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Abstract

The purpose of this paper is to present some n-tuple fixed point and n-tuple coincidence point results
in C*-algebra-valued metric spaces using the concept of an a-series applied to a series of mappings.
At the end of the paper, we give an example and an application to support our main results.
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1 Introduction

Ince 1922 (when Banach presented his famous
S result, known as the Banach fixed point the-
orem), the fixed point theory has piqued the in-
terest of numerous researchers.

There is a great literature on this topic, and

*Department of Mathematics, Ardabil Branch, Islamic
Azad University, Ardabil, Iran.
fCorresponding author.

Tel:+98(918)6875070.
tDepartment of Mathematics, Gilan-E-Gharb Branch,
Islamic Azad University, Gilan-E-Gharb, Iran.
$Department of Mathematics, Ardabil Branch, Islamic
Azad University, Ardabil, Iran.

TDepartment of Mathematics, Tabriz Branch, Islamic
Azad University, Tabriz, Iran.

IUniversité de Sousse, Institut Supérieur
d’'Informatique et des Techniques de Communication, H.
Sousse 4000 Tunisia.

**Department of Mathematics, Takestan Branch Islamic
Azad University, Takestan, Iran.

zam.dalahoo@gmail.com,

95

it is currently a very active research field. See
[4, 5,7, 8, 13, 15] for more information.

The concept of a-series was introduced by Si-
hag in 2014. This concept was later generalized
to two-dimensional and three-dimensional fixed
point theorems in generalized metric spaces (see
[5, 11, 14] for more information).

The concept of a C*-algebra valued metric
space was introduced in 2014, in which, instead of
the set of real numbers, the set of all positive ele-
ments of a unit C*-algebra was used. Later, cou-
pled fixed point theorems in C*-algebra-valued b-
metric spaces, as well as tripled fixed points and
tripled coincidence points in C*-algebra-valued
metric spaces, were investigated in [1, 11|, and
[10], respectively.

The goal of this article is to prove some n-tuple
coincidence point and fixed point theorems in C*-
algebra-valued metric spaces for a self-mapping g
and a sequence {T¢}¢en, of n-variate mappings.
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An application and an example are also provided
to support our results. In addition, we demon-
strate the existence and uniqueness of a n-tuple
common fixed point for a function g : X — X and
the sequence of mappings Ty : X" — X, where
(X, A,d) represents a C*-valued algebra metric
space.

Throughout this article, N is the set of positive
integers and Ny = N U {0}. An unital algebra
with the unit I is denoted by A and 6 is the zero
element. An involution on A correspond to the
conjugate linear map k — k* on A is a map-
ping such that 7** = j and (yp)* = p*y* for all
7,9 € A. The pair (A, ) is called an *-algebra. A
Banach *-algebra is an *-algebra A with the com-

plete submultiplicative norm so that || 7* [|=|| 7 ||,
for all € A. A C*-algebra is a Banach %-algebra
so that || %7 ||=|| 7 ||? for all j € A. Let H

be a Hilbert space and B(H) be the set of all
bounded linear operators on H. Then B(H) is a
(C*-algebra with the operator norm. Let Ay, be
the family of all self-adjoint elements in A. An
element 5 € A is positive (3 > 0) if y € Ay, and
a(7) = {X € C | Al — yis not invertible} C Ry,
where o(7) is the spectrum of y € A. Taking
Ay ={y)€ A:y)>0}, then AL = {yy: 7€ A}
[9]. Note that a partial order < on Ay, can be
defined as follows:

1= pif and only if o — 5 = 0.

If 3,0 € Asq and g € A, then ) < p = ¢¥yq <
¢ pq, and if 3,0 € AL are invertible, then ;5 <

p=—=0<p <y

2 Preliminaries

This section provides preliminaries that include
definitions and results about the n-tuple fixed
point for nonlinear contractive mappings defined
on complete C*-algebra-valued metric spaces.
Now, we state some basic definitions and re-
sults regarding C*-algebra-valued metric spaces
and tripled (and n-tuple) fixed point concepts.

Definition 2.1. [7] If the function d : X?> — A (
X is a nonempty set) be such that for allv,w,n €
X:

(i) 0 < d(v,w) and d(v,w) =0 iff v = w;

(ii) d(v,w) = d(w,v);

(iti) d(v, @) < d(v,n) + d(n, @) ,
then (X, A, d) is called a C*-algebra-valued metric
space.

