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Abstract

In this paper, we will use the mathematical modeling of one-dimensional observers to present the
notion of the relative entropy functional for relative dynamical systems. Also, the invariance of the
entropy of a system under topological conjugacy is generalized to the relative entropy functional.
Moreover, from observer viewpoint, a new version of the Jacobs Theorem is obtained. It has been
proved that relative entropy functional is equivalent to the Kolmogorov entropy for dynamical systems,
from the viewpoint of observer y x, where x x is the characteristic function on compact metric space
X.
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1 Introduction

He concept of entropy is originated from the
T physical and engineering sciences, but now
it plays a ubiquitous role in all areas of science.
The term entropy was first used by the German
physicist Rudolf Clausius in 1865 to denote a
thermodynamic function. The term entropy was
first used by the German physicist Rudolf Clau-
sius in 1865. Since then, it has been continually
extended and applied by researchers in numer-
ous areas of science, such as physics, information
theory, chaos theory, ergodic theory, data min-
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ing, and dynamical systems. Measure-theoretic
entropy of dynamical systems was first appeared
in the paper [1] by Kolmogorov in 1958. Kol-
mogorovs entropy was improved by Sinai in 1959
[10].

The importance of entropy as a persistent ob-
ject under the conjugacy of dynamic systems has
been studied by several researchers [2, 9]. There-
fore, systems with different entropies cannot be
conjugate. Moreover, any physical variation on a
dynamical system should be identified by an “ob-
server”. Also, a method is required to compare
the perspective of different observers.

This paper is an attempt to present a new
approach to the entropy of a relative dynami-
cal system [5], using the concept of an observer
[2, 4]. So first, we should mathematically iden-
tify the observer. A modeling for an observer of
a set X is defined as a fuzzy set © : X — [0, 1]
[2, 6, 7, 12]. These kinds of fuzzy sets are called
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“one-dimensional observers”. After this identifi-
cation, a method is required to compare different
observers and evaluate their perspectives. So, the
notion of the one-dimensional observer is used to
define relative entropy functional for topologi-
This definition will be
expected to have the fundamental properties of

cal dynamical systems.

the entropy and also, as a special case, coincides
with the Kolmogorov entropy from the viewpoint
of the observer xx (characteristic function on X,
where X denotes the base space of the system).

In this article, the set of all probability mea-
sures on X preserving 7' is denoted by M (X, T).
We also write E(X,T) for the set of all ergodic
measures of 7.

2 Preliminaries

In what follows, we provide the preliminaries that
are necessary for the rest of this paper.

Definition 2.1 (]2, 6, 7, 12]). Let X be a compact
metric space and © be a one-dimensional observer
of X, i.e., ©: X —[0,1] is a fuzzy set. Moreover,
let T : X — X be a continuous map. In this
case, (X, T, 0) is referred as a relative dynamical
system.

Definition 2.2 ([4]). Let X be a compact metric
space and E C X. Then the relative probability
measure of & with respect to the one-dimensional
observer ©, is the fuzzy set m&(E) : X — [0,1],
which is defined by

n—1

fisup 3 (T (2))O(T (1),
=0

where xg s the characteristic function of E.

According to this definition with a fixed ob-
server © and a dynamical system T', we can as-
sociate to each subset E, a mapping mg (E).

Theorem 2.1 ([4]). Let (X, 3, m) be a probability
space, and © : X — [0,1] be the characteristic
function xx. Moreover, let T : X — X be an
ergodic map. Then for each x € X, m&§(E)(z) is
almost everywhere equal to m(E), where E € (3.
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Therefore, relative probability measures are ex-
tensions of probability measures. Note that, in
physical systems, the role of © is critical. In fact
O determines our looking to the state space.

In the rest of this paper, the relative measure
with respect to an observer © at x € X is denoted
by my, i.e.

for any £ C X.

In what follows some classical results are pre-
sented, that are needed in the continuation.

Theorem 2.2 (Choquet [8]). Suppose Y is a
compact convex metrizable subset of a locally con-
vex space E, and x € Y. Then there exists a
probability measure T on Y which represents x
and is supported by the extreme points of Y, i.e.,

(z) = [}, @dr for every continuous linear func-
tional ® on E, and T(ext(Y)) = 1.

