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Abstract

The objective of this paper is to develop arithmetic operations between generalized trape-
zoidal (triangular) fuzzy numbers so that the drawbacks of the existing works are overcome.
In this respect, the extension principle has been used to calculate different arithmetic op-
erations.
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1 Introduction

Present-day science and technology are featured with a complex process and phenomena
for which complete information is not always available. For such situations, mathematical
models have to be set up using the available data which is only approximately known. To
make this possible Zadeh [25] introduced fuzzy set theory. In recent years, this theory has
emerged as an interesting branch of pure and applied sciences [1, 18, 20]. In 1985 and
1999, Chen [2, 3] further developed the theory and possible applications of generalized
fuzzy numbers. In the paper [2, 3| different arithmetic operations on generalized fuzzy
numbers were formulated by proposing the function principle. In 1996, Chen et al. [11]
mentioned that the function principle was proposed in order to overcome the complications
arising due to the use of extension principle [14, 26]. It was also mentioned in [8] that “the
method known as the function principle is more useful than the extension principle for
the fuzzy numbers with trapezoidal membership functions”. There are few literatures [4—
13, 15-17, 19, 21-24] involving generalized fuzzy numbers theory and applications based
on Chen’s arithmetic operations.

Though the function principle was used to develop arithmetic operations on generalized
fuzzy numbers, in practice it has been realized that there are some shortcomings of Chen’s
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method. From mathematical point of view it can be said that, computing different arith-
metic operations using function principle is basically a point wise operation (addition,
subtraction, multiplication and division). Due to this reason, it has been observed that
arithmetic operations of generalized trapezoidal (triangular) fuzzy numbers with function
principle cause the loss of information and do not give exact results. This motivates us to
correct the results of arithmetic operations of generalized trapezoidal (triangular) fuzzy
numbers.

The structure of this paper has been organized as follows. In section 2, the basic arith-
metic operations between generalized trapezoidal fuzzy numbers have been reviewed. This
section also give the examples to show that the existing operations make some approxi-
mation, thereby causes loss of information. In section 3 the extension principle has been
used to correct the result. Numerical examples have been given in section 4. The paper
has been concluded in Section 5.

2  The fuzzy arithmetic operations with function principle

In this section the arithmetic operations between generalized trapezoidal fuzzy numbers
are reviewed from [2, 3, 15].

Let us consider A; = (a1, by, c1,dy;wy) and Ay = (ag, by, co,da;we) be two generalized
trapezoidal fuzzy numbers.

(i) The addition of A; and As:

o Ay(+)Ay = (a1 + ag, by + by, c1 + ca,dy + do; min(wy, wy)).
(ii) The subtraction of A; and Ay:

o Ai(=)Ay = (ay — dy, by — ¢y, ¢1 — by, dy — az;min(wy, wy)).
(iii) The multiplication of A; and As:

[} AI(X)AQ = (a1 xXag, b1 XbQ, C1 X9, d1 XdQ; min(wl, UJQ)), ifal, b2, c1, dl, a2, bQ, Cc9, dQ
are all positive real numbers.

(iv) The division, A, is divided by Ay:
o Al(/)AQ = (al/dQ,bl/CQ,Cl/bQ,dl/CLQ; min(wl,wQ)), if al,bQ,Cl,dl,GQ,bQ,CQ,dg

are all nonzero positive real numbers.

It has been found that most of the work [4-13, 15-17, 19, 21-24] done using generalized
fuzzy numbers is based on Chen’s arithmetic operations. Therefore, the importance of
these operations and the high number of citations of Chen’s [2, 3] work related to this,
warrants a thorough study of their work. In course of this study some shortcomings of
Chen’s method have been observed which have been illustrated with the help of following
example:
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2.1 Example

Let us consider two generalized triangular fuzzy numbers of the following form: A =
(0.7,0.8,0.9:0.5) and Ay = (0.8,0.9,1.0;1.0). After performing Chen’s addition operation
(defined above) between A; and As, the result has been obtained as Aj(+)Ay = B =
(1.5,1.7,1.9;0.5), which is a generalized triangular fuzzy number. In our opinion this result
does not give the exact value. The result after performing Chen’s addition operation has
been illustrated with the help of Figure 2.1 given below.