Definition 2.2. [12] Let F: X? — X. We say
that (v, 1, k) € X3 is a tripled fized point of F if

F(v,t,k) = v, F(t,v,1) =, F(k,t,v) = K.

Definition 2.3. [12] Let (X, d) be a metric space.
The function d : X3 — X which is given as fol-
lows

(0,1, ), (uyv,w)] = d(v,u) + (1, 0) + d(x, w),
is a metric on X3. It will be denoted for conve-
nience by d, too.

We provide related n-dimensional definitions
(note that X is a nonempty set).

Definition 2.4. [3] An element (z*,...,2") € X"
1s called a n-tuple fized point of F': X™ — X if

where 1 < ¢ <mn.

Definition 2.5. [3] An element (z!,...,2") € X"
is called a n-tuple coincidence point of F': X™ —
Xandg: X — X if

where 1 <1 <n.

Definition 2.6. [6] The mappings F : X" — X
and g : X — X are called commutating if

gF(z!,...,2") = F(gz?, ..., gz™),

for all z*, ... z" € X.

We now generalize the definitions of compat-
ibility and weakly reciprocal continuity, as pre-
sented in [2] and [3], to include all n-variate map-
pings F' and self-mappings of g.

Definition 2.7. Let (X, A,d) be a C*-algebra-
valued metric space. The mappings F : X" — X
and g : X — X are called compatible if
li d( Flab zitl et ek i h),
Ci}ffoo g(F (¢ Le Leyde Ze )

F(g:ﬁé,g:péﬂ, oy g, gajé, e ,gxéfl)) =0,
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where 1 < ¢ < n, whenever {:E’C}, 1<i<mn are
sequences in X, so that

1+1 n .1 i—1
CEI—iI-looF(:EC’ C e BT T )

for some ' € X. They are called weakly compat-
ible if

gxl = F<xl7ajl+l7 7'%.”71.17 71.1_1)7
implies
g(F(zt, 2 2™ a2t

= F(gxi7g‘ri+1a .- ,gl’n,gl'l,
where 1 < i < n, for some (z!,---2") € X™.

Definition 2.8. The mappings F' : X™ — X and
g: X — X are called reciprocally continuous if

lim g(F(:L‘é, xéﬂ, e T, xé, cee xé_l))

{—+o0

and

CETOOF<9$2,9$Z+1? "’gxg’gxé7"'7g$é_1)
= F(zt, 2 2™ a2,

whenever {.:132}7 1 < i < n, are sequences in X,
such that

1 1 i—1

CETOOF(JJC, Z+, ..,x?,xc,...,xz )
—h i i
a 77,11}—}-10091.C =%

/L' .
1 <4 <n.
for somext € X,1<i<n

Definition 2.9. The mappings F : X" — X
and g : X — X are called weakly reciprocally
continuous if

i -
lim g(F(a:é,a:?‘,...,x?,xé,...,x’c )

(oo
= gz,

or

gEIfooF(ng g:c’Jrl S 9%¢, 9T, 79$2~_1)
= F({L‘Z,[L"L+1, ... ,a:",a:l, e xzfl),

whenever {azé},l < ¢ < n, are sequences i X
such that

1 1 i—1
CETOOF(%, ztt --a$27$g7-~-7$2 )
_ i i
- ngr—&r—loo gL =T

for some xt € X 1 <i<n.

Definition 2.10. [12] The nonempty set X is
said to be reqular provided that:

(i) x¢ = x for all { > 0, where x; — x is a
non-decreasing sequence,

(i) y = yc for all ¢ > 0 where yo — x is a
non-increasing sequence.

