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Abstract

In this paper, the Black-Scholes equation is solved by using the Adomian’s decomposition method , modified
Adomian’s decomposition method , variational iteration method , modified variational iteration method, ho-
motopy perturbation method, modified homotopy perturbation method and homotopy analysis method. The
existence and uniqueness of the solution and convergence of the proposed methods are proved in details. A
numerical example is studied to demonstrate the accuracy of the presented methods.
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method (HAM).

1 Introduction

He pricing of options is a central problem in fi-
T nancial investment. It is of both theoretical and
practical importance since the use of options thrives
in the financial market. In option pricing theory, the
Black-Scholes equation is one of the most effective
models for pricing options. The equation assumes the
existence of perfect capital markets and the security
prices are log normally distributed or, equivalently,
the log-returns are normally distributed. To these,
one adds the assumptions that trading in all secu-
rities is continuous and that the distribution of the
rates of return is stationary. In recent years, some
works have been done in order to find the numerical
solution of the Black-Scholes equation. For example
[5, 6, 7, 8,9, 10]. In this work, we develope the ADM,
MADM, VIM, MVIM, HPM, MHPM and HAM to
solve this equation as follows [1, 2, 3, 4]:

(1.1)

U + ax gy + bru, — ru = 0,

where,
b=r—9,

a=—,
2
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r is the risk-free rate, o is the volatility, and ¢ is the
dividend yield. With the initial condition:

u(z,0) = g(x). (1.2)

The paper is organized as follows. In Section 2, the
mentioned iterative methods are introduced for solv-
ing Eq. 1.1. In Section 3 we prove the existence
, uniqueness of the solution and convergence of the
proposed methods. Finally, the numerical example is
shown in Section 4. In order to obtain an approximate
solution of Eq. 1.1, let us integrate one time Eq. 1.1
with respect to ¢ using the initial condition we obtain,

u(z,t) = g(x)- (1.3)

afot Fy(u(z, 7)dr — bfot Fy(u(z,7))dr + rfot w(z, 7)dT,
where,

Fi(u(z,t) = 22uz, (2, 1),
Fy(u(z, b)) = zug(x,t).

In Eq. 1.3, we assume g(z) is bounded for all z in J =
[0,T)(T € R). The terms Fy(u(z,t)) and Fy(u(x,t))
are Lipschitz continuous with | Fy (u) — Fy(u*) |< Ly |
u—u*| and | Fo(u) — Fo(u*) |< Loy | u —u*|.
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2 The iterative methods

2.1 Description of the MADM and
ADM

The Adomian decomposition method is applied to the
following general nonlinear equation

Lu+ Ru+ Nu=f, (2.4)

where u(z,t) is the unknown function, L is the highest
order derivative operator which is assumed to be easily
invertible, R is a linear differential operator of order
less than L, Nu represents the nonlinear terms, and
f is the source term. Applying the inverse operator
L' to both sides of Eq. 2.4, and using the given
conditions we obtain

u(x,t) =

where the function z(x) represents the terms arising
from integrating the source term f. The nonlinear
operator Nu = G1(u) is decomposed as

2(x) — L7Y(Ru) — L™Y(Nu), (2.5)

(2.6)

where A,, n > 0 are the Adomian polynomials deter-
mined formally as follows :

1 d" N
A = il ZA“’

The first Adomian polynomials (introduced in [11, 12,
13]) are:

(2.7)

A = G1(up),
A1 = ulGll(Uo),
1
As = usG(ug) + EU%G,{(UO)a (2.8)
1
Az = u3G’ (ug) + u1ua Gy (ug) + —uiGY (up), ...

3!

