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ember 2010.|||||||||||||||||||||||||||||||-Abstra
tIn group de
ision analysis, numerous approa
hes have been suggested in an attempt tosolve the problem of aggregation of individual fuzzy opinion to form a group 
onsensus asthe basis of a group de
ision. If the inputs and outputs are fuzzy quantity, the de
isionmaking units 
an not be easily evaluated and ranked using the obtained eÆ
ien
y s
ores.In this arti
le, a kind of modi�ed idea based on intera
tive method is introdu
ed for rank-ing of de
ision making units with fuzzy data by weighted distan
e.Keywords : Fuzzy number; EÆ
ien
y; Data envelopment analysis; Weighted distan
e.||||||||||||||||||||||||||||||||{1 Introdu
tionMore and more, modeling te
hniques, 
ontrol problems and operation resear
h algo-rithms have been designed to fuzzy data sin
e the 
on
ept of fuzzy number and arithmeti
operations with these numbers was introdu
ed and investigated �rst by Zadeh. Data en-velopment analysis was suggested by Charnes, Cooper and Rhodes [2℄, and built on theidea of Farrell [3℄ whi
h is 
on
erned with the estimation of te
hni
al eÆ
ien
y and eÆ
ientfrontiers. In some 
ases, we have to use impre
ise input and output. To deal quantitativelywith impre
ision in de
ision progress, Bellman Zadeh [1℄ introdu
e the notion of fuzziness.Some resear
hers have proposed several fuzzy models to evaluate de
ision making unitswith fuzzy data and introdu
e a ranking approa
h with eÆ
ien
y measure of the model[9℄. In this paper, the resear
her �rst introdu
es an approa
h with weighted distan
e forranking of de
ision making units with 
risp data. Se
ond, this model is used for rankingof de
ision making units with fuzzy data.This paper is organized as follows. In Se
tion 2, the resear
her re
alls some fundamental�Email address: Saneifard�iaurmia.a
.ir, Tel:+98914973707725



