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Complex Fuzzy Linear SystemsM. A. Jahantigh �a , S. Khezerloo b, M. Khezerloo b(a) Department of Mathematics, Zahedan Branch, Islamic Azad University, Zahedan, Iran.(b) Islamic Azad University, Young Researcher Club, Ardabil Branch, Ardabil, Iran.Received 24 February 2010; revised 26 June 2010; accepted 2 July 2010.|||||||||||||||||||||||||||||||-AbstractIn this paper, a general complex fuzzy linear system is introduced and a numerical proce-dure for calculating solution is proposed. Finally, some numerical examples are given toillustrate the mentioned method.Keywords : Fuzzy linear system; Fuzzy solution ; Fuzzy number vector; Complex fuzzy linear sys-tem||||||||||||||||||||||||||||||||{1 IntroductionSystems of simulations linear equations play major roles in various areas such as mathe-matics, physics, statistics, engineering and social sciences. Since in many applications atleast some of the systems parameters and measurements are represented by fuzzy ratherthan crisp numbers, it is important to develop mathematical models and numerical pro-cedures that would appropriately treat general fuzzy linear systems and solve them. Theconcept of fuzzy numbers and arithmetic operations with these numbers were �rst in-troduced and investigated by Zadeh [12] and, etc. One of the major applications usingfuzzy number arithmetic is treating linear systems in which parameters are all partiallyrespected by fuzzy number [7] and, etc. This paper is organized as following:In Section 2, the basic concept of fuzzy number operation is brought. In Section 3, themain section of the paper, complex fuzzy linear system (CFLS)is solved. The proposedidea is illustrated by some examples in the Section 4. Finally conclusion is drawn inSection 5.2 Basic conceptsThere are various de�nitions for the concept of fuzzy numbers ([8, 10]).�Corresponding author. Email address: mohamadjahantig@yahoo.com21



De�nition 2.1. An arbitrary fuzzy number u in the parametric form is represented by anordered pair of functions (u�r ; u+r ) which satisfy the following requirements:1. u�r is a bounded left-continuous non-decreasing function over [0; 1].2. u+r is a bounded left-continuous non-increasing function over [0; 1].3. u�r � u+r ; 0 � r � 1.A crisp number m is simply represented by u�r = u+r = m; 0 � r � 1. If u�1 < u+1 ,we have a fuzzy interval and if u�1 = u+1 , we have a fuzzy number. In this paper, we donot distinguish between numbers or intervals and for simplicity we refer to fuzzy numbersas interval. We also use the notation ur = [u�r ; u+r ] to denote the r-cut of arbitraryfuzzy number u. If u = (u�r ; u+r ) and v = (v�r ; v+r ) are two arbitrary fuzzy numbers, thearithmetic operations are de�ned as follows:De�nition 2.2. (Addition) u+ v = (u�r + v�r ; u+r + v+r ) (2.1)and in the terms of r-cuts(u+ v)r = [u�r + v�r ; u+r + v+r ]; r 2 [0; 1] (2.2)De�nition 2.3. (Subtraction)u� v = (u�r � v+r ; u+r � v�r ) (2.3)and in the terms of r-cuts(u� v)r = [u�r � v+r ; u+r � v�r ]; r 2 [0; 1] (2.4)De�nition 2.4. (Scalar multiplication)For given k 2 < ku = ( (ku�r ; ku+r ); k > 0(ku+r ; ku�r ); k < 0 (2.5)and (ku)r = [minfku�r ; ku+r g;maxfku�r ; ku+r g] (2.6)In particular, if k = 1, we have �u = (�u+r ;�u�r )and with �-cuts (�u)r = [�u+r ;�u�r ]; r 2 [0; 1]De�nition 2.5. (Multiplication) uv = ((uv)�r ; (uv)+r ) (2.7)and (uv)�r = minfu�r v�r ; u�r v+r ; u+r v�r ; u+r v+r g(uv)+r = maxfu�r v�r ; u�r v+r ; u+r v�r ; u+r v+r g; r 2 [0; 1] (2.8)22
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De�nition 2.6. (Division)If 0 62 [v�0 ; v+0 ] uv = ((uv )�r ; (uv )+r ) (2.9)and (uv )�r = minfu�rv�r ; u�rv+r ; u+rv�r ; u+rv+r g(uv )+r = maxfu�rv�r ; u�rv+r ; u+rv�r ; u+rv+r g; r 2 [0; 1] (2.10)De�nition 2.7. [9], The fuzzy linear system,8>>><>>>: a11x1 + a12x2 + � � �+ a1nxn = y1a21x1 + a22x2 + � � �+ a2nxn = y2...an1x1 + an2x2 + � � �+ annxn = yn (2.11)is called a fuzzy linear system where A = [aij]ni;j=1 is crisp coe�cient matrix and yi is afuzzy number.Consider the fuzzy linear system (2.11). Transform its n� n coe�cient matrix A into(2n)� (2n) matrix as in the following:s11x�1 + � � �+ s1nx�n + s1;n+1(�x+1 ) + � � � + s1;2n(�x+n ) = y�1...sn1x�1 + � � �+ snnx�n + sn;n+1(�x+1 ) + � � �+ sn;2n(�x+n ) = y�nsn+1;1x�1 + � � � + sn+1;nx�n + sn+1;n+1(�x+1 ) + � � �+ sn+1;2n(�x+n ) = �y+1...s2n;1x�1 + � � � + s2n;nx�n + s2n;n+1(�x+1 ) + � � �+ s2n;2n(�x+n ) = �y+n
(2.12)

where sij is determined as follows:sij = si+n;j+n = aij ; if aij � 0si;j+n = si+n;j = �aij; if aij < 0 (2.13)and any sij which is not determined by Eq. (2.13) is zero. Using matrix notation,SX = Ywhere X = (x�1 ; : : : ; x�n ;�x+1 ; : : : ;�x+n )t; Y = (y�1 ; : : : ; y�n ;�y+1 ; : : : ;�y+n )tThe structure of S implies that sij, 1 � i; j � n, and thatS = � B CC B �23

M. A. Jahantigh et al. / IJIM Vol. 2, No. 1 (2010) 21-28 23

IJIM JOURNAL
Text Box



where B contains the positive entries of A, C the absolute values of the negative entriesof A and A = B�C. Now we must calculate S�1 (whenever it exists) and then we obtainX = S�1Y (2.14)Theorem 2.1. [9], If S�1 exists it must have the same structure as S, i.e.S�1 = � D EE D �The following theorem guarantees the existence of a fuzzy solution for a general case.Theorem 2.2. [9], The unique solution X of fuzzy linear system (2.14) is a fuzzy numbervector if and only if the inverse matrix of S exists and nonnegative.In [4], Allahviranloo has proved that Sij � 0 is not a necessary condition for an uniquefuzzy solution of the fuzzy linear system.De�nition 2.8. [9], Let X = f(x�ir;�x+ir) j 1 � i � n; 0 � r � 1g denote the uniquesolution of fuzzy linear system (2.11). The fuzzy number vector U = f(u�ir; u+ir) j 1 � i �n; 0 � r � 1g de�ned by u�ir = minfx�ir; x+ir; x�i1gu+ir = minfx�ir; x+ir; x+i1gis