A

0.5

0.7 08 09 10 15 L7 19
Fig. 1. Sum of two generalized triangular fuzzy numbers

It may be observed from the above figure that, min(1,0.5) = 0.5. If the both fuzzy
numbers are taken to the same level by ”truncating the higher one” i.e. if we take
0.5(since 0.5 < 1.0) cut of Ay then A, is transformed into a generalized trapezoidal
(flat) fuzzy number. Therefore, it is necessary to conserve this flatness into the resultant
generalized fuzzy number. In this respect Chen’s approach is incomplete and hence loses
its significance. In view of this, there is a need to develop arithmetic operations for gen-
eralized fuzzy numbers, which calculates the result more appropriately.

Therefore, in the next sections the aim is to develop the arithmetic operations between
generalized fuzzy numbers based on the extension principle to improve the method.

3 Operations on generalized fuzzy numbers

Let A, = (a1,b1,c1,dy;wy) and Ay = (a2,by,c2,ds;we) be two generalized flat fuzzy
numbers with membership functions p 5 and pj, respectively, which can be written in
the following form:

;

0 if —co<a<a
wyfolz) i ap <x<bh
pg (x) =< w it hh<r<cg

wihg(z) if g <ax<dy
0 if di<ax<o
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0 if —oo<y<as
wafp(y) i az <y < by
1, (y) = wa if by <y<e
wahy(y) if e <y <d
L0 if do<y< o

Here, f,(z) is strictly increasing from the interval [aj, b1] to the interval [0, 1] and hy(x) is
strictly decreasing from the interval [c1,d;] to the interval [0,1]. Similarly fy(y) is strictly
increasing from [asg, by]to the interval [0, 1] and hy(y) is strictly decreasing from [cg, d2] to
the interval [0, 1].

The membership function pg of their composition Ay (%)Ay, (where (%) is an extended
binary operation to combine two generalized fuzzy numbers A; and As) is defined using
Zadeh’s extension principle, [14, 26] as follows:

pe(z) = sup min{pg (), 014, (y)}

Z=xky

If A;(%)Ay is denoted by C from the above definition it can be said that C' will be a
generalized fuzzy number with confidence level w. = min(wy,wz). Different arithmetic
operations between A; and A, have been established with the following theorems.

3.1 Sum of two generalized fuzzy numbers

Let /11 and /12 be two generalized flat fuzzy numbers, as defined above. If C = /11(—1—)/12,
then the following relation can be written

pe(z) = S min{p g, (), 1 4,(y)}

Theorem 3.1. Let s be the membership function of A (+)Ay; then
0 Vz € (—o0,a1 + ag) U [dy + dg, 00)
Mé(z) =9 0,we] Vz€la+ a27fa_1(wc) + fb_l(MC)] U [hEI(WC) + hb_l(wc)adl + ds]
we Yz € [f M we) + fy (we), hgt(we) + by (we)]
where w. = min(wy, wsy).

Proof: For

C= A1)y = {(zna(2) s 2 = o+ y and Ay = (2,4, (), A3 = (9, 14,(9)}
depending on the positions of x and y the following three cases may arise:
Case 1: Let us consider x € (—00,a1] and y € (—00,a3] = x4+ y = 2z € (—00,a1 + asl.