26 R. Saneifard = IJIM Vol. 3, No. 1 (2011) 25-33results on fuzzy numbers. The proposed model is introdu
ed in Se
tion 3. An approa
hfor ranking by using weighted distan
e is introdu
ed in se
tion 4. Intera
tive method isintrodu
ed in Se
tion 5.2 PreliminariesThe basi
 de�nition of a fuzzy number given in [5, 11, 12, 13, 14, 15℄ is as follows:De�nition 2.1. A fuzzy number is a mapping � : <! [0; 1℄ with the following properties:1. � is an upper semi-
ontinuous fun
tion on <,2. �(x) = 0 outside of some interval [a1; b2℄ � <,3. There are real numbers a2; b1 su
h as a1 � a2 � b1 � b2 and3.1 �(x) is a monotoni
 in
reasing fun
tion on [a1; a2℄;3.2 �(x) is a monotoni
 de
reasing fun
tion on [b1; b2℄;3.3 �(x) = 1 for all x in [a2; b1℄.De�nition 2.2. A fuzzy number is a fuzzy set A on the real line < su
h that�(x) =8>><>>: fA(x) if x 2 [a1; a2℄;1 if x 2 [a2; a3℄;gA(x) if x 2 [a3; a4℄;0 otherwise : (2.1)Su
h that fA(:) is in
reasing fun
tion on [a1; a2℄ and gA(:) is de
reasing fun
tion on [a3; a4℄.The �-
ut of a fuzzy number A is de�ned as [A℄� = fx j u(x) � �g. Sin
e �(:) isupper semi-
ontinuous then �-
uts are 
losed and bounded intervals and we represent by[A℄� = [f�1A (�); g�1A (�)℄.De�nition 2.3. A fuzzy number A in parametri
 form is a pair (A;A) of fun
tions A(�)and A(�) that 0 � � � 1, whi
h satis�es the following requirements:1. A(�) is a bounded monotoni
 in
reasing left 
ontinuous fun
tion,2. A(�) is a bounded monotoni
 de
reasing left 
ontinuous fun
tion,3. A�) � A(�); 0 � � � 1.De�nition 2.4. The symmetri
 triangular fuzzy number A = (x0; �), with defuzzi�er x0and fuzziness � is a fuzzy set where the membership fun
tion is as�(x) = 8>>>><>>>>: 1� (x� x0 + �) x0 � � � x � x0;1� (x0 � x+ �) x0 � x � x0 + �;0 otherwise :
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 form of symmetri
 triangular fuzzy number isA(�) = x0 � � + �� ; A(�) = x0 + � � ��:De�nition 2.5. For fuzzy set A Support fun
tion is de�ned as follows:supp(A) = fxj�(x) > 0g;where fxj�(x) > 0g is 
losure of set fxj�(x) > 0g:De�nition 2.6. [16℄, A fun
tion f : [0; 1℄ ! [0; 1℄ symmetri
 around 12 , i.e. f(12 � �) =f(12 + �) for all � 2 [0; 12 ℄, whi
h rea
hes its minimum in 12 , is 
alled the bi-symmetri
alweighted fun
tion. Moreover, the bi-symmetri
al weighted fun
tion is 
alled regular if(1) f(12) = 0,(2) f(0) = f(1) = 1,(3) R 10 f(�)d� = 12 :De�nition 2.7. [14℄, For two arbitrary fuzzy numbers A and B with �-
uts [f�1A (�); g�1A (�)℄and [f�1B (�); g�1B (�)℄ respe
tively, the quantityd(A;B) = [Z 10 f(�)(f�1A (�)� f�1B (�))2d�+ Z 10 f(�)(g�1A (�) � g�1B (�))2d�℄ 12 (2.2)is the weighted distan
e between A and B.De�nition 2.8. [4, 16℄, Let A is an arbitrary fuzzy number, the expe
ted interval andexpe
ted value of a fuzzy number A are noted by EI(A) and EV (A) respe
tively, and
onsidered as follows,(with f(�) = �),EI(A) = [EA1 ; EA2 ℄ = [2 R 10 �f�1A (�)d�; 2 R 10 �g�1A (�)d�℄;EV (A) = EA1 +EA22 = R 10 �f�1A (�)d� + R 10 �g�1A (�)d� (2.3)If A = (a1; a2; a3; a4) is a trapezoidal fuzzy number then:EI(A) = [a1 + 2a23 ; 2a3 + a43 ℄; (2.4)EV (A) = 13(a1 + 2a2 + 2a3 + a4): (2.5)Proposition 2.1. If A and B are two fuzzy numbers and �; � 2 R then:EI(�A + �B) = �EI(A) + �EI(B);EV (�A+ �B) = �EV (A) + �EV (B); (2.6)
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alar multipli
ation of fuzzy numbers are de�ned by the extensionprin
iple and 
an be equivalently represented as follows. For arbitrary fuzzy numbersA = (A;A) and B = (B;B), this arti
le de�nes addition (A + B) and multipli
ation bys
alar k > 0 as(A+B)(�) = A(�) +B(�) ; (A+B)(�) = A(�) +B(�); (2.7)(kA)(�) = kA(�) ; (kA)(�) = kA(�): (2.8)To emphasis the 
olle
tion of all fuzzy numbers with addition and multipli
ation as de�nedby (2.2) and (2.3) denoted by F , whi
h is a 
onvex 
one.3 The proposed modelIn this se
tion, the resear
her introdu
e ranking model based on weighted distan
e in dataenvelopment analysis. This arti
le assumes that the DMUp is extreme eÆ
ient [12, 6℄.By omitting (Xp; Yp) from T
 (PPS of CCR model), the resear
her de�nes the produ
tionpossibility set T 0
 as follows, [7℄:T 0
 = f(X;Y ) j X � nXj=1;j 6=pwjXj ; Y � nXj=1;j 6=pwjYj; wj � 0; j = 1; � � � ; n; j 6= pg: (3.9)WhereT
 = f(X;Y ) j X � nXj=1wjXj ; Y � nXj=1;j 6=pwjYj; wj � 0; j = 1; � � � ; ng: (3.10)To obtain the ranking s
ore of DMUp, this arti
le 
onsiders the following model:min �p
(X;Y ) =Pmi=1 f(�)(xi � xip)2 +Psr=1 f(�)(yr � yrp)2s:t Pnj=1;j 6=pwjxij � xi; i = 1 � � � ;m;Pnj=1;j 6=pwjyrj � yr; i = 1 � � � ; s;xi � 0; i = 1 � � � ;m;yr � 0; r = 1 � � � ; s;wj � 0; j = 1 � � � ; n; j 6= p:
(3.11)

