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Abstract

The finite semigroups are applicable in several branches of sciences. The power graph of such semi-
groups is also an strategic tool in demonstrating the properties of semigroups. The completeness
and the Eulerianity of power graphs associated to finite commutative semigroups and finite non-
commutative epigroups are studied in this paper. We show that these graphs may be non-complete
for the monogenic semigroups and we gives a necessary and sufficient condition for such graphs to
be complete when finite regular epigroups are considered. This study answers in part the natural
question ”Is there any non-isomorphic non-group semigroups with the same complete power graph?”
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1 Introduction

THe interesting properties of power graphs of

completeness or Eulerianity of constructed graphs

finite groups studied during the years and

discussed inquisitively. For a finite semigroup,
the study of such graph is along with natural
questions because of the variety of semigroups.
Some of the questions will be considered in this
paper concerning the finite commutative semi-
groups and finite non-commutative epigroups
(quasi-commutative or non quasi-commutative).
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It is well-known that the power graph of a finite
group is a complete graph iff it is cyclic of or-
der of a power of a prime or the product of two
primes. In this paper we prove that this is not the
case in general, for finite monogenic semigroups.
Also, we will give required conditions for a finite
regular epigroup to have complete power graph.

2 Preliminaries

Following [2, 3, 4, 5, 10] we recall the definition
of undirected power graph P(.S), for an algebraic
structure S. Any element of S considered as a
vertex of P(S) and two corresponding vertices to
the elements a and b are adjacent iff one of the
relators a = 6™ or b = a™ holds in S, for some
integer m > 1. We may recall the definitions of
FEulerian and semi-Fulerian graphs as well, i.e,
a connected graph is Eulerian or semi-Elerian if
every vertex is of even degree, either exactly two
vertices are of odd degrees.
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The non-group semigroup S is called epigroup
if for each = € S a power of x belongs to a sub-
group of S [14]. An special type of epigroups
which will be studied here for the completeness of
its power graph, is the quasi-commutative semi-
group (this type of semigroups studied by many
authors since 1972, and one may consult [11, 12],
for detailed information.)

In  decomposition of non-group non-
commutative finite semigroups into the union
of groups, one may consult Clifford [6] and
Mukherjee [11].

verse semigroups and the later investigates the

The former studies the in-

quasi-commutative semigroups to prove that ”a
regular quasi-commutative semigroup may be
decomposed into a union of groups”. By these
definitions and the results of Mukherjee [11]
we deduce that a regular quasi-commutative
semigroup is an epigroup. Also, we recall the
results of Hosseinzadeh et al. [8]. This article
presents infinite classes of non-regular epigroups
which are not quasi-commutative.

Another notion which we use in this paper is
the notion of presentation of a semigroup. As a
simple explanation we may say that a semigroup
could be presented by a set of generators and a
set of relations (or in other words, relators). We
are not interested in to explain the construction
of a presentation which is related to free semi-
groups. The requisite prefaces of it may be found
in [13]. Our notation in the semigroup theory is
fairly standard and for the general preliminaries
we follow [6, 9]. Moreover, on the power graphs
of abelian groups we will need in the sequel, the
following two lemmas:

Lemma 2.1 ([4] Theorem 2.12). The power
graph of a finite group G is complete iff G is the
cyclic group of order of a power of a prime inte-
ger.

Lemma 2.2 ( [5] Theorem 5). For every different
primes p1 and q1 where p1 > q1, suppose that G
1$ a finite group of order p1qy. Then,
(1). P(G) ~ (Kp,—1 UKq1_1)+K¢(plql)+1 iff G
is cyclic. (¢ is the well-known Eulerian function).
(it). If G is non-cyclic then P(G) ~ K +
(PKqi—1 U Kp,—1).
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In connection with the quasi-commutative
semigroups the following result should be recalled
as well.

Lemma 2.3 ([15] Theorem A). If a finite epi-
group S is quasi-commutative then all of its sub-
groups are Hamiltonian groups. (A group is called
Hamiltonian if all of its subgroups are normal)

Our first results concerning the power graphs
of semigroups are the following propositions in
which T,, = (a | a®*! = a") is the non-group
monogenic semigroup of order n and of index r >
2.