2.1.1 Adomian decomposition method

The standard decomposition technique represents the
solution of u(x,t) in 2.4 as the following series,

t)=> ui(z,t),
=0

which can be deter-

(2.9)
where, the components ug, %1, - . .
mined recursively

uo(x,t) = g(x), (2.10)

1(z,t) —a/Aomtdt—b/Boxt

+r / ug(z, t)dt,
0
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t t
vt (2.8) = —a [ An(a,t) dt —b / Bo(a.t) di
0 0
t

+r/ un(x,t) dt, n>0.
0

Substituting 2.8 into 2.10 leads to the determination
of the components of .

2.1.2 The modified Adomian decomposition
method

The modified decomposition method was introduced
by Wazwaz [14]. The modified forms was established
on the assumption that the function g(z) can be di-
vided into two parts, namely g;(x) and ga(z). Under
this assumption we set

9(z) = g1(x) + ga(z).

Accordingly, a slight variation was proposed only on
the components ug and u;. The suggestion was that
only the part g1 be assigned to the zeroth component
up, whereas the remaining part go be combined with

(2.11)

the other terms given in 2.11 to define u;. Conse-
quently, the modified recursive relation
uo = g1(x), (2.12)
up = go(x) — L7 (Rug) — L™ (Ay),
Upy1 = —L ' (Ruy,) — L7Y(A,), n>1,

was developed. To obtain the approximation solution
of Eq. 1.1, according to the MADM, we can write the
iterative formula 2.12 as follows:

Ug = 91( (2 13)

up = go(x —a/ontdt—/Boxt

+T/ uo(x,t) dt,
0

¢ ¢
Upt1 = —a/ Ap(z,t) dt — b/ B
0 0

¢
+1"/ up(z,t) dt, n>1.
0

The operators F;(u(x,t)) (i = 1,2) are usually repre-
sented by the infinite series of the Adomian polyno-
mials as follows:

u) = i Ai,
i=0
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=0

where A; and B; are the Adomian polynomials. Also,
we can use the following formula for the Adomian
polynomials [15]:

Ap = Fi(sn) — Z?;Ol Ai,

B, = Fy(sn) — 312, Bi. (2.14)
Where s, = > o u;(x,t) is the partial sum.
2.2 Description of the VIM and

MVIM

In the VIM [16, 17, 18, 19, 20, 35, 41, 42], it has been
considered the following nonlinear differential equa-
tion:

Lu+ Nu =g, (2.15)

where L is a linear operator, NV is a nonlinear operator
and ¢ is a known analytical function. In this case, the
functions u,, may be determined recursively by

Upt1 (2, 1) = up (2, )+ (2.16)

/0 Az, T){L(un(z, 7)) + N(un(z,7)) — g(z, 7) }dT,
n >0,

where A is a general Lagrange multiplier which can be
computed using the variational theory. Here the func-
tion w,(x,7) is a restricted variations which means
ou, = 0. Therefore, we first determine the Lagrange
multiplier A that will be identified optimally via in-
tegration by parts. The successive approximation
un(z,t), n > 0 of the solution u(z,t) will be readily
obtained upon using the obtained Lagrange multiplier
and by using any selective function ug. The zeroth
approximation ug may be selected any function that
just satisfies at least the initial and boundary condi-
tions. With A determined, then several approximation
un(z,t), n > 0 follow immediately. Consequently, the
exact solution may be obtained by using

u(z,t) =

n

Ln;oun(x,t). (2.17)
The VIM has been shown to solve effectively, eas-
ily and accurately a large class of nonlinear problems
with approximations converge rapidly to accurate so-
lutions. To obtain the approximation solution of Eq.
1.1, according to the VIM, we can write iteration for-
mula 2.16 as follows:

Upt (T, 1) = (2.18)

tn (2,8) + L \fun (2, 1) — () + /0 P (un (2, 1)) dt

—|—b/0 Fy(up(z,t)) dt—r/o un(x,t) dt]),n > 0.

Where, .
L7Y() :/0 () dr.

To find the optimal A\, we proceed as

i1 (z,t) = (2.19)

St (2, )48 L (Aun (2, £)—g(2)+a /O i (up (2, 1)) dt

b/o Fy(up(z,t)) dt—r/o up(z,t) dt]).