3 Main results

In this section, we first state Definitions 2.7-2.9
for the sequence of n-variate mappings {7¢}cen,
and a self-mapping g as follows:

Definition 3.1. Let (X, A,d) be a C*-algebra-
valued metric space, and let Ty : X™ — X and g :
X — X. {T¢}een, and g are called compatible

if

i o
Cgrfood( (Te(ak, 2l ol ol 2lh),

Tc(g'xZ?ngJrl? "?gxz-l?gm%?"'?g'xéil)) 207

where 1 < 1 < n and {xé},l < i < n are se-
quences in X such that

it n o1 i—1
CETOOTC(xC,xC yeen BTy T )
- ngr—il-loo g$2+1 =,

for some x* € X. They are said to be weakly com-
patible if

i i a1 n .1 i—1
gr' =Te(a', 2", 2" a2 ),
implies
v o041 n .1 i—1
g(Te(xt, 2™, 2 a2t )

= Tc(g:pi,gmiﬂ, ... ,gw",gml,

where 1 <1 <n.
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Definition 3.2. Let (X, A,d) be a C*-algebra-
valued metric space, and Ty : X" — X and
g: X — X. {T¢}cen, and g are called weakly
reciprocally continuous if

. i it n 1 i—1
CEIJPoog(TC($C’$C yoe s TG TE, e T )

_ 1
—gl‘,

whenever {xé},l < i < n are sequences in X,
such that

. i il n 1 i—1
CEI_POOTC(xC,J:C bee s T Ty T )
- ngI—Eoo gmz-ﬁ-l =,

for some ' € X and 1 <i <n.

Definition 3.3. Let {a,} be a sequence in a

C*-algebra with positive elements. The series
+ ay, is called an a-series, if there are o € A

with || « [[< 1 and mq € N such that Zle a; <
ak for each k > myg,.

Example 3.1. Any convergent series with posi-

tive elements is an a-series. Also, the divergent
1

series S —, for each a € A with || a ||< 1, is
n

an o-series.

Definition 3.4. Let (X, A,d) be a C*-algebra-
valued metric space, Ty : X" — X and g : X —
X. {T¢}een, and g satisfy the (K) property if

d(TC(ZL‘l, e ’xn)’TC'(ylv - 7yn))
< B¢ old(gzy, Te (2, -y @)
+ d(gyla TC'(ylv R JM))WQ{/

+9¢ ¢rd(gyr, gz1) ¢ ¢ (3.1)

for all x;,y; € X, where 1 < i < n, z; # yi,
I Beer I< LI e 1< 1 for all ¢,¢" € No,

2 1
ZELS (Becr1 + 1) (1 — BZCH) Lis an a-
series, and lim sup B, < 1.
r—+00

Let (X,A,d) be a C*-algebra-valued metric
space. Let g be a continuous self-mapping on
X and {T¢}cen, be a sequence of mappings from
X™ into X, so that T:(X"™) C g(X), g(X) € X
is complete, {T¢}¢en, and g are weakly recipro-
cally continuous, compatible, and satisfy the con-

dition (K). If g(X) is regular, then {7 }cen, and

g have a n-tuple coincidence point, i.e., there is
2t € X,1 <i<n,so that
gz’ = Tc(aji,x”l, anxxt L),

forall 1 <i<n.

Proof. Let x% € X where 1 < ¢ < n. Since
To(X™) C g(X), we can define 2{ € X, (1 <
i < n) such that

gt = To(:cé,a:éﬂ, ) ..a:g,x(l), .. .:cf)*l).

Again, since Tp(X") C g(X), there exist z% €
X, 1 <i < n such that

i+1

g = Ty(a}, 2} Loalh.

n
e T, XY, . Ty

Continuing this process, we make the sequence
{2}, (1 <i< n)in order to

i _ i i+l n .1 i—1
gz = Tp(zy, ... . ),

(3.2)

for all » > 0. By (3.1), we get

d(gzy, 9$i+1)
=d(Tp_1(x} 4, ...,2" ), T (xl,...,2")
< 5:—1,r[d(99571~—1, Tt (Tp_gs -5 20 1))
T d(gzl, To(ah, .o a))Br1s
+ Y1, A9, 901 ) Yr—1
= By_1ld(gzr_y, gay) + d(gay, grp i) Br1r
1, d(9ar, 9Ty )Y
= :fl,rd(g‘r?l“flvg'fcvlﬂ)ﬁr—l,r
+ Bi_1d(gu), gntay) 2d(gat, 92} 41)2 Brot s
+ ’Y:—l,rd(gxiv 9T 1) Yr—1r
= (Br-1, + 'Yr—l,r)*d(gquﬂ—la 99571“)
(Br—1,r + Vr—1,)
+ | Bro1pd(gal, gzl y)?
=| (Br—1p + Yr—1,)d(gz;_1, gT})
32,

|2
7 |2
1.1
+ | Br—l,’/’d(gxr7gxr+1)
It follows that
d(gz}, gzt q)