3 Completeness of power
graphs
Proposition 3.1. The relators a*™ = @F=1

and a® = V" hold in the semigroup T,,, for
each positive integer k.

Proof. By considering the relator a"*! = a” we

clearly have a” = a"*1~! = ¢"~1. So both of the
relators hold for K = 1. Assume the relators are
true for k. Since

a(kJrl)n —gfn . gn = ak(rfl) can
= gk(r=1) . gr—1 = a(k+1)(r—1)7
and
an(k-‘rl) _ (ank)n — an(r—l)k

— (an)(r—l)k — (ar—l)(r—l)k
— a(r—l)k+1’ (fOI’, akn — ak(r—l))7
so, proof will be completed by using an induction
method on k.

O

Proposition 3.2. Consider the semigroup T, =
{a | a™t! = a?) where n > 3 is an integer. Then
the power graph of T,, is the complete graph K,
iff n satisfies one of the following conditions:

(i) n is in the form p™ + 1, for some prime p
and positive integer m,

(ii) n is in the form pq + 1, for some different
odd primes p and q.
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Proof. Since T}, = {a,a?,...,a"} so every ele-
ment of the set G = {a?,...,a"} is a power of
the element a, which makes a to be a vertex of
P(T,) being adjacent to all other vertices. By us-
ing Proposition 3.1, we get the relator a*” = a»
for every positive integer k£ and so ¢ = a” gen-
erates G. Moreover, e = a™ ! is the identity
element of G. This implies that G is a cyclic
group. Hence, P(T,,) is a complete graph if and
only if P(G) is complete and therefore, the re-
sults follows at once by using the Lemmas 2.1

and 2.2. O

The next result concerns the power graph of
the semigroup with the finite presentation

mtl — g, 0" = b, ab = ba, ™

m=/(a,bla =b"),
where, m and n are positive integers greater than
3. This interesting presentation was given by K.
Ahmadidelir [1] where he proved that S is indeed
the direct product of monogenic semigroups of

orders m and n.

Proposition 3.3. Let S be the semigroup as
above where m = n. Then, the power graph of
S is Eulerian iff one of the following conditions

holds:

(i) n is in the form p™* + 1, for some prime p
and positive integer o,

(ii) n is in the form pq+ 1, for some different
odd primes p and q.

Proof. By letting m = n in 7 the semigroup S
may be decomposed into the union of groups:

=" [1<i<m) U [1<j<m)
U(ab) U (a'¥ |1<i#7<m)

Each group is of order m and a™ is the iden-
tity element of each group because of the relator

™ = p™. Now, each of the conditions (i) and (ii)
is a necessary and sufficient condition for each
of these groups to have the associated complete
graph K, (Lemmas 2.1 and 2.2.) The vertex a™
is the unique coincided vertex of these graphs and

so P(S) is Eulerian. O
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4 Conclusions

Certain concrete examples of non-isomorphic
semigroups of the same order and of the same
complete power graphs will be given here. Con-
(a | @™ = 1) and
the non-group monogenic semigroup 7,, = (a |
n+1 _

sider the cyclic group Z, =

= a?) are of order n. By the results of Sec-
tion 3, the graph P(T,
(for a prime p), or n = pq + 1, (for some odd
primes p and ¢q). Also, the graph P(Z,) is com-
plete iff n = p/'f or n = p/¢’, for some primes p,
p’ and ¢ where, p’ and ¢ are odd. So, there
are three possible cases to consider which are
a+1:p/5 a+1:p’q’andpq+1:p’ﬂ
The following example examines certain possi-
ble cases for n where P(T),) = P(Zy) ~ K,.

n) is complete iff n = p®* +1

Example 4.1. For every integer n where 3 <
n < 16 we have:

P(T,) = P(Zy,) ~ K,,
if and only if n = 3,4,5,8,9,10, 14, 16.

Indeed, we may apply the above mentioned
three cases for n to gather the results in the
following table. The capital alphabets C and
E stand for completeness and Eulerianity of the
power graphs in this table.

n P (Zn) P(Tn) n P(Zn) P(Tn)
3 C C 10 C

4 C C 11 C E

5 C C 12 E C

6 C E 13 C E

7 C E 14 C C

8 C C 15 C E

9 C C 16 C C
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