As pj () = 0Ve € (—o0,a1] and pj (y) = 0 Yy € (—00,as], we need to prove
pe(2) =0V z € (=00, a1 + az).
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To evaluate pu(2) we must consider every pair (p,r) such that, z = p +r. Now for every
pair (p,r) (for p+ r = z) the following two possibilities have been considered:

(i) For p <z and r >y, min{ug (p),png,(r)} =0aspu; (p)=0 Vp <uz,
(ii) For p >z and r <y, min{ug (p),pz,(r)} =0as pg (r)=0Vr <y.
From both (i) and (ii), sup min{uz (p), pz, (1)} =0 = pa(z) =0.

z=p+r
Since this result holds for any arbitrary z, therefore, ps(2) = 0¥z € (=00, a1 + as].

In a similar manner it can be proved that ps(2) =0V 2 € [d1 + da, 00).
Thus, ptx(2) =0V 2 € (=00, a1 + as] U [di + da, 00).

Case 2: Suppose min(wy, wy) = wy
For x € [a1, f, '(w2)] and y € [ag, bo], ie. & € [ar, f ' (w2)] and y € [az, f; ' (w2)],
=z +y=2z€lag+ag f7 (w2) + f, H(ws)].

We need to prove pi(z) € [0,w2] V2 € [ay + az, f7H(ws) + £, H(ws)].

Now for 2 € [a1 + az, f; }(ws) + f, *(w2)), for every pair (p,7)(for p+ r = z)the following
two possibilities have been considered:

(i) For p <z and r >y,

(a) For p >ay and r < f,;l(wg) = by, we have 0 < min{puz (p),pz, (1)} < ws.
(b) For p > aj and 7 > by = f, *(w2), we have min{pu g (p), 1z, (1)} < wa.

(¢) For p < a1 and r > by, we can obtain min{,u/i1 (p), MA2(7")} = 0.

(d) For p < ay and r < by, we have min{yz (p),pz,(r)} = 0.

(ii) For p > z and r < y,

(a) For p < f, '(ws) and r > as, we have min{y z, (p), p g, (1)} =0
(b) For p < f, }(wsy) and r < ay, we obtain min{y 3 (p), 1 ,(r)} =0
(c) For p > f7'(wy) and r > ay, we have min{pu g, (p), 1 z,(r)} < wa.
(d) For p > f'(wsy) and r < ag, we have min{z ; (p), ()} =0.

Consequently for both (i) and (i), Yz € [a1 + aa, fo ' (w2) + f, '(w2)) we have, 0 <

sup min{u; (p), 1 g,(r)} < ws.
z=p+r

And for z = f7'(ws) + f; '(w2), ie. when o = fi'(wy) and y = f; '(w2), the fol-
lowing holds: min{u (), 4,(y)} = w2.

As before, if we consider the following possibilities:

(iif) For p <z and r >y, we get min{yu 3 (p), 1 1,(r)} < wo.

(iv) For p > x and r <y, we get min{u 5 (p),p4,(r)} < wa.
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(v) For p=x and r = y only, we get min{suz (p),p4,(r)} = wa.
Consequently for (iii), (iv) and (v), we have, sup min{uy (p),pz,(r)} = w2.

z=p+r
Therefore, from the above five possibilities, we can say that for any arbitrary z € [a; +

ag, foH(w2) + f, H(ws)], 0 < i min{u; (p),pi,(r)} <wz= 0 < pa(2) < wy

Since this result holds for any arbltrary z € oy + az, o (ws) + f, Hws)], so we can say
that this is true for all z € [a1 + ag, f; (w2) + i (w )]

Therefore, p5(2) € [0,ws] Vz € [a1 + as, fo H(w2) + £, ' (w2)).

In a similar manner we can prove that ps(2) € [0,w2] ¥V 2z € [hy (w2) + hy *(w2), di + da).

Similar result can be obtained if we consider min(wy,ws) = wy.