From Eq. 2.19, the stationary conditions can be
obtained as follows: A" =0 and 1+ XA = 0. Therefore,
the Lagrange multipliers can be identified as A = —1
and by substituting in 2.18, the following iteration
formula is obtained.

up(z,t) = g(x), (2.20)

Un+1 (JZ, t) =

wn(@, 1) — L Mun (2, 1) — g() + / Fy (2, 1)) dt

t t
+b/ o (up (2,1)) dt—r/ wn (2,1) dt),n > 0.
0 0

To obtain the approximation solution of Eq. 1.1,
based on the MVIM [21, 22, 23], we can write the
following iteration formula:

uo(z,t) = g(x), (2.21)

Un+1($, t) =

Un(xat) - L;l(aA Fl(un(xat) - un,1($,t)) dt
+b/0 F2(un(x’t) - un—l(x’t)) dt

_T/Ol(un(xvt) - Un71<$,t)) dt),n > 0.

Relations 2.20 and 2.21 will enable us to determine
the components u,,(x,t) recursively for n > 0.

2.3 Description of the HAM

Consider
Nlu] =0,

where N is a nonlinear operator, u(x,t) is an unknown
function and z is an independent variable. let ug(z,t)
denote an initial guess of the exact solution u(z,t),
h # 0 an auxiliary parameter, Hy(z,t) # 0 an auxil-
iary function, and L an auxiliary linear operator with
the property L[s(z,t)] = 0 when s(x,t) = 0. Then us-
ing ¢ € [0, 1] as an embedding parameter, we construct
a homotopy as follows:

(1—-q)L{¢(x,t; q) —uo(z,t)] —qhHy (2, t)N[p(x, t; q)] =
(2.22)



H[‘b(x’ & Q); UO(xa t)a Hl(xa t)a ha Q]'

It should be emphasized that we have great freedom
to choose the initial guess ug(z,t), the auxiliary linear
operator L, the non-zero auxiliary parameter h, and
the auxiliary function Hj(x,t). Enforcing the homo-
topy 2.22 to be zero, i.e.,

Hi[¢(x,t;.q);uo(w, 1), Hy(w,t),h,q] =0, (2.23)

we have the so-called zero-order deformation equation

(1—q)L[¢(x, t;q) —uo(z,t)] = ghHy (z,t)N[o(z,t; q)].

(2.24)

When g = 0, the zero-order deformation Eq. 2.24
becomes

0(20) = uo(z, 1), (2.25)

and when ¢ = 1, since h # 0 and H;(z,t) # 0, the
zero-order deformation Eq. 2.24 is equivalent to

oz, t; 1) = u(z, t).

Thus, according to 2.25 and 2.26, as the embedding
parameter ¢ increases from 0 to 1, ¢(z,t;q) varies
continuously from the initial approximation ug(z,t)
to the exact solution wu(z,t). Such a kind of con-
tinuous variation is called deformation in homotopy
[23, 24, 25, 26, 40]. Due to Taylor’s theorem, ¢(z,t; q)
can be expanded in a power series of ¢ as follows

(2.26)

d(z,t;5q) = ug(w,t) + Z U (2, 1)q"™

(2.27)
m=1
where,
1 9mé(z,t;q)
U (2, 1) = %3(]7’” lg=0 -

Let the initial guess ug(x,t), the auxiliary linear pa-
rameter L, the nonzero auxiliary parameter h and the
auxiliary function H;(z,t) be properly chosen so that
the power series 2.27 of ¢(x,t;q) converges at ¢ = 1,
then, we have under these assumptions the solution
series

u(z,t) = d(x, t;1) = up(z, t) —l—Zum (2.28)
m=1
From Eq. 2.27, we can write Eq. 2.24 as follows
(1 —q)L[¢(=,t, q) — uo(,1)] (2.29)

=q h Hl(mvt)N[¢(xvt7Q)]

