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Abstract

In this paper allocating a fixed resource for producing finite projects in order to obtaining a desired
level of efficiency will be discussed. Note that it is assumed that a vector of limited sources is at
hand. This vector of resources can be contained human resource, budget, equipment, and facilities.
In any firm there exist different suggestions from subunits for running a new projects in line with the
organization’s objectives. Implementation of all the suggested projects need high level of resources. In
accordance to this fact that resources are limited thus it is not possible to run all of the projects. Thus,
selecting high quality projects or those with high efficiency is more desirable for implementation. In
this paper a method for selecting projects will be proposed which has high performance.
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1 Introduction

I
n daily routines it is of great importance to
allocate budget in a proper way. As it seems

to be necessary to perform this task in an ideal
manner this paper mainly deals with budget
allocation problem. For this purpose different
methods presents in literature, some of them
mentioned in this paper.
Dutra et al. [4] in their paper provided an eco-
nomic probabilistic model for project selection.
They presented a model three steps. For showing
the applicability of the model their considered
a portfolio of investment projects at a power
distribution company. Tavana et al. [6] presented
mathematical model based on the data envelop-
ment analysis technique with ambiguity. They
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considered multi-objective fuzzy linear program-
ming for modelling the vagueness of the objective
functions and modelled the ambiguity of the
input and output data considering the fuzzy sets
and a new a-cut based method. The authors
considered a high-technology project selection
at NASA in order to show the applicability of
the proposed models. The main purpose of this
research is to propose an effective hybrid process
for evaluating district development directions.
They used the fuzzy Delphi method (FDM),
the interpretive structural modelling (ISM),
and the analytic network process (ANP) with
benefits, opportunities, costs, and risks (BOCR)
are integrated to construct a project selection
model. A case study in in Taiwan is considered
for evaluation of the provided model. As the
complexity of the project selection problem is
due to the high number of projects thus Khalili-
Damghani et al [5] presented a hybrid fuzzy
rule-based multi-objective framework for sus-
tainable project portfolio selection. They noted
that the proposed framework simultaneously
considers the accuracy maximization and the
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complexity minimization objectives As stated in
literature DEA is a mathematical programming
technique for performance assessment of a set
of homogeneous decision making units (DMUs).
The model of this mathematical technique are
on basis of some fundamental axioms which can
consider different types of production technology.
As project selection is a common task in daily
routines it is of importance to formulate a model
for it in a proper way. Thus some models, based
on DEA technique, introduced for selecting
the proper project from among the presented
projects from different organizations and a model
for maximizing the total output of the system.
In the following section three mathematical
programming problems are proposed for project
selection each of which considered this aim from
different aspects.

2 Preliminaries

Data envelopment analysis is a non-parametric
approach for measuring relative efficiency of a set
of decision making units. This technique is based
upon mathematical programming. One of the
major advantages in DEA analysis is that it is a
linear programming method deals with multiple
inputs (X) and multiple outputs (Y) with no
pre-assumption about data. Noted that in this
method it is assumed that input and output
vectors are considered to be seropositive. In
this technique in accordance to the observations
an envelope constructed which surrounds all
of them and this leads to generate a frontier
which is called as production frontier. It also
makes it possible to consider different types of
technologies.
The most general way to characterize production
technology is production possibility set T, which
is defined with a set of semipositive (x, y) as:

T = {(x, y)| x ≥
n∑

j=1

λjxj , y ≤
n∑

j=1

λjyj ,

λj ≥ 0, j = 1, ..., n}

Those DMUs located onto this frontier is called
best practice which performs efficiently, and those
which are far away from this frontier is called in-
efficient. One important concerns of managers is

policy making and guiding these inefficient units.
One great key feature of DEA technique is that
it also can be considered as benchmarks tool, as
well. According to the constructed production
frontier with efficiently performed units and the
fact that relative efficiency of each unit derived
from the comparison process to this frontier, this
frontier can be considered for benchmarks. Thus
for inefficient unit a proper unit, located onto
this frontier, can be accounted for as a suitable
and achievable target. Charnes et al. [3] pre-
sented CCR model for relative efficiency assess-
ment of a set of homogeneous DMUs. In this
model constant returns to scale form of technol-
ogy is assumed. This model is written in input
orientation which means inputs are contracted,
while keeping the projected point at least at the
same output levels. In order to efficiency eval-
uation and benchmarking one should performed
two-stage optimization procedure. Which means
at first, the optimal value of the objective func-
tion of the CCR model is obtained. This scaler
shows the possible uttermost radial increment for
inputs. Note that simultaneously the shortfall
output or excess input usage also need to be con-
sidered. Thus for finding Pareto- efficient targets,
the second stage should be solved. This stage
seeks for the nonradial improvements for inputs
and outputs by maximizing the sum of input and
output slacks. Consider this two-stage model as
following.

min θ − ε(1s− + 1s+)

s.t.
n∑

j=1

λjxij + s− = θxio, ∀i,

n∑
j=1

λjyrj − s+ = yro, ∀r,

λj ≥ 0, ∀j.