Hence, in general, it can be written that if min(wl,wg) = w, then ,ué( z) € [0, w,| for
all values of z belongs to [a1 + az, f; '(we) + f H(we)] U [hg H(we) + hy ' (we), di + da] -

Case 3: Let us consider x € [f, Hwe. ),hal( ) and y € [f; (we), by Hwe)] = o +y =
2 € [fi (we) + £ (we), hyt(we) + by (we)]

Now 1, (x) = we Va € [f7 (we), hy (we)] and p,(y) = we Yy € [y (we), by (we)].
Therefore, it is obvious that ¥z € [f7 ! (we) + f, H(we), by (we) + hy H(we)], pa(z) = we.
Thus, the proof has been completed.

Therefore, for C = A;(4)Aj, the membership function f1e(2) can be written as follows:

(0 if —co<2z<a; +ay
wefe(z) if a1+a2Ssz¢;1(w6)+f1;_1( c)
Mé(z) = § W¢ if fa_l(wc) + fI:I(MC) <z<hy (w0) + hzjl(WC)
wehe(2) if hyt(we) + by Hwe) < 2 < dy + dy
L0 if di+dy<z<00
Where f() = sup min{fu(e). (1)} and he(z) = sup_ min{ha(e). hy)).

3.1.1 Particular Case: For generalized triangular fuzzy numbers

Let us consider, two generalized triangular fuzzy numbers /11 and 1212 denoted as /11 =
(al, bl, C1; wl) and A2 = (CLQ, bQ, C2; IUQ).

Theorem 3.2. Addition of two triangular fuzzy numbers with different confidence levels
generates a trapezoidal fuzzy number as follows:
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Az = /11(—1-)/12 = (a3, b, 3, d3; w3 )where,

a3 = ai1+az
by = a1 +az+ (b —ar)ws/wy + (b — az)ws/wo
c3 = c1+c2— (1 —b)ws/wy — (ca — ba)wz/wy
d3 = 1+

and ws = min(wy, ws); wy # ws.

Proof: Generalized triangular fuzzy numbers A; and A have the membership func-

tions of the following form:

0 if —
() = wy(x —a1)/(by —ay) if
p g, () wiler —a)/(cr —by)  if
0 if

(0 if —
oy Jwaly —a2)/(by —az) if
1a W) wy(ca —y)/(cz — b2) if
0 if

o< <ay
ar <x < b
b <z<c

cp <x< oo

oo <z < ar
az <y < by
by <y<c
cp<y< o0

(3.8)

It can be said that for a fixed value of w € [0, min(w;,ws)], there exists (z,y) € R?
such that p 3 () = pg,(y) = w = pg,(z) holds,where z =z + y.

For obtaining Ay, z needs to be found with respect to w. For this purpose the increasing
part of the membership functions of A; and Az has been considered.

From (3.7), the increasing part of u; () gives the following relation between z and w

wi(r —ay)/(by —a1) =w=x=a1+ (b —a1)w/wy (3.9)

And similarly from (3.8) we get the following

wa(y —az)/(by —az) =w =y =ay+ (by —az).w/ws (3.10)

Therefore, to compute z, from (3.9) and (3.10) we get

2z — (a1 + a2)

w =

(b1 — al)/wl + (bQ — a2)/w2

(3.11)

On the other hand the increasing part of the membership function of Aj can be written

in the following form:
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4,(2) = w = ws(z — as)/(bs — az) (3.12)

Now equation (3.11) can be expressed in the following form:

z— (a1 + ag)
w3 ((b1 — a1)/wy + (b2 — az)/w2)

w/wsg = (3.13)

Comparing (3.12) and (3.13), the following can be written

a3 = a1 +ay and by —az = (b1 — a1)ws/wy + (by — az)ws/w

Therefore, by = a1 + as + (b — a1)ws /w1 + (by — ag)ws/ws.