Y
m=1

U (2 —qLZumxt

=qh Hl(gj,t)N[(b(-%t,q)]

By differentiating 2.29 m times with respect to ¢, we
obtain

L[Z um(xat) qm] —q L[Z um(xvt)qm]}(m) =

8
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{q h Hy(z,t)N[¢(z,t,q)]}™ =

m! L (2,t) — um_1(z,t)] =
0" IN[¢(z,t; q)]
h Hl(.T,t) m aqm_l |q=0 .
Therefore,
L{um (z,t) — XmUm-1(2,t)] = (2.30)
hHy (2, )R (-1 (2, 1)),
where,
_ 1 9™ IN[g(z,t;q)]
§RTrz('uwn—l(:r'at)) = (m — 1)' 8qm_1 |q=0a
(2.31)
and
0, m<1
Xm=11, m>1

Note that the high-order deformation Eq. 2.30
is governing the linear operator L, and the term
R (um—1(z,t)) can be expressed simply by 2.31 for
any nonlinear operator V. To obtain the approxima-
tion solution of Eq. 1.1, according to HAM, let

N[u(m,t)] = u(xvt) - g({E)—‘r

a/ot Fl(u(m,t))dt—f—b/ot Fg(u(x,t))dt—r/o75 u(zx, t)dt,

R (U1 (2, 8)) = U1 (2, t) — g(2)+

a/t Fy(upm—1(z,t)) dt + b/t Fy(upm—1(z,t)) dt
0 0
(2.32)

t
—7‘/ Um—1(x,t) dt.
0
Substituting 2.32 into 2.30

Llum (z,t) = XmUm—1(z,t)] = hHy (2, 1) [tm—1(z, t)

(2.33)
)

¢ ¢
+a [ Fi(um—1(z,t)) dt+b/ Fy(tupm—1(z,t)) dt
0 0

_T/O Up—1(2,t) dt + (1 — xm)g(z)(x)].

We take an initial guess ug(z,t) = g(x), an auxiliary
linear operator Lu = u, a nonzero auxiliary parameter
h = —1, and auxiliary function Hj(z,¢) = 1. This is
substituted into 2.33 to give the recurrence relation

uo(x,t) = g(),

Upt1(x, 1) —afo Fi(up(z,t)) dt

t t
- b/ Fa(up(x,t)) dt—l—r/ up(x,t) dt, n>0.
0 0
(2.34)
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Therefore, the solution u(z,t) becomes

u(w,t) =Y up(w,t) = g(z)+ (2.35)
n=0

5%(_GAHQWM%ﬂ)ﬁ—bAHQWJ@ﬂ)ﬁ

n=1

t
—I—r/ Up(z,t) dt.
0
Which is the method of successive approximations. If
| un(z,t) |< 1,

then the series solution 2.35 convergence uniformly.

2.4 Description of the HPM and

MHPM

To explain HPM [27, 28, 34, 36, 37, 38, 39], we consider
the following general nonlinear differential equation:

Lu+ Nu = f(u), (2.36)

with initial conditions

u(z,0) = f(x).

According to HPM, we construct a homotopy which
satisfies the following relation

H(u,p) = Lu—Lvg+p Lvg+p [Nu—f(u)] =0, (2.37)

where p € [0,1] is an embedding parameter and v is
an arbitrary initial approximation satisfying the given
initial conditions. In HPM, the solution of Eq. 2.37 is
expressed as

u(z,t) = ug(z,t) +p ui(z,t) + p* ug(z,t) +... (2.38)

Hence the approximate solution of Eq. 2.36 can be
expressed as a series of the power of p, i.e.

w=limu=ug+u +us +...
p—1

where,
UO(J:’ t) = g(ﬂ?),

m—1

U (2, 1) = —a | Fi(um—g—1(z,t)) dt— (2.39)
o e

t t
b/ Fy(tum—g—1(z,t)) dt+r/ Um—k—1(z, 1) dt,
0 0
m > 1.
To explain MHPM [30, 31, 32|, we consider Eq. 1.1 as

L(u) = u(x,t) — g(z) + a/o Fy(u(z,t)) dt+

b/ot Fo(u(z, 1)) dt — T/Otu(x,t) dt.