Where X = (x1; : : : ; xn) , Y = (y1; : : : ; yn) and � = (�1; : : : ; �n) are the variables of themodel (3.11) and �p
(X;Y ) is the weighted distan
e (Xp; Yp) from (X;Y ) by weighteddistan
e, also f(�) is regular weighted fun
tion. Quadrati
 programming represents aspe
ial 
lass of nonlinear programming in whi
h the obje
tive fun
tion is quadrati
 andthe 
onstraints are linear. The KKT 
onditions of a quadrati
 programming problemredu
e to a linear 
omplementary problem. Thus the 
omplementary pivoting algorithm
an be used for solving a quadrati
 programming problem.
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tion, the resear
her supposes that inputs and outputs of DMUs are fuzzy num-bers. Therefore,~T 0
 = f(X;Y ) j X � nXj=1;j 6=pwj ~Xj ; Y � nXj=1;j 6=pwj ~Yj; wj � 0; j = 1; � � � ; n; j 6= pg (4.12)Weighted distan
e model with Eqs. (2.2) 
an be extended to the following model:min �p
(X;Y ) =Pmi=1 �R 10 f(�)(f�1xi (�)� f�1xip(�))2d�+ R 10 f(�)(g�1xi (�)� g�1xip(�))2d��+Psr=1 �R 10 f(�)(f�1yr (�)� f�1yrp(�))2d�+ R 10 f(�)(g�1yr (�) � g�1yrp(�))2d��s:t (X;Y ) 2 ~T 0
: (4.13)Where X = (x1; : : : ; xn) , Y = (y1; : : : ; yn) and � = (�1; : : : ; �n) are the variables of themodel (4.13), that all 
omponents of ve
tors X and Y for all DMUs are non-negative andea
h DMU has at least one stri
tly positive input and output.For solving the model (4.13), we have some following de�nitions:De�nition 4.1. [8℄, For any pair of fuzzy numbers A and B the degree in A is biggerthan B has the following form:�M (A;B) = 8>>>>><>>>>>: 0 if EA2 �EB1 < 0;EA2 �EB1EA2 �EA1 +EB2 �EB1 if 0 2 [EA1 �EB2 ; EA2 �EB1 ℄;1 if EA1 �EB2 > 0: (4.14)
Where [EA1 ; EA2 ℄ and [EB1 ; EB2 ℄ are the expe
ted intervals of A and B. When �M (A;B) = 12 ,we will say that A and B are di�erent. When �M (A;B) � �, we will say that A is biggerthan, or equal to B at least in degree � and we will represent it by A �� B.De�nition 4.2. Given a produ
tion possibility (X;Y ) 2 ~T 0
, we will say that it is produ
tin degree � in ~T 0
 if:min8>><>>: �M (xi;Pnj=1;j 6=pwj ~xij) ; �M (Pnj=1;j 6=pwj~yrj; yr)�M (xi; ~xip) ; �M (~yrp; yr)i = 1; : : : ;m r = 1; : : : ; s 9>>=>>; = �: (4.15)That is to say xi �� Pnj=1;j 6=pwj~xij ; i = 1; : : : ;m;yr �� Pnj=1;j 6=pwj ~yrj ; r = 1; : : : ; s: (4.16)



30 R. Saneifard = IJIM Vol. 3, No. 1 (2011) 25-33There is: xi �Pnj=1;j 6=pwj(�Exij2 + (1� �)Exij1 ) ; i = 1; : : : ;m;yr �Pnj=1;j 6=pwj(�Eyrj1 + (1� �)Eyrj2 ) ; r = 1; : : : ; s: (4.17)(For more details see [12℄).De�nition 4.3. A produ
tion possibility (Xo; Yo)� 2 ~T 0
 is an �-a

