying the Hy-
percyclicity Criterion.

Theorem 2.1 (The Hypercyclicity Criterion)
Suppose that X s a separable infinite dimen-
sional Banach space and T = (T1,To,...,T,) be
the n-tuple of operators 11, Ts, ..., T,, acting on
X. If there exist two dense subsets Y and Z in
X, and strictly increasing sequences {m;(i)}; for
1 =1,...,n such that :

1Y ™y 0 forally €Y,

2. There exist a sequence of functions {S; : Z —
X} such that for every z € Z, Sjz — 0, and
Tfnj(l)...TTTj(n)sz — zasj— oo,
then T is a hypercyclic tuple.

Theorem 2.2 Let T be a tuple of operators
{Th,T5,...,T,} on a separable infinite dimen-
sional Banach space X. Also, let T} has no eigen-
values for i = 1,...,n. Then the followings are
equivalent:

(i) 7;(2) is hypercyclic.

(ii) for every nonempty open subsets U, V of X
and every neighborhood W of 0, there exist inte-
gers mi, ..., my, such that

TIR T (U)W £ O

and
"I (W)NV # .

Proof. (i) implies (ii): Let (U,V) be a pair of
nonempty open subsets of X and W be a neigh-
borhood of 0. Put Uy = U, Vi = Uy = W and

Vo = V. Since ’7;(2) is hypercyclic, there exists

a tuple of nonnegative integers (myq, ..., my) such
that

Ty . T (Un) NV # O
and

TFITQWQ...TYT"(UQ) NVe #£ Q.
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This proves (ii).

(ii) implies (i): In order to show that 7;(2) is hy-
percyclic, we will show that for every nonempty
open subsets U, V of X, there exists a tuple of
integers (my, ..., my) such that

T2, T (U)NV # 0
and
A R MY (A Na R 7PN )

For this let (U, V') be any pair of nonempty open
subsets of X. Also, let W be any neighborhood
of 0. In assertion (ii) of the theorem substitute
W by W AT T, . T (W). Then there exists
a tuple of integers (my, ..., m,) such that

T Ty T (U)N(WNT Tyt

n

T (W) # 0
and

Ty T (WNT T T (W) NV £ 0.

n

Hence o ‘
TflTQJQ...TﬂL”(U) NW#0

and
TITP .. Ti(W)NV £ 0

form; <m;+1, i =1,...,n. Now, let u, v be arbi-
trary elements in U and V', respectively. Choose
ko € N such that B(u, 7-) C U and B(v, =) C V.
For k > ko put Uy = B(u, 1), Vi, = B(v, +) and
Wi = B(0, %) Then there exists a tuple of posi-
tive integers (my (1), mg(2), ..., mg(n)) such that

TITY.. T3 (U) "Wy, # @
and ‘
TTY (W) N Vi # O

for my (i) < my(i)+1, i =1,...,n. So there exist
ug, uy, € Ug, vg, vy, € Vi and wy, w), € Wy, such
that
uk,u;C — U, wk,wfg — 0,
Ty Wy @) ey, 0,
Ty O AL )Ly,

T{nk(l)“‘lTka(Q)"'l -.-Ténk(n)—’_lu% 0,

and

e @HL pman) g
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Hence, uy + wp — v and so
s qme@) pmi) (. 4o4) — v,
Also, uj, + wj;, — u and so
YA M L A (TS )
Thus the sets
@) pms)(ry n v
and

T{nk(l)JrlT;Tk(Z)Jrl“.T:an(n)—i-l (U) AV

are both nonempty for k large enough and so the
proof is complete.[]

Proposition 2.1 Let T be a tuple of operators
11,15, ....,T,, on a separable infinite dimensional
Banach space X. Then T = (T1,Ts,...,T,) is
semi-hereditarily hypercyclic with respect to a tu-
ple of increasing sequences of nonnegative inte-
gers

if and only if for all given any two open sets
U, V, there exists a pair of positive integers
(M, Ms, ..., M,,) such that

1) (2) (n)
m m m
T, * VT, T, T UY NV #£ O

for any k(i) > M; fori=1,...,n.