Where Fiy(u(z,t)) = gi(x)hi(t) and Fr(u(z,t)) =
g2(x)ho(t). We can define homotopy H (u,p,m) by

H(u,0,m) = f(u), H(u,1,m)= L(u),

where, m is an unknown real number and

flu(z, b)) = u(x,t) — z(x,t).

Typically we may choose a convex homotopy by
H(u,p,m) =

(1=p)f(u)+p L(u) +p (1 —p)m(gi(z) +g2(z))] = 0,
(2.40)
0<p<1.

Where m is called the accelerating parameters, and
for m = 0 we define H(u,p,0) = H(u,p), which
is the standard HPM. The convex homotopy 2.40
continuously trace an implicity defined curve from
a starting point H(u(x,t) — f(u),0,m) to a solution
function H (u(x,t),1,m). The embedding parameter p
monotonically increase from 0 to 1 as trivial problem
f(u) = 0 is continuously deformed to original problem
L(u) = 0. The MHPM uses the homotopy parameter
p as an expanding parameter to obtain

[e'e}
§ n
v = p unv
n=0

when p — 1, Eq. 2.37 corresponds to the original one
and Eq. 2.41 becomes the approximate solution of Eq.
1.1, ie.,

(2.41)

Where,
UO(xa t) = g(x)a

u(vt) = —a I3 Fy(uo(x,t)) dt — b [} Fa(ug(w,t)) dt
+7r [y uo(z,t) dt —m(g1(x) + g2()),

wa(, t) = —a [y Fu(un (@, 1)) dt — b [3 Fo(ur (2, 1)) dt
+r Jy wal@,t) dt + m(gi(x) + g2(2)),

tm (2, ) = m—afy Py (um—p1(2,1)) dt
—b fo Fy(um—g—1(z,t)) dt + rfo Um—k—1(x, 1) dt,
m > 3.

(2.42)

3 Existence and convergency of
iterative methods

We set,
ar:=T(a| L1+ |b| Lo+ | ),
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Theorem 3.1 Let 0 < a1 < 1, then Black-Scholes
equation 1.1, has a unique solution.

Proof. Let v and u* be two different solutions of 1.3
then

| u—u* |=| —afg[Fl(u(x,t)) — Fy(u*(z,t))] dt
b [y [Fa(u(x,t) = Fa(u*(a,1))] dt

+r [y Ju(z, t) — u*(x,t)] dt |

<la| fy | Fi(u(z,t) = Fi(u(z,1) | dt+
16 Ji | Bolule,t) — Fa(u*(2,8)) | di+
L | fy Ll t) —u (e, t) | dt <

T(la|Li+ |b| Lot |7|) |[u—u*|=a1 |u—u*]|.

From which we get (1 — 1) | v — u* |< 0. Since
0 < ay <1, then | u —u* |= 0. Implies v = u* and
completes the proof. O

Theorem 3.2 The series solution wu(x,t) =
Soeoui(z,t) of problem 1.1 using MADM con-
vergence when 0 < ay < 1, | uy(x,t) |< oo.