Let f : X — R be a bounded measurable func-
tion and p € M(X,T). It is known that E(X,T)
equals the extreme points of M (X, T'). By apply-
ing the Choquet’s Theorem for £ = M (X), the
space of finite regular Borel measures on X, and
Y = M(X,T), and using the linear functional
®: M(X) — R given by ®(u) = [ fdu, we have
the following result [9].

Corollary 2.1 ([9]). Suppose that T : X —
X is a continuous map on the compact metric
space X. Then, for each u € M(X,T), there
is a unique measure T on the Borel subsets of
the compact metrizable space M (X, T), such that
T(E(X,T)) =1 and

/X f(@)dp(z) =

/E(X,cm </X ! CU)dm(w)) dr(m),

for every bounded measurable function f
R.

X —

Under the hypothesis of 2.1,

p= / mdr(m),
E(XT)

which is called the ergodic decomposition of p .
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Theorem 2.3 (Jacobs [11]). Let T : X — X be
a continuous map on a compact metrizable space.
If ue M(X,T) and p = fE(X,T) mdr(m) is the
ergodic decomposition of u, then we have:

(i) If € is a finite Borel partition of X, then
ML) = [ (T € (m),
E(X,T)

(ii) hu(T) fE(X,T) hn(T)d7(m) (both sides
could be ).

3 Main results

In this section we introduce the notion of entropy
from the viewpoint of different observers. This
notion describes a relative perspective of com-
plexity and uncertainty in dynamical systems.

Definition 3.1 ([4]). Let T : X — X be a con-
tinuous map on the topological space X, x € X
and A be a Borel subset of X. Then

n—1
1 .

A) =1 (T%(z))O(T* .
ma(A) = limsup z;x/x (2))O(T"(x))
Also, let v € X, £ = {A1,Ag,..., Ap}, and n =
{Bi1, Ba,...,Bpy} be finite Borel partitions of X.

We define
Uo(z,T,E) : me ;) log m,(A;),
and
‘1’®($7T,§|77) =
mx(Az N BJ)
S " ma(A; N B;) log L 23),
;j ! ! mz(Bj)

(Assume that log0 = —oo and 0 x co =0).

Note that Yg(z,T,&|n) is the conditional ver-
sion of Weg(x,T,£).  Also,
To(z,T,€) > 0.

it is clear that

Definition 3.2 ([11]). Let n and & be two given
partitions. £ is a refinement of n, and is denoted
by n < &, if every element of n is a union of
elements of &.
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Definition 3.3 ([11]). Given two partitions £ and
7, their common refinement is defined as follows

Evn={A4inB;| A €& Bjen;.

Theorem 3.1. Let T : X — X be a continuous
map on the topological space X and v € X. If
¢ and n are finite Borel partitions of X, then we

have
\Pe(iﬁ,Taé\/??) = \I/@($,T, g) + ‘I’G)(%Tﬁ'? | é)

,Ap} and n =

B,,} are finite Borel partitions of X.

Proof. Suppose £ = {A;, Ag, ...
{Bi1,Ba,...,
We can write
mx(Al N B]) .

mg(A;).
So we have

Yo(z,T,£Vn)

== 2_ma(Ain By mzr(r:ji(zfj )

- me(Ai N B;)log m,(4;)
irj
== mq(A; N B;) log my(A;)
irj
+ Yo(z,T,n | £)
= \IJ@([L‘,T,&) + \I]@(va’TI | 5)

Theorem 3.2. Let T : X — X be a continuous
map on the topological space X and x € X. If &
and n are finite Borel partitions of X, then

‘I/G)(%va‘n) S \I/@(LL',T, g)

Proof. Suppose £ = {Ay,Ay,..., Ay} and n =
{Bi1, Ba, ..., By} are finite Borel partitions of X.
Let 1 < i <n be fixed, m,(X) =t and

Oék:it s T =

So, by using the convexity of the function p(z) =
xlog x, we have

ma(A; ﬂBk)> -

- my(By)
mz(Bk) . Tn;,;(AZ M Bk)
g t v ( M (By) > .
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Obviously >, m.(A;NBy) = m4(A;). So the left
hand side of above is equal to

; (mx?(tAi)) _ mxiAi) m (Az').

-1 e
og .