(2.1)

The same idea can be performed for output orien-
tation which explores higher outputs while keep-
ing the projected point at least at the same in-
put levels. As Banker et al. [1] presented in a
paper, variable returns to scale technology form
of the productu=ion function can also be con-
sidered. In doing so, after performing the anal-

ysis constraint
n∑

j=1

λj = 1 needs to be added

to model (2.1). Replacing this constraint with
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n∑
j=1

λj ≤ 1 or

n∑
j=1

λj ≥ 1 shows non-increasing

and non-decreasing returns to scale technologies,
respectively. As mentioned formerly, DEA mod-
els are linear programming problem thus it is pos-
sible to consider a dual problem for them.
The dual of the above model which is called mul-
tiplier form in input orientation is as follows. As
stated in literature

s∑
r=1

uryrD −
m∑
i=1

vixiD = 0, D ∈ {1, ...n}

forms a supporting hyperplane passing through
efficient DMUD.

max
s∑

r=1

uryro

s.t.
m∑
i=1

vixio = 1,

s∑
r=1

uryrj −
m∑
i=1

vixij ≤ 0, ∀j,

ur ≥ 0, vi ≥ 0, ∀r, ∀i.

(2.2)

In the above- mentioned model v and u are
the input and output weight vectors.
Both of the aforesaid models are in input ori-
entation where the input reduction is due to
maximized. The above models can be written in
output orientation where the output shortfall is
due to minimized.

3 Formulating project selection
with limited resources

In this section different method of project selec-
tion with limited resources will be discussed. At
first, a method is introduced which considerers
all the possible selections along with the limited
resources the project with high performance will
be selected.
Let b = (b1, ...bm)t be the vector of lim-
ited resources at managers hand. Note that
bi, b ̸= 0, b ≥ 0 shows the extend of the i th
resource for allocation and running projects.
Moreover, assume that Z1, ..., Zn are the pro-
posed projects. Each of these projects uses

portions of the resources b and produces the
output Y . If Zj = (Xj , Yj)

t be the coordination
of the j th project this means that Xj is pro-
posed from the resources b for producing Yj and
Xj ≥ 0, Xj ̸= 0, Yj ≥ 0, Yj ̸= 0.

Note that in accordance with the variety of
the proposed projects we should have:

n∑
j=1

Xj ≤/ b

The aim is to find a bundle of projects like j
that;

P1 :

n∑
j=1

Xj ≤ b

P2 : Xj ≤/ b−
n∑

j=1

Xj , j ∈/ J

P3 : {(Xj , Yj |j ∈ J}has the highest rank.

In this case it is assumed that all the cases
of selecting different projects from source of b,
considering P1 and P2 can be investigated and
calculated.
As an example consider:

b = (15, 12)t, Z1 = (5, 3, 7)t,

Z2 = (4, 7, 3)t, Z3(3, 5, 6)
t, Z4(4, 1, 3)

t

and

C1 = {Z1, Z2, Z4}, C2 = {Z1, Z3, Z4},

C3 = {Z2, Z3}

All the cases are these three state.
As an instance in the first case, selecting
Z1, Z2, Z3 we have the following relations which
satisfy the conditions P1, P2, respectively:∑

j∈Ci

Xj ≤ b,∀i

Xj ≤/ b−
∑
j∈Ci

Xj , i ∈/ Ci

Like the above all the other cases can be verified.
Let C1, ...Ck are all the possible bundles of the
selections, according to the above explanation.
This means: ∑

j∈Ci

Xj ≤ b,∀i
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Xj ≤/ b−
∑
j∈Ci

Xj , i ∈/ Ci

The aim is to selecting a set of Ct from among
C1, ...Ck that have the highest performance.
In doing so the following formulating ca be
proposed.
Assume that efficiency of each project is calcu-
lated in its own bundle. In doing this, at first,
considering all of the members of each set like
Ci corresponding PPS is being constructed and
then all the members of Ci are being evaluated
in this PPS and their efficiencies calculated. Let
θi = (θij : j ∈ Cj). In this case each vector

of θi is the criterion of selecting the bundle of
Ci. In doing so the following suggestions can be
presented.