Proof. Let T = (T1,Ts,...,T,) be semi-
hereditarily hypercyclic with respect to a tuple
of increasing sequences of nonnegative integers

Suppose that there exist some open sets U, V
such that for all positive integers i1, ..., i,

(1) (2) n
My () My (2) M (n)
"

T, T, T U)ynv=0

for some tuple of subsequences
({ml(cll.l)(n }’i ’ {mz(ji (2)}i2’ Y {ml(c:lj (n) }’”)

of
1 2 n
({m® J, {m®) Jiy e ) 1),
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Since T is semi-hereditarily hypercyclic with re-
spect to

({m$2> }kv {m,(2>}k= s {mIET(L,)L) }k)v

thus
(1) (2) n
m’%l (€)) mkiQ (2) My (n) .
{T} T, T T i >0, 5=1,..,n}

is hypercyclic and so we get a contradiction. Con-
versely, suppose that

({m’(il) 1) }il ’ {mz(ci) (2) }i2 ey {m(n) n) }zn)

kin
be an arbitrary subsequence of

Let U, V be open sets in X, so there exists posi-
tive integers M;, i = 1,...,n such that

(1) (2) (n)
m m m;.
T, "7, P T, T (U) NV £ O

for any k(i) > M, for i = 1,...,n. This implies
clearly that

(1

) (2)
ki (1)

m
ki (2)

T

m )
T, LT, (U)NV£Q
for any i; > M; and all j = 1,...,n. Now the
proof is complete.[]

Theorem 2.3 Let T be a tuple of operators
11,15, ..., T, on a separable infinite dimensional
Banach space X. Then T = (T1,Ts,...,T,) is
semi-hereditarily hypercyclic with respect to a tu-
ple of increasing syndetic sequences of nonnega-
tive integers if and only if T is topologically miz-
ing.

Proof. Suppose that 7 = (11,75, ..., T},) is semi-
hereditarily hypercyclic with respect to a tuple
of increasing syndetic sequences of nonnegative
integers

1 2 n

Let U and V be two nonempty open sets in X.
We will show that there exist integers M;, i =
1,...,n such that

2. I U)NV #0
for any m; > M;, i =1,...,n. Put

M; = sup{m®  —m® k() >0}

k(i)+1 k(i) ° —
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for i = 1,...,mn. For all i; = 0,...,M; and j =

-----

Vissigsin = T T3 T (V).

Thus there exist integers M ) such that for

) 11,82,0-+yin
any k(j) > MY

irininy J =1, .m, we have

(1) (2) (n)
(1) k(2 My
T, " T, "y M Uiy i) N Vi g, # 9

that is also holds for any k(j) > mg\]}l . Put

1582505 in

M,y(j) = mam{m(j)

,,,,,

: ’Lk = 0, 1,2, ...,Mk, k= 1, ...,TL},
and let M,(j) = mg))(j).
Now if m; > m](j))(j), there exist k(j) > ko(j)
and 0 < 7; < M; such that m; = mg()j) + 1; for
j=1,...,n. Thus we get

TR T (U) OV

m,(:()m +i1

= T1

2 . (n) .
m 10 my o “+in
T, @ T, M

(1) 2 (n)
_ Q) " R(2) "k (n) —iy—i
=T, 7T, 7T, Uiy sig,..sin) NI VT

Uiy ig,...in) OV

LT (V)
(1) (2) (n)
(1) " ke(2 M (n
= Tl ( >T2 ( )TQ ( )(Ui1,i2 ----- in) m ‘/'Llai27---7in
£0.

Conversely if T is topologically mixing, then by
Proposition 2.1, T is semi-hereditarily hyper-
cyclic with respect to the pair of entire sequences
and so the proof is complete.[]

References

[1] F. Bayart and E. Matheron, Dynamics of
linear operators, Cambridge University Press
(2009).

[2] J. Bes, A. Peris, Hereditarily hypercyclic op-
erators, J. Func. Anal. 167 (1999), 94-112.