< (57"71,r + ’yT*l,T)Q(]- - 72’—1,7”)_1

d(gx,, g, 1) (3.3)
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Similarly, we obtain

d(ga?, gz2,,)

S (Br—l,r + ’Yr—l,r)2 (1 - /81?—1,7“)_1
d(gx12ﬂ7gw1%—1)7

d(gl’?,gl’?_,_l)

S (Brfl,r + 77‘*1,7’)2 (1 - 3—1,7’)_1

d(gz), gxl'_). (3.4)

Adding (3.3)-(3.4), we have

b= Y g g )
=1

(/Br 17"""77‘ 17“)2 (1_ ,2,,17r)71

n

[ dlgz;, gz;_1)]

i=1

(/87‘ 1r T Yr— 1r)2 (1_ zflyr)il(gr_l

< (Br- Lr + Yr— 17")2 (1- 72:_177»)_1

(Br 2r 1+’7r 2,r— 1)2

(1 r 2,r— 1) 167'—2

| /\

r—1
2
< H (Bec+1 +v¢cc+1)
¢=0

(1- 5?,&1)7150-

Moreover, for all s > 0, we get

n
> d(gal,gai,)
=1
n . . n . .
<Y d(gay, grrg) + Y d(gTh, 9T o)
=1 i=1

n
+oo+ Z d(gl‘:’—&—s—lv gZC;—i—s)

=1
r—1
2 _
< T Becr +veern)? (1= BEeia) "o
=0
;
2 _
+ T Becr +vcce) (1= B2 1) o
=0
+...
r+s—2
2 _
+ H (Bec+r +ve.c41)” (1= B2 e) "o
C:
r+s—1k—1
2 _
= > T Becrr +rcer)? (1= B 1) "o
k=r (=0

Then, we have

n
1> d(gzi, gaiy) |
=1
r4+s—1k—1

> T Becrr +eer)?

k=r (=0
(1= B2cs) ™" |l o

Let o and n, be as in Definition 3.3. For all
r > ng, using the fact that the non-negative num-
bers geometric mean is less than or equal to the
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arithmetic mean, it follows that

n
1D d(gal, gziy) |
i=1
r+s—1

Now, letting 7 — +00, we conclude that

r—+00

n
lim Y d(gal,gzi,,) [|=0, 1<i<n,
=1

which implies that

lim | d(gay, g.4) [|= 0.

r—+00
Thus, {gz.}, (1 < i < n) are Cauchy sequences
in X. Since g(X) is complete, there are p' € X
so that
. iV — () = <i<n).
Jim {gz,} = g(p') =2, (1<i<n)
So, we have

: i
Jim gy q)

_ 1 1041 n .1 i—1
—TETOOTT(:UT,:UT yee . )

=z, (1<i<n).
Since {T¢}cen, and g are compatible and
weakly reciprocally continuous, one has

: % i+1 n 1 i—1
Tl}gloo Tr(g$r,g$7« yee 3 Ly Gpy o ooy Gy )

=gz', (1<i<n).

Now, we show that {T¢}¢en, have n-tuple coinci-
dence points. According to (3.1), we obtain

d(T,(gzl, ... gal), Te(at, .. a™))
< B ld(ggat, Tr(gar, . .. gzlh))
+d(gat, Te(at, ... 2™))])Brc
+ 5 cd(gxt, g9y ) e

Taking the limit as » — 400, we obtain
Te(zt, ... 2™) = g(a!) as B¢ < 1. Similarly,
it can be proved that

Thus, (z!,---,2") is a n-tuple coincidence point
of {T¢}¢en, and g. O

Taking g the identity mapping in Theorem 3,
we have Let (X, A,d) be a complete C*-algebra-
valued metric space. Let {T¢}cenuqoy be a se-
quence of mappings from X" into X, so that {7¢}
and Id : X — X satisfy the (K) property. If X is
regular, then {T¢}¢en, has a n-tuple fixed point,
that is, there exists ' € X™ (1 < i < n) such
that

at = Te(2b, 2™ et ),
for all ¢ € Np.
For the existence and uniqueness of a n-tuple
common fixed point, we need the next definition.
For simplicity, we set n = {1,---,n}.