eptable optimal solu-tion of model (4.13) if it is an optimal solution of the following model:min �p
(X;Y )� =Pmi=1 �R 10 f(�)(f�1xi (�)� f�1xip(�))2d�+ R 10 f(�)(g�1xi (�)� g�1xip(�))2d��+Psr=1 �R 10 f(�)(f�1yr (�)� f�1yrp(�))2d�+ R 10 f(�)(g�1yr (�) � g�1yrp(�))2d��s:t (X;Y ) 2 ~T 0�
 : (4.18)Where~T 0�
 = f(X;Y ) j X �� nXj=1;j 6=pwj ~Xj ; Y �� nXj=1;j 6=pwj ~Yj; wj � 0; j = 1; � � � ; ng (4.19)Proposition 4.1. If �1 < �2 then ~T 0�2
 � ~T 0�1
 .We write model (4.18) as follows:min �p
(X;Y )� =Pmi=1 �R 10 f(�)(f�1xi (�) � f�1xip(�))2d�+ R 10 f(�)(g�1xi (�)� g�1xip(�))2d��+Psr=1 �R 10 f(�)(f�1yr (�)� f�1yrp(�))2d�+ R 10 f(�)(g�1yr (�) � g�1yrp(�))2d��s:t xi �Pnj=1;j 6=pwj(�Exij2 + (1� �)Exij1 ) i = 1; : : : ;m;yr �Pnj=1;j 6=pwj(�Eyrj1 + (1� �)Eyrj2 ) r = 1; : : : ; s;yr � 0 r = 1; : : : ; s;wj � 0 j = 1; : : : ; n: (4.20)Model (4.20) is a 
risp �-parametri
 model. Therefore this arti
le 
an solve it by theintera
tive method. Now this study is going to explain the intera
tive method.Table 1Fuzzy data of DMUs in fuzzy data in Example 4.1.
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ut Output �-
utA (11,12,14) [11+�,14-�℄ (10,10,10) [10,10℄B (30,30,30) [30,30℄ (12,13,14,16) [12+�,16-2�℄C (40,40,40) [40,40℄ (11,11,11) [11,11℄D (45,47,52,55) [45+2�,55-3�℄ (12,15,19,22) [12+3�,22-3�℄Table 2The optimal values of �-parametri
 model.� �A
 �B
 �C
 �D
 (Ranking)�0.0 25.5 3.5 0 55.2 (C � B � A � D)0:00.1 27.0 3.5 0 55.2 (C � B � A � D)0:10.2 28.5 3.5 0 55.2 (C � B � A � D)0:20.3 30.0 3.5 0 55.2 (C � B � A � D)0:30.4 31.6 3.5 0 55.2 (C � B � A � D)0:40.5 33.3 3.5 0 55.2 (C � B � A � D)0:50.6 35.0 3.5 0 55.2 (C � B � A � D)0:60.7 36.7 3.5 0 55.2 (C � B � A � D)0:70.8 38.6 3.5 0 55.2 (C � B � A � D)0:80.9 40.4 3.5 0 55.2 (C � B � A � D)0:91.0 42.3 3.5 0 55.2 (C � B � A � D)1:04.1 Intera
tive MethodRegarding to proposition (4.1), to obtain the nearest (X;Y ) of ~T 0
 implies a lesser degreeof produ
tion possibility. Then the de
ision-maker runs in to two 
on
i
ting obje
tives:to �nd the nearest (X;Y ) and to improve the degree of produ
tion possibility. Follow-
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her 
onsiders 11 s
ales, whi
h allow for di�erent 
hoi
e ofde
ision-maker idea in (4.20) model.1: � = 0:0 una

eptable solution2: � = 0:1 Pra
ti
ally una

eptable solution3: � = 0:2 Almost una

eptable solution4: � = 0:3 Very una

eptable solution5: � = 0:4 Quite una

eptable solution6: � = 0:5 Neither a

eptable nor una

eptable solution7: � = 0:6 Quite a

eptable solution8: � = 0:7 Very a

eptable solution9: � = 0:8 Almost a

eptable solution10: � = 0:9 Pra
ti
ally a

eptable solution11: � = 1:0 Completely a

eptable solutionWe 
hoi
e the �0 is the minimum a

eptable degree with de
ision-maker idea. Then,this arti
le solving the (4.20) �-parametri
 model for ea
h �k that k = 1; : : : ; (10� 10�0).We obtain the �k-a

eptable optimal fuzzy value of obje
tive fun
tion of original model(4.13) with �k-a

eptable solution of model (4.20) in model (4.13).4.2 ExampleExample 4.1. We will 
onsider a simple example was introdu
ed in [10℄ with its datalisted in Table 1. These DMUs are evaluated by proposed model in 4.13 with di�erent �k.The �-parametri
 model is as follows:min R 10 �(x� 11� �)d� + 2 R 10 �(y � 10)d� + R 10 �(x� 14 + 2�)d�s:t x � 30wB + 40wC + wD(53:5 � 7:5�)y � wB(15� 2:5�) + 11wC +wD(20:5 � 7�)x � 0;y � 0;wB ; wC ; wD � 0:
(4.21)

The �-parametri
 model for B, C and D 
an be showed similarly. The results is shownin Table 2.5 Con
lusionIn the present arti
le a modi�ed approa
h based on weighted distan
e is introdu
ed forranking of de
ision making units with fuzzy data. The method is based on the intera
tivemethod. �-a

eptable optimal solution of proposed model for � � 12 is an a

eptablesolution. For any de
ision making unit, the s
ore of ranking is obtained by solving �-parametri
 model (4.20).
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