In the same way considering the decreasing part of the membership functions of A; and
Ay the following can be proved

c3=c1+cy— (1 —b))ws/wy — (c2 — ba)ws /w2, ds =c1+c2

Thus, finally the following can be obtained

Ay = Ay(+)As = (a3, b3, c3, d3; w3 ) where,

a3 = a1+ as
by = a1+ ax+ (b1 —ar)ws/wy + (b — az)ws/wy
c3 = c1+c2— (1 —b)ws/wy — (ca — ba)wz/wy
d3 = c1+c

Thus, the required value of ag, b3, c3 and d3 can be obtained. Hence, the proof has been
completed.

3.1.2 More on the example of subsection 2.1

As shown in the example of section 2.1, after performing the addition operation between
A, and Ay, we obtained A;(+)A4; = B = (1.5,1.7,1.9;0.5). But after the discussion
stated above in Theorem (3.2), it can be said that the addition of Ay and A, generates
a generalized trapezoidal fuzzy number and that should be A3 = (1.5,1.65,1.75,1.9;0.5)
which gives a better result. The difference between the two operations has been shown
in Figure 3.1. From the figure it is now clear that Chen’s addition causes the loss of
information.
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» Conservation of flatness

0.5

0.7 0.8 0.9 1.0 1.51.651.71.751.9

Fig. 2. Comparison between the two additions

The0~rem 3.3. Addition of two generalized trapezoidal fuzzy numbers fil = (a1,b1,c1,dy;wy)
and Ay = (a9, by, ca, do;wy), with different confidence levels generates a trapezoidal fuzzy
number as follows:

Ay = Aj(+)As = (a4, ba, e, da; wa)where,

ay = a1+ a3
by = a1+ az+ (by —ar)ws/wy + (by — az)wa/ws
ca = dy+dy—(dy —cr)wa/wr — (d2 — c2)wa/ws
dy = di+do

and wy = min(wy, we); wy # ws.

Proof: The proof is similar to Theorem 3.2.

3.2 Subtraction of two generalized triangular fuzzy numbers

Let us consider two generalized triangular fuzzy numbers /11 = (a1,b1,c1;wy) and /12 =
(ag, by, co;wy). In order to compute the subtraction operation between A; and flg, the
value of A;(—)As can be defined as A;(—)As = A;(+)(—A3). Now the addition operation
on A; and (—)flg as discussed in the section 3.1.1, can be easily performed. Hence, the
following can be written

/15 = /11(—)/12:(a5,b5,05,d5;w5)where,

as, = a1 —am
b5 = a1 —Cz-i-(bl —al)w5/w1+(02 —bg)w5/w2
Cy = (C1 — Qa2 — (61 - bl)w5/w1 - (b2 - ag)w5/w2
d5 = C1 — a2

and ws = min(wy, wy); wy # ws

4 Numerical illustration

Example 4.1. Let A; = (1,2,4,5;0.5) and Ay = (5,6,8,9;1) be two generalized trape-
zoidal fuzzy numbers. Find Aq(+)As.

Result: With the help of Theorem 3.3, the following result has been obtained /11(—!—)1412 =
(6,6.5,12.5,14;0.5).
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Example 4.2. Let A, = (0.4,0.6,0.7;0.8) and Ay = (—0.1,0.2,0.4;1) be two generalized
triangular fuzzy numbers. Find Ay(+)As.

Result: With the help of Theorem 3.2, the following result has been obtained /11(—!—)1412 =
(0.3,0.74,0.84,1.1; 0.8).

Example 4.3. Let A; = (0.5,0.6,0.7;0.5) and Ay = (0.3,0.4,0.5;1) be two generalized
triangular fuzzy numbers. Find Ai(—)As.

Result: Utilizing the process as stated in section 3.2, the result has been obtained as:
Ai(—)A2 =(0,0.15,0.25,0.4;0.5).

5 Conclusion

In this paper the shortcomings of the existing operations on generalized fuzzy numbers
have been discussed. In order to overcome this problem the extension principle has been
used to derive different arithmetic operations (addition, subtraction). In future, the result
of production and division of generalized fuzzy numbers may also be analyzed.
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