Now, by multiplying both sides by ¢ and sum-
mation over i, we will obtain

me(Ai)-logm i )
my(A; 0 B) . mg(A; N By)
< my(By) -
=N . (4; N By) log et 1 Pk
%: ( K)los = =
Therefore,

—Ve(2,T,§) —tlogt < —Ve(z,T,¢|n).
Since, tlogt < 0, one deduces the result.

Theorem 3.3. Let T : X — X be a continuous
map on the topological space X and x € X. If £
and n are finite Borel partitions of X, then

\I’e(iﬁ,T,f\/ 77) S \I'@(x,T,S) + \P@(vaag)'

Proof. The proof is obtained using Theorems
3.1 and 3.2.

Theorem 3.4. Let r > 1 be a fized integer and
x € X. For every € > 0 there exists § > 0 such
thatif € = {A1,..., Ay} andn = {C4,...,Cy} are
two partitions of X, with > ;_; my(A;AC;) < 6,
then

\IJ@(:E’T75|T]) + \I’@(JI,T,T] | 5) <e.

Proof. Suppose € > 0 is given and m,(X) = t.
t
Choose § > 0 such that ¢ < T and

—r(r—1)dlogd — (t — 9)log(t — 0) <

N ™

Let ¢ = {AiNC;j+i# j}U (U (4; N Ci)). Then
EVvn=nV(. Since A;NC; C U _ (A, AC), we
have

my(A; N Cy) <6 (i # j),

and
mx(U;":l(Ai N Cz)) >t —0.
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Hence
\Il@(.’l," Ta C) <

—r(r—1)logd — (t — &) log(t — §) < g
Therefore, by applying Theorems 3.1 and 3.3 we

have

<
@

g}
~
=
_|._
<
@

)
~
m
=

and so Vg(x,T,&|n) < % Since £V =&V, we
easily obtain that Yg(z,T,n|§) < %
Definition 3.4. Suppose T : X — X is a con-
tinuous map on the topological space X, r € X,
and & is a finite Borel partition of X. We define
the map he(-,T,§) : X — [0,00] as follows

ho(xz,T,€&) = limsup %\IJ@ (ZC,T, \/li;(l]T_’f) .
l—00

Definition 3.5. Let T : X — X be a continuous
map on the topological space X, x € X, and A
be a Borel subset of X. Also, let 2 = {&, }nen be
a sequence of finite Borel partitions of X, such
that diam(&,) — 0 as n — oo. We define the map
he(,T,Z) : X — [0,00] as follows

he(z,T,Z) = 1i_>m he(z,T,&,).

Remark 3.1. In the Definition 3.5, without loss
of generality, we may assume that &, < £,41, as
otherwise we can replace &, with 1, = Vi_,&.
Hence,
ap(z) = lim sup 1\IJ@ (ac, T, \/ﬁ;(le_ifn)

=00 l
is an increasing sequence with Ttespect to n.
Therefore, lim,,_, o ay () ezists as a non-negative
extended real number.

Definition 3.6. Suppose T : X — X is a con-
tinuous map on the topological space X, x € X
and £ is a finite Borel partition of X. We define
the relative entropy of T at x as follows

h@ (T7 m:v) = Sup h@ (.’L‘, Ta g)
13
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Definition 3.7. Suppose X is a compact metric
space, T : X — X is a continuous map on X, and
pwe M(X,T). Also suppose that = = {&, }nen s
a sequence of finite Borel partitions of X, such
that diam(&,) — 0 as n — oo. The relative en-
tropy functional of T, with respect to u, is defined
as Lg(-,m, E): C(X) — R, where

L5(m=) = [ fe)he(e. 7. 2)duta)
X

for all f € C(X).
0 x oo :=0.

As previous, we assume that

Theorem 3.5. Let X be a compact metric space,
andT : X — X be a continuous map on X. Also,
let {&, }nen be a sequence of finite Borel partitions
of X, such that diam(§,) — 0 as n — oo. Then,
forallx e X

h@(T’ mx) = 11_}111 h@(l’, T7 gn)
Proof. Let € > 0. If hg(z,T,&) < oo, then we
choose a finite partition { = {Ay,...,4,} of X
such that

h@(x,T,f) > h@(T, mw) — €.