Proof. Denote as (C[J],|| . ||) the Banach space
of all continuous functions on J with the norm
|l g(t) ||= maz | g(¢t) |, for all ¢ in J. Define the se-
quence of partial sums s,, let s, and s,, be arbitrary
partial sums with n > m. We are going to prove that
spn, is a Cauchy sequence in this Banach space:

| 80— sm [|I=
n

mayicy | sn = sm |= maves | Y wilx,t) |=

1=m-+1
t n—1 t n—1
mazvie s | fa/ > A) dtfb/ (> Bi) dt+
0 i=m 0 i=m
t n—1
. / (S ) dt |
0 i=m

From [15], we have

Z:l;vin Ai = Fi(sn-1) — Fi(sm-1),
Y iem Bi = Fa(sn—1) = Fa(8m-1),
Z?:Zi U; = (Sn—l) — (sm—l)-

So,

| sn—s5m = mazvics | —a [y [Fi(sn1)—Fi(sm-1)] dt

b /0 (Fa(s01) — Fy(sm)ldt
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+r / [($no1) = (st | <] a | / | Fa(sa)
CFy(sm) | d4 || /0 | Fa(sn_s) — Fa(sm_1) | dt

t
L[ = (smo) | de [0 = s ]
0
Let n =m + 1, then
H Sn = Sm ||S aq H Sm — Sm—1 HS

a% | $Sm-1— Sm—2 ||<...<al" | s1—50] -

From the triangle inquality we have
| 8= $m I<I| $Sm+1 = sm || + || Smt2 = Smtr | +..+

I sn=sno 1< [ + i a7 [ 51 =0 |

<ol +aq + a% + .+ a?_m_l] Il s1—so ||

1 _anfm
< af L

e RGO E

Since 0 < a3 < 1, we have (1 —a]™™) < 1, then

am
1—(11

| $n = 8m [I< (3.43)

mazyicy | ui(x,t) | .

But | ui(z,t) |[< 00, 80, a8 m — 00, then || s, —spm, ||—
0. We conclude that s, is a Cauchy sequence in C[J],
therefore the series is convergence and the proof is
complete. O

Theorem 3.3 The mazimum absolute truncation er-
ror of the series solution u(x,t) = Y .o, ui(x,t) to
problem 1.1 by using MADM is estimated to be

m

k m
max | u(z,t) — E u;(z, 1) |< T ! (3.44)
; — o
=0

Proof. From inequality 3.43, when n — oo, then
S$p, — u and

max | uy(x,t) |<T(] a| mazyes | Fi(uo(z, t)) | +

| b | maxy: | Fa(uo(z, b)) | 4+ | r | mazyies | uo(z,t) |).

Therefore,

I ule,t) = sm 1< 725

1—041

T(| a | mawyes | Fi(uo(z,t)) |
+ | b| mazys | Fo(uo(x,t)) | + | r | maxy: | uo(a,t) |).

Finally the maximum absolute truncation error in the
interval J is obtained by 3.44.

Theorem 3.4 The solution uy(z,t) obtained from
the relation 2.20 using VIM converges to the exact
solution of the problem 1.1 when 0 < a; < 1 and
0<p <1
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Table 1: Numerical results for Example 4.1

(xt) Errors

ADM (n=27) MADM (n=25) VIM(n=21) MVIM(n=18)
(0.1,0.13) 0.0092646 0.0083454 0.0063284 0.00522411
(0.2,0.18) 0.0093652 0.0084525 0.0064473 0.0054136
(0.3,0.27) 0.0094713 0.0085407 0.0064603 0.0054718
(0.4,0.32) 0.0094747 0.0085638 0.0065227 0.0055328
(0.5,0.38) 0.0095805 0.0086159 0.0065863 0.0055787
(0.7,0.43) 0.0096129 0.0086326 0.0066178 0.0056251

(Continue Table 1).
(x,t) Errors
HPM(n=22) MHPM (n=19) HAM(n=14)

(0.1,0.13) 0.0073609 0.0054283 0.0044536
(0.2,0.18) 0.0074447 0.0055081 0.0045475
(0.3,0.27) 0.0075226 0.0056205 0.0046231
(0.4,0.32) 0.0075656 0.0056738 0.0046815
(0.5,0.38) 0.0076267 0.0057048 0.0047462
(0.7,0.43) 0.0076926 0.0057659 0.0047826
Proof. since e, is a decreasing function with respect to ¢ from