Definition 3.5. For z;,u; € X (1 <i <n), we
say that (z;)_; is n-tuple comparable with (u;)?_4
if
Ti 2 Ug(i) OT Ti < Ug(s)
where
ccll={d| ol:n—n, o(i)=kF,

mod n

E = i+7, 0<k<n-—1}
On the other hand, the elements of I are the per-
mutations of n, which preserve the order (modu-
lus n).

Replacing x; and u, ;) with gx; and gu,(;), respec-
tively, one says that (x;);'_, is n-tuple comparable
with (w;)l, with respect to g.

Let (X,A,d) be a C*-algebra-valued metric
space. Let g be a self-mapping on X and {T¢}¢en,
be a sequence of mappings from X" into X.
Let {T¢}cen, and g be w-compatible and satisfy
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the condition (K). If {T¢}¢en, have n-tuple co-
incidence points comparable with respect to g,
then {T¢}ccn, and g have a unique n-tuple com-
mon fixed point, that is, there exists a unique
(x',---,2™) € X™ such that

where 1 <4 <n.
Moreover, the common fixed point of {T¢ }¢en,
and g is of the form (y,---,7) for some j € X.

Proof. From Theorem 3, the set of n-tuple coin-
cidence points is non-empty. First, we show that
if (x1,---,2") and (u!,---,u™) be n-tuple coinci-
dence points, then gz’ = gu’(1 < i < n). Since
the set of n-tuple coincidence points is n-tuple
comparable, applying condition (3.1), we get

d(gz', gu')
= d(Te(a',. . a"), To(u',.u™)
< BLold(gat, Te(x!, ... a™)
+d(gut, T (yt, - y™)]Bec
+ ¢ gdlguts gz ve. e,

that is,
(1 —~¢c)d(gz', gu')
< Bg,g’ [d(gl‘l, Tc(l‘l, ™)
+ d(gul, Tcl(yl, yosoy yn))]
So,
d(gz', gu")

< B (L= o) Hdlga! Te(a?s .. 2™)
+d(gu', Ty, y™)]

This induces that

I d(gz", gu') |< || B2e Il (1 =2 )" |l
| d(gat, Te (2t ... ™)
+ d(gul,Tg/(yl, sy -

< 1, it follows that
d(gxt, gut) = 0, that is, gr' = gu'. Similarly, it
can be proved that gz’ = gu’/, where 1 <i,j < n.
So

Therefore, since ¢ ¢

Therefore, {T¢}cen, and g have a unique n-tuple
point of coincidence
(gxt, -+, gzl). Now, let gx! = 5. Then we have

g=gat =Te(al, - ah).
By w-compatibility of {T¢}¢en, and g, we have

97 =ggx'
= g(Te(2', - 2h)
=Te(gat, -+, ga')
=Tc(3,-+,9)-

On the other hand, T¢(gaz!,---,gz') = gzl
Hence, (g7,...,97) is a n-tuple coincidence point
of {T¢}¢en, and g. So, gy = gz!'. Thus,

1=91="T¢(3,---,7)-

Therefore, (y,---,7) is the unique n-tuple com-
mon fixed point of {T¢}¢en, and g. O
4 Example

We give an example to support our main results.
Example 4.1. Let X = [0,1]. Define d(z,y) =
|z —y|. Then (X, A,d) is a complete C*-valued-
algebra metric space. Fixn € N andn > 1. We
define

1 1 ,
Beor = Y and ye ¢ = pvd for all , ' €N,
and consider the mappings Ty : X" — X and
g: X — X defined by

né

+x
Te(w1, - xn) = h

g(x) = 3nz

for oll ¢ = 1,2,... and x1,-- e X. We
prove by mathematical induction that {T¢}cen,
and g satisfy the condition (K). We know that
the greatest value of the first side in (3.1) corre-
sponds to ¢ = 1 and ¢’ — oco. Suppose that for
(=1 and (' =k, we have

*y I

ERRE L TR SELS T
n nk
1
<=l 3n$1_u|
n

n
y1+- -t yn 5 1
Yy — o TIr =
+’ ny1 nk |]n3

1 1
+—[3n(y —z) |~
n n
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Now, for ¢! = k+ 1, we have

n n nk
i 1+t Ty

(ﬁ [\ 3nxy —

yr+-tyn 1
+|3ny1—Tn|—)

n3
1 1
~(3 — il

+ oGl - )
n—1 z1+---+x,

+ |
n n

< D.