Otherwise, if hg (T, m,) = oo, we choose the par-
tition £ such that he(T,m.,§) > % So, we can
select § correspond to € and r as indicated in the
Theorem 3.4.

Let P; C A; be compact subsets with m(A4; \
P) < %, and ¢ = inf;»; d(P;, P;). Let us pick
n such that diam(§,) < 5—2/. For 1 <i<r,let E!
be the union of all the elements of &, that inter-
sect P;, and let E] be the union of the remaining
elements of &,. Note that, each C € &, can inter-
sect at most one P, since diam(&,) < &. Thus,
&, ={EL ... El}isso that &, < &, and

mw(EjzAAi) = mx(E;‘I \ A;)
+ma(Ai \ B})
<mg (XN U;:1Pj)
+mg(A; \ P;) < 0.

By using the Theorem 3.4, we obtain that
Uo(z,T,E|E,) < e. Therefore, if n is such that
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diam(&,) < &, then

he(z,T,€) < he(z, T, ) + ¢
< h@('IaTagn) + €.

conclude that, by assumption of

/

So we

diam(§,,) < 5 we have
h@(.’IJ, Tag) > h@(Tv mm) — 2¢,

1
if ho(T,m;) < oo, and he(z,T,§) > -, if
€
he(T,my) = oo. Therefore, lim,,_,o ho(x,T,&,)
exists and is equal to heg (T, my).

Theorem 3.6. Suppose T : X — X is a con-
tinuous map on the compact metric space X. Let
E = {& }nen and 11 = {0, }nen be two sequences
of finite Borel partitions of X, such that both
diam(¢,) and diam(n,) — 0 as n — oo. Then

LE(f,m,E) = LE(f, m, 10).

Proof. Let x € X be arbitrary. We obtain

1 .
lim sup 7\119 (ac, T, \/ﬁ;éT—an> =

l—00
h@(IE, T7 fn)v (31)
1 .
limsup -Vg (x, T, V§;5T”nn) =
l—00 l
h@(.ﬁlf, Tv 77”) (32)

Applying Equations (3.1) and (3.2) and Theorem
3.5, we conclude that

[1]

ho(z,T,Z) = lim hg(x,T,&,)

n—00
= he <T7 mac)
= nh—>n<}o h@(:E? T, T]n)

= ho(z,T,1I).
So, if f € C(X), then
f(@)he(z,T,E) = f(z)he(x,T,1I),
for all z € X. Therefore,

LE(f,m,Z) = LE(f, m, 10).
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Remark 3.2. By using results of the Theorem
3.6, we conclude that the definition of relative en-
tropy functional is independent of the selection
of finite Borel partitions. Therefore, given any
mwvariant measure p and any Ssequence of finite
Borel partitions = = {&n }nen, with diam(&,) —
0, there exist unique relative entropy functional
Lé(f, JTa E) S(?, we can wm'.te LE(f, u) instead of
L§(f, 1, B), without confusion.

Example 3.1. Let X = %, B denote the Borel
sigma-algebra, © = xx, and f(x) = 1. Also,
let T : X — X be the doubling map T(x) = 2x
(mod 1). We know that T preserves Lebesgue
measure m, and so is ergodic. Hence, by The-
orem 2.1, for each x € X and A C X, we have
mgz(A) = m(A). Let

v i+1 .
En:{|:2n,2n> :7/2071"”7277,_1}’

then we see that he(x,T,&,) = log2 and thus
letting n — oo, gives that he(x,T,Z) = log2.
So, for each pu € M(X,T) we have LE(f, 11, E) =
log 2.

Theorem 3.7. Suppose T : X — X is a contin-
uous map on the compact metric space X. Then,