1− αi =

∑
j∈Ci

θij

|Ci|

αi = (
∏

j ∈ iθij)
i

|Ci|

αi = Min{θij : j ∈ Ci}

3.1 Arithmetic Mean of efficiency

In this case each bundle which has the highest
average efficiency is selected. This bundle,
actually, contains those projects with high
efficiency regarding to its own efficiency. For
this aim, it is needed that projects have ho-
mogenous and similar behavior. In other words,
in each selected bundle, there should not exist
projects with efficiency much more than other
projects. This can be happened by solving a
mathematical programming problem. Thus, let
yj is a binary variable corresponding to project j.

yj =


1, j th project is selected

0, otherwise

Let
Uyj
V xj

be the efficiency of project j, in this case

corresponding problem for maximizing average
of efficiency is as follows:

max

n∑
j=1

yj(Uyj/V xj)

n∑
j=1

yj

s.t. yj
Uyj
V xj

≤ 1, ∀j,

U ≥ 1ε, V ≥ 1ε,
n∑

j=1

yjxj ≤ b,

(1− yj)xij ≥ (b−
n∑

j=1

yjxij)

+ε− (1− δij)M −M ′yj
δij ≥ 1, ∀j, ∀i,
yj ∈ {0, 1}, ∀j.

(3.3)

where M,M ′ are the big M with the condition
that M ′ > M . In the above model (3.3), there
exist two bundles of binary variable. The first
bundle, yj , shows project selection according to
the P1 which satisfy that the selected projects
can be performed utilizing from the resource vec-
tor of b. The second bundle of binary variables
are δij which satisfies P2 that means non of the
projects can be performed from remaining of the
resources.

3.2 Geometrical average of efficiency

In this case the criterion is the geometrical
average efficiency of the selected projects. The
greater geometrical average is the criterion is
better. In doing so, the following model is
proposed:

max [
∏n

j=1 yj(Uyj/V xj)]

s.t. yj
Uyj
V xj

≤ 1, ∀j,

U ≥ 1ε, V ≥ 1ε,
n∑

j=1

yjxj ≤ b,

(1− yj)xij ≥ (b−
n∑

j=1

yjxij)

+ε− (1− δij)M −M ′yj
δij ≥ 1, ∀j, ∀i,
yj ∈ {0, 1}, ∀j.

(3.4)
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It is clear that as f(x) = Lnx is a increasing
function, thus the following expression can be
replaced for the objective function of (3.4).

Max
1

n∑
j=1

yj

(

n∑
j=1

Ln(yj + ε) +

n∑
j=1

Ln
Uyj
V xj

)

Adding ε to the Y prevents Ln to equal zero
values.

3.3 Maximum the Minimum of the ef-
ficiency

In this case a bundle is selected which has the
maximum of the minimum efficiency. In other
word, norm chebyshev the efficiency vector is
maximized. Thus, the proposed efficiency is as
follows:

max (Min{yj Uyj
V xj

: j = 1, ..., n})

s.t. yj
Uyj
V xj

≤ 1, ∀j,
U ≥ 1ε, V ≥ 1ε,
n∑

j=1

yjxj ≤ b,

(1− yj)xij ≥ (b−
n∑

j=1

yjxij)

+ε− (1− δij)M −M ′yj
δij ≥ 1, ∀j, ∀i,
yj ∈ {0, 1}, ∀j.

(3.5)

This problem, (3.5), considering the following
variable transformation,

w = Min{yj
Uyj
V xj

: j = 1, ..., n}

can be written as follows:

max w

s.t. w ≤ yj
Uyj
V xj

, ∀j,

yj
Uyj
V xj

≤ 1, ∀j,

U ≥ 1ε, V ≥ 1ε,

n∑
j=1

yjxj ≤ b,

(1− yj)xij ≥ (b−
n∑

j=1

yjxij)

+ε− (1− δij)M −M ′yj

δij ≥ 1, ∀j, ∀i,

yj ∈ {0, 1}, ∀j.

(3.6)

Note that all the proposed problems, (3.3),
(3.4), (3.5) and (3.6), are mixed nonlinear
programming problems. Considering each of
these problems it is possible to select projects
bundles in accordance to the selected aims.
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