Since d(x,y) is symmetric, the role of ¢ and ('
can be changed with each other and reach a sim-
ilar result. Thus, the inequality (3.1) for every
¢, ¢ holds. Moreover, the series

f Beer1 + e+ io nstt+1
=2

. ) . 1
where n > 1, is an «-series with o = 3 Thus,
all the hypotheses of Theorem 3 hold. Here,

(0,---,0) is a n-tuple coincident point (it is the
unique n-tuple common fized point) of g and
{TC}CENU'

5 Application

We search an x(t) = {z¢(t)}{_, (a finite sequence
in the variable () to be a solution of the integral
equation

/ tsx
w

ot fE(t s x(s))ds, (5.5)

for all t, s € pu, where u is a Lebesgue measurable
set so that m(u) < oo.

Denote by X = L*(u) the set of essentially
bounded measurable functions on p.

Suppose that

(i) f& o fE xR — Rand h € L(p);

(i) there is k € (0, 5) so that for all 21, 2% € R,

|fe(t, 5,28 (s)) =

E(z' — 2?),

—k(z' —a?) <|fE(t 5,21 (s))
—fg(t737332(3))‘§07

(¢, 5,2%(s))

0<
<

|2t 5.2 (s)) —
Sk‘( L2,

| /\

fL(t,s,27(s))]
(5.6)

for all s,t € p with

k‘ﬁﬂéc/: andk<'}/C</:

1
nA+2 n2¢”
If the conditions (i) — (i7) hold, then (5.5) ad-

mits a unique solution in L (u).

Proof. Let X = L*(u) and B(L?(u)) be the set
of bounded linear mappings on the Hilbert space
L%(p1). We equip X with the metric d : X x X —
B(L?(u)) given as follows:

d(f7g) = M\f—g|7

where M|s_g is the multiplication operator on
L?(p). Tt is clear that (X,B(L?(u)),d) is a
complete C*-algebra-valued metric space. Define
Te: X" — X by

Te(x1,. . xn)(t)
= /(fé(t, s,xt(s)) + ...+ fE(t,s,2"(s)))ds
+uh(t),
for all 2!,...,2" € X and s,t € L.

Now, we have

xn)7TC'(y17 R 7yn))

11~~~1$n)_T§’(y17“'7yn)| :
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Using (5.6), we have

Te(@1y e zn)(t) = Te(yr, - yn)(2)

o (f s, 2 (s)) = fE(E 5,9 (9)))

k(lzt =yt + 2™ = y")
k(! =4 loo +- -+ 12" = 3" lloo),

for all s,t € p.
Therefore, for every A € L%(u1), we have

| Te(@r, -y wn)(t) = Ter(ya, - -, yn) (0) ||
=l Miz (21, ct0) &)~ T (91,00 9m) O] |

= |i1|Tpl(M\Tg(x1, ) ()~ Tor () () 5 A)

~ sup /|TC:1:1,..., 2)(0)

=1
 yn) (8)| A () A(t)dt

< sup /\A )2t (k (] 2 — 5 [
II/\II—

oot 2" =y o))
<k(la! =y floo 44 12" = 9" o)
< Pl et =yt oo+ 4 12" = 3™ lloo)

— TC’(Z/I, ..

=Kol e =y oo+ 4+ 1 2" =" lloo)rccr-

As a result,

A(Te(z1y s xn)s Ter(Y1s - - Yn))
< B [d(2!, Te (w1, ..., x0)
+d(y1, Ter(Yrs - yn)Becr
+ 9 edyt w e

All conditions in Corollary 3 are fulfilled, so there
is a unique solution of (5.5) in L (u). O

6 Conclusions

There are many generalizations of metric spaces,
and numerous fixed point results have been ob-
tained. In this paper, we used the a-series for
a sequence of mappings to prove certain n-tuple
fixed point and n-tuple coincidence point results
in C*-algebra-valued metric spaces. Note that
the a-series is wider than the convergent series.
An example and an application were given to sup-
port our results and to distinguish them from the
other results. Our results extended and general-
ized the relevant results in [5, 7, 10, 12, 14].
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