(i) The relative entropy functional f — LE(f, 1)
is linear, for any given p € M (X, T).
(ii) The map p — LE(f,p) is affine, for any
gwen f € C(X).
Proof. The proof is trivial.
Definition 3.8. Two relative dynamical systems
(X,T1,01) and (Y,T>,03) are said to be conju-
gate, if there exists a homeomorphism ¢ : X =Y

such that
poly =Tr00,

and
O2(T2 0 p(x)) = O1(T1(2)),
forallz e X.
Theorem 3.8. Let T : X — X be a continu-

ous map on compact metric space X. Then, If

two relative dynamical systems (X,T1,01) and

(Y, T5,©2) are conjugate, and p € M(X,T), then
LS (fon) =LE(fo ™),

for all f € C(X).
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Proof. Note that
mg (A)(x) = mg (p(A)) (¢(2)),
for x € X and the Borel set A C X. So,
\II@(CL', T17 5) = \II@(SD(I'% T2a 90(5))7

for any finite Borel partition £. Now, by using
definition of hg(-, T, =), we conclude that

hel('aTla E) = h92('7T27 SO(E)) ° e,

for any sequence = = {&, }nen of finite Borel par-
titions of X, with diam(&,) — 0.

Note that, ¢(2) = {¢(&)}lneny and
diam(¢(&,)) — 0. Therefore, for p € M(X,T1),

and f € C(X) we have
L& (f, 1)

_ /X f(@)he, (x, Ty, E)du(x)
:/Xf(x)hel(go(fv),TQ,@(E))dﬂ(ﬂﬁ)
= [ 1 @ho . T, @)l )

T _ _
:L®22(f<)0 17:“‘90 1)'
From observer viewpoint, the following version of

Jacobs theorem, can be obtained as follows.

Theorem 3.9. Let T : X — X be a continu-
ous map on compact metric space X. If u =
fE(X,T) mdr(m) € M(X,T) is the ergodic decom-
position of u, then

L&ﬁmz/ L5 (f, m)dr(m),
E(X,T)

for all f € C(X).

Proof. Suppose = = {&,}nen is a sequence of
finite Borel partitions of X, such that diam(&,) —
0. Now, let f € CT(X). Using the Corollary 2.1,

we ojbtain that
L@(fv K, g)

— / f(@)he(z, T, &)du(z)
X

_A%WUQAfWMMaT<Mmquﬂm>
—meéﬁmm@mm»

For the rest of proof, write f = f* — f—, for
f € C(X), where T, f~ € CH(X).
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Theorem 3.10. Let T : X — X be a continuous
map on compact metric space X. Moreover, let
z € X and p € M(X,T). Then, LE(1,p) =
he(T,my).

Proof. Let 2 = {&, }nen be a sequence of finite
Borel partitions of X, such that diam(§,) — 0.
Let p € M(X,T). Similar to proof of the Theo-
rem 3.6, we can obtain

he(x,T,Z) = ho(T,m,), VaoelX.

Therefore,

L5 = [ ho(T.m.)du(z)

= ho(T,my).

Theorem 3.11. LetT : X — X be a continuous
map on compact metric space X. Moreover, let
x € X, and p € M(X,T). Then, the relative
entropy functional f +— Lg(f, ) is a continuous
linear function on C(X), and

IS, w)ll= he (T, my).

Proof. Let Z = {&, }nen be a sequence of finite
Borel partitions of X, such that diam(&,) — 0.
Then, for f € C(X), we have

LL ()] = \ | fahee. 7. 0)au(0)
< /X ()] ho(x, T, p)dp(x)

< flls /X ho (e, T, p)dpu(x)

= [I£lloe LE(1, 1)
= [[fllcche (T, mz).

Finally we conclude that, the relative en-
tropy functional is a continuous function and
ILE (-, w)||< h3(T,mz). The equality holds us-
ing the Theorem 3.10.

In the following, we extract the Kolmogorov en-
tropy from relative entropy functional, as a spe-
cial case.

Theorem 3.12. Let T : X — X be a con-
tinuous map on compact metric space X. If

© : X — [0,1] is the characteristic function xx,
then LE(1, ) = hy,(T).
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Proof. Let = = {&,}nen be a sequence of fi-
nite Borel partitions of X, such that diam(¢,) —
0. Using the Definition 3.6, we deduce that
he(z,T,&) = ho(T,m,). Let m € E(X,T). By
applying Theorem 2.1, we have my;(A4) = m(A),
for each Borel set A and x € X. So by replacing
mg with m, we have hg(z,T,€&) = hp(T). There-
fore,

L@(lam) = /X h@(xaTvé)dm(x) = hm(T)

Now, let € M(X,T), and p =[5y y mdr(m)
be the ergodic decomposition of u. Using the
Theorems 2.3 and 3.9, we have

rhp = [

E(X,