—|—a/t i (up (2,1)) dt
% (3.45)
+b/ o (up (2,1)) dt
0

fr/ up(z,t)) dt]),
0

u(z,t) = u(x,t)
- L (ul )~ 9(o) + o [ Fa(u(e.0) de
0
+ b/o Fo(u(z, 1)) dt — r/o w(z, 1)) di)).
(3.46)
By subtracting relation 3.45 from 3.46,
U1 (2, ) — u(z,t) = up (2, ) — u(x, t) — L7 (un (2, )
—u(x,t) + a/o [F1(un(z,1))
— Fy(u(z,t))] dt
+b/0 [Fo(up(z,t))
— Fy(u(z,t))] dt
- T/O [un(z,t) — u(z,t)] dt),

if we set, e, 1(2,t) = Upq1(x,t) —un(x,t), en(z,t) =
un(x,t) — u(z,t),| en(z,t*) |= maxs | e,(x,t) | then

the mean value theorem we can write,
eng1(z,t) = en(z,t) + Ly (—en (1)

—a /0 (B (un (2, 1)) — Py (ua, £))] dt
= [F2<un<tx,t>> — Fy(ule,1))] dt
+r /0 (2, 1) — u(z, £)] dt)
<en(m,t) + Ly H—en(z,t) + Ly | en(,1) |
(T(la| L1t |b]| Lot [ 7 )] < en(2,t) — Ten(w,n)

+T(la] Lit [ b] Lot [ 7 Ly L | en(a,t) |

<S(A-T1 =) enl(z,t*) ],

where 0 < 7 < t. Hence, epq1(z,t) < B1 | en(z, %) | .
Therefore,

llensill= mazvics | eng1 |< Br mazvics | en |

< Billenll-
Since 0 < B1 < 1, then |le,||= 0. So, the series con-
verges and the proof is complete. O

Theorem 3.5 The solution uy(z,t) obtained from
the relation 2.22 using MVIM for the problem 1.1 con-
verges when 0 < a3 <1,0<~y <1.

Proof. The Proof is similar to the previous theorem.



Theorem 3.6 The mazimum absolute truncation er-
ror of the series solution u(x,t) = Y72 u;(z,t) to
problem 1.1 by using VIM s estimated to be

Brk
- B’

lle nH< k;,:max|u1(x,t)|.

Proof.

Theorem 3.7 If the series solution 2.34 of problem
1.1 using HAM convergent then it converges to the
ezxact solution of the problem 1.1.

Proof. We assume:
)= up(z,t), Fi(u(2,1))
m=0

=" Fi(um(,t)), Fa(u(z, 1))

m=0
= Fa(um(z,t))
m=0

Where,

n}gnoo Um (x,t) = 0.

We can write,

n

Z [t (2, ) — XmUm—1(x, )]

m =1 (347)
=uy + (ug —u1) + ... + (U, — Up—1)
= up(x,t).

Hence, from 3.47,

lim w,(z,t) =0.

n—oo

(3.48)

So, using 3.48 and the definition of the linear operator
L, we have

um x, t anum—l(xvt)]

Z U (2, 1) — XmUm—1(2,1)]]
m=1
= 0.

therefore from 2.30, we can obtain that,

o0

> Lt (2,t) = XmUm—1(, )]

m =1

= hHl(I,t) Z %m,l(um,l(x,t))

=0.

Since h # 0 and Hi(x,t) # 0, we have

> Ryt (1 (,1)) = 0. (3.49)
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By substituting R,,—1(um—1(x,t)) into the relation
3.49 and simplifying it , we have

D Rt (o (1)) = Z[a/o Fy (U1 (1)) di

m=1

+b/t FQ(umfl(xat)) dt
0

- r/t Um—1(x,t) dt
0
+ (1= xm)g(@)]

= u(z, t)t— g(x)
+a/0 1(u(z,t)) dt

(3.50)

From 3.49 and 3.50, we have

u(z,t) = g(z) — a/o Fy(u(z,t)) dt

- b/ot Fy(u(x, t)) dt + r/ot w(z,t) dt.