called the fuzzy solution of SX = Y .If (x�ir; x+ir), 1 � i � n, are all fuzzy numbers then u�ir = x�ir and u+ir = x+ir, 1 � i � n andU is called a strong fuzzy solution. Otherwise, U is a weak fuzzy solution.3 Complex fuzzy linear systemsDe�nition 3.1. The n� n linear systemAX = Y (3.15)is called a complex fuzzy linear system where the coe�cient matrix A = [aij ]ni;j=1 is a crispnonsingular matrix and yk = ~bk + i~ck; 1 � k � nis a complex fuzzy number.So, we can rewrite CFLS (3.15) as follows:AX = B + iC (3.16)where B and C are fuzzy number vectors.De�nition 3.2. A complex fuzzy number vector X = (x1; : : : ; xn)t given byxj = (ej + ifj); 1 � j � nis called a fuzzy complex solution of the CFLS (3.16) ifE = (e1; : : : ; en); F = (f1; : : : ; fn)24
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are fuzzy solutions of fuzzy linear systemsAE = B; AF = C (3.17)respectively.In the parametric form, we havexj = (x�jr; x+jr) = (e�jr + if+jr; e+jr + if+jr); 1 � j � n; 0 � r � 1In order to solve CFLS (3.16) one must solve two 2n � 2n crisp linear systems. Let usrearrange the fuzzy linear systems of (3.17) so that the unknowns areE0 = (e�1 ; : : : ; e�n ;�e+1 ; : : : ;�e+n )tand F 0 = (f�1 ; : : : ; f�n ;�f+1 ; : : : ;�f+n )tand right-hand side columns are the function vectorsB0 = (b�1 ; : : : ; b�n ;�b+1 ; : : : ;�b+n )tand C 0 = (c�1 ; : : : ; c�n ;�c+1 ; : : : ;�c+n )trespectively. We get two 2n� 2n linear systemsSE0 = B0 ; SF 0 = C 0 (3.18)where sij is determined as follows:sij = si+n;j+n = aij ; if aij � 0si;j+n = si+n;j = �aij; if aij < 0 (3.19)while all the remaining sij are taken zero. By solving two linear systems (3.18), we obtainthe fuzzy complex solution of CFLS.Theorem 3.1. The fuzzy complex vector solutions of CFLSs (3.15) and (3.16) are equiv-alent.Proof: It is su�cient to prove that the solutions of SX 0 = Y 0 obtained from (3.15)and SX 0 = Z 0 obtained from (3.16) are the same where S is de�ned in Eq. (3.19) andX 0 = (x�1 ; : : : ; x�n ;�x+1 ; : : : ;�x+n )tZ 0 = (b�1 ; : : : ; b�n ;�b+1 ; : : : ;�b+n )t + i(c�1 ; : : : ; c�n ;�c+1 ; : : : ;�c+n )tY 0 = (b�1 + ic�1 ; : : : ; b�n + ic�n ;�(b+1 + ic+1 ); : : : ;�(b+n + ic+n ))t (3.20)It is clear thatZ 0 = (b�1 ; : : : ; b�n ;�b+1 ; : : : ;�b+n )t + i(c�1 ; : : : ; c�n ;�c+1 ; : : : ;�c+n )t= (b�1 + ic�1 ; : : : ; b�n + ic�n ;�b+1 � ic+1 ; : : : ;�b+n � ic+n )t= (b�1 + ic�1 ; : : : ; b�n + ic�n ;�(b+1 + ic+1 ); : : : ;�(b+n + ic+n ))t= Y 0 (3.21)Then the solutions are the same and the proof is completed.25