[3] G. D. Birkhoff, Collected Mathematical Pa-
pers, Vols. 1, 2, 3, New York, 1950.

[4] G. Birkhoff, Dynamical Systems, Amer.
Math. Soc., Providence, RI, 1927.

7

[5] N. S. Feldman, Hypercyclic pairs of coana-
lytic Toeplitz operators, Integral Equations
Operator Theory, 58 (2007) 153-173.

[6] N. S. Feldman, Hypercyclic tuples of opera-
tors and somewhere dense orbits, J. Math.
Appl. 346 (2008) 82-98.

[7] G. Godefroy, J. H. Shapiro, Operators with
dense invariant cyclic manifolds, J. Func.
Anal. 98 (1991) 229-269.

[8] W. H. Gottschalk, G. A. Hedlund, Topo-
logical Dynamics, Amer. Math. Soc. Collog.
Publ. 36, Providence, RI, 1995.

9] S. Grivaux, Hypercyclic operators, mixing
operators and the bounded steps problem, J.
Operator Theory 54 (2005) 147-168.

[10] S. Silverman, On maps with dense orbits
and the definition of chaos, Rocky Mountain
Jour. Math. 22 (1992) 353-375.

[11] B. Yousefi, H. Rezaei, Hypercyclicity on the
algebra of Hilbert-Schmidt operators, Results
in Mathematics 46 (2004) 174-180.

[12] B. Yousefi, H. Rezaei, Some necessary and
sufficient conditions for Hypercyclicity Cri-
terion, Proc. Indian Acad. Sci. (Math. Sci.)
115 (2005) 209-216.

[13] B. Yousefi, A. Farrokhinia, On the hereditar-
ily hypercyclic vectors, Journal of the Korean
Mathematical Society 43 (2006) 1219-1229.

[14] B. Yousefi, H. Rezaei, J. Doroodgar, Su-
percyclicity in the operator algebra wusing
Hilbert-Schmidt operators, Rendiconti Del
Circolo Matematico di Palermo, Serie II,
Tomo LVI (2007) 33-42.

[15] B. Yousefi, H. Rezaei, Hypercyclic prop-
erty of weighted composition operators, Proc.
Amer. Math. Soc. 135 (2007) 3263-3271.

[16] B. Yousefi, S. Haghkhah, Hypercyclicity of
special operators on Hilbert function spaces,
Czech. Math. Journal 57 (2007) 1035-1041.

[17] B. Yousefi, H. Rezaei, On the supercyclic-
ity and hypercyclicity of the operator algebra,
Acta Mathematica Sinica 24 (2008) 1221-
1232.



78

[18] B. Yousefi, J. Izadi, Weighted composition
operators and supercyclicity criterion, Inter-
national Journal of Mathematics and Mathe-
matical Sciences 2011, http://dx.doi.org/
10.1155/2011/514370/.

[19] B. Yousefi, Hereditarily transitive tuples,
Rend. Circ. Mat. Palermo 2011,http://dx.
doi.org/10.1007/512215-011-0066-y/.

Khadijeh Jahedi studied B.Sc
in ”Math. Teaching” in Shi-
raz University, M.Sc in ”Pure
Math.” in Isfahan University and
Ph.D in "Pure Math.” in Islamic
Azad University-Sciences and Re-
searches Branch (Tehran). Her
thesis involved in Analysis ”operator theory”.
Apart from that, she is teaching in Shiraz Is-
lamic Azad University as an assistant professor
and "member of Iranian mathematical socity”.
She is also the Editor-in-Chief and member of
Editorial Boards of the ”Journal of Mathemati-
cal Extension” in Shiraz Islamic Azad University.

K. Jahedi /IJIM Vol. 6, No. 1 (2014) 75-78


http://dx.doi.org/10.1155/2011/514370/
http://dx.doi.org/10.1155/2011/514370/
http://dx.doi.org/10.1007/S12215-011-0066-y/
http://dx.doi.org/10.1007/S12215-011-0066-y/

	Introduction
	 Main Results