Therefore, u(z,t) must be the exact solution. O

Theorem 3.8 The mazimum absolute truncation er-
ror of the series solution u(x,t) = > ui(x,t)to

problem 1.1 by using HAM is estimated to be

k' =maz | ui(a,t) ] .

=1_ ay ’
Proof.The Proof is similar to the 3.6 Theorem.

Theorem 3.9 If | uy,(x,t) |< 1, then the series solu-
tion u(z,t) = Yo ui(x,t) of problem 1.1 converges
to the exact solution by using HPM.

Proof. We set,

t) = Zul(ﬂc, t),
i=1

n+1

Zui(x,t).

i=1

¢n+1(I, t) =

| d)n-i—l(xvt) - (bn(x?t)

D(¢nt1(z,t), pn(x,t))
D(an + Un, (bn)
D(uy,0)

m—1

<Z|a\/ | Fi(um—r—1(2,1)) | dt
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t
Y / | Fa(tm—tr(2,0)) | di+
0
t
\r|/ | Um—g—1(z,t) | dt. —
0

D N b (@, ) =gn(@.t) |< man | g(@) | Y (mar)"
n=0

n=0
Therefore,

7}1—{2@ un(x,t) = u(z,t).

Theorem 3.10 If | uy,(x,t) |< 1, then the series so-
lution u(z,t) = Y oo, ui(z,t) of problem 1.1 converges
to the exact solution by using MHPM.

Proof. The Proof is similar to the previous theorem.

Theorem 3.11 The mazximum absolute truncation
error of the series solution u(x,t) = Y .o ui(z,t)to
problem 1.1 by using HPM is estimated to be
(non )" nk’
1— a7 ’
Proof. The Proof is similar to the 3.6 Theorem.

len < k' =max | ui(z,t) | .

4 Numerical example

In this section, we compute a numerical example
which is solved by the ADM, MADM, VIM, MVIM,
HPM, MHPM and HAM. The program has been pro-
vided with Mathematica 6 according to the following
algorithm where ¢ is a given positive value.
Algorithm 1:

Step 1. Set n < 0.

Step 2. Calculate the recursive relations 2.10 for
ADM, 2.13 for MADM, 2.34 for HAM, 2.39 for HPM
and 2.42 for MHPM .

Step 3. If | upy1 — uy |< € then go to step 4, else
n < n+ 1 and go to step 2.

Step 4. Print u(z,t) = > i, u;i(x,t) as the approxi-
mate of the exact solution.

Algorithm 2:

Step 1. Set n + 0.

Step 2. Calculate the recursive relations 2.20 for VIM
and 2.21 for MVIM.

Step 3. If | up+1 — uy, |< € then go to step 4, else
n < n+ 1 and go to step 2.

Step 4. Print u,(x,t) as the approximate of the exact
solution.

Example 4.1 Consider the Black-Scholes equation
as follows:

ue (2, 1) + 22Uge (2, 1) + 0.52u, (2, 1) — u(z,t) = 0.
With initial condition:

g(z) = z°.

3,—6.5t

The ezact solution is u(z,t) = z’e . e=1073.

Table 1, shows that, approximate solution of the
Black-Scholes equation is convergence with 14 itera-
tions by using the HAM . By comparing the results of
Table 1, we can observe that the HAM is more rapid
convergence than the ADM, MADM, VIM, MVIM,
HPM and MHPM.

5 Conclusion

The HAM has been shown to solve effectively, easily
and accurately a large class of nonlinear problems with
the approximations which are convergent are rapidly
to exact solutions. In this work, the HAM has been
successfully employed to obtain the approximate solu-
tion to analytical solution of the Black-Scholes equa-
tion. For this purpose, we showed that the HAM is
more rapid convergence than the ADM, MADM, VIM,
MVIM, HPM and MHPM.
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