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4 Numerical examplesExample 4.1. Consider 2� 2 complex fuzzy linear system( x1 � x2 = (r + i(1 + r); (2 � r) + i(3� r))x1 + 3x2 = ((4 + r) + i(r � 4); (7 � 2r) + i(�1� 2r))Then we solve 2664 1 0 0 11 3 0 00 1 1 00 0 1 3 37752664 e�1e�2�e+1�e+2 3775 = 2664 r4 + r�(2� r)�(7� 2r) 3775 (4.22)and 2664 1 0 0 11 3 0 00 1 1 00 0 1 3 37752664 f�1f�2�f+1�f+2 3775 = 2664 1 + rr � 4�(3� r)�(�1� 2r) 3775 (4.23)So, e�1 = 1:375 + 0:625r; e+1 = 2:875 � 0:875re�2 = 0:875 + 0:125r; e+2 = 1:375 � 0:375rand f�1 = 0:125 + 0:625r; f+1 = 1:625 � 0:875rf�2 = 1:375 + 0:125r; f+2 = 0:875 � 0:375rthenx�1 = (1:375 + 0:625r) + i(0:125 + 0:625r); x+1 = (2:875 � 0:875r) + i(1:625 � 0:875r)x�2 = (0:875 + 0:125r) + i(1:375 + 0:125r); x+2 = (1:375 � 0:375r) + i(0:875 � 0:375r)Example 4.2. Consider 2� 2 complex fuzzy linear system( x1 � 2x2 = (r + i(�2 + 2r); (2� r) + i(2 � 2r))x1 + 3x2 = (r + i(r � 4); (2:5 � 1:5r) + i(�1� 2r))Then we solve 2664 1 0 0 21 3 0 00 2 1 00 0 1 3 37752664 e�1e�2�e+1�e+2 3775 = 2664 rr�(2� r)�(2:5 � 1:5r) 3775 (4.24)and 2664 1 0 0 21 3 0 00 2 1 00 0 1 3 37752664 f�1f�2�f+1�f+2 3775 = 2664 �2 + 2rr � 4�(2� 2r)�(�1� 2r) 3775 (4.25)So, e�1 = 0:6 + 0:4r; e+1 = 1:6 � 0:6re�2 = �0:2 + 0:2r; e+2 = 0:3 � 0:3r26
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and f�1 = 2:8r � 4; f+1 = 2� 3:2rf�2 = �0:6r; f+2 = 0:4r � 1It is clear that f2 is not a fuzzy number. The fuzzy solution in this case is a weak solutiongiven by u1 = (2:8r � 4; 2 � 3:2r)u2 = (0:4r � 1;�0:6r)then x�1 = (0:6 + 0:4r) + i(2:8r � 4); x+1 = (1:6 � 0:6r) + i(2� 3:2r)x�2 = (�0:2 + 0:2r) + i(0:4r � 1); x+2 = (0:3 � 0:3r) + i(�0:6r)therefore X = (x1; x2)t is a weak fuzzy complex solution too.5 ConclusionIn this paper, we introduced the complex fuzzy linear system and discussed the numericalmethod for solving it. So, CFLS is transformed into two fuzzy linear systems and theproposed method in [9] is used for solving them and we showed that the complex combi-nation of two solutions is the solution of CFLS. This numerical method is illustrated bytwo numerical examples.References[1] T. Allahviranloo, " Successive over relaxation iterative method for fuzzy system oflinear equations ", Applied Mathematics and Computation, 162 (2005) 189-196.[2] T. Allahviranloo, " The Adomian decomposition method for fuzzy system of linearequations ", Applied Mathematics and Computation, 163 (2005) 553-563.[3] T. Allahviranloo, E. Ahmady, N. Ahmady, Kh. Shams Alketaby, " Block Jacobi two-stage method with Gauss-Sidel inner iterations for fuzzy system of linear equations", Applied Mathematics and Computation, 175 (2006) 1217-1228.[4] T. Allahviranloo, " A comment on fuzzy linear system ", Fuzzy Sets and Systems,140 (2003) 559.[5] S. Abbasbandy, R. Ezzati, A. Jafarian, " LU decomposition method for solving fuzzysystem of linear equations ", Applied Mathematics and Computation, 172 (2006)633-643.[6] E. Babolian, H. Sadeghi Goghary, S. Abbasbandy, " Numerical solution of linearFredholm fuzzy integral equations of the second kind by Adomian method", AppliedMathematics and Computation, 161 (2005) 733-744.[7] J. J. Bukley, Fuzzy eigenvalue and input-output analysis, Fuzzy sets and systems 34(1990) 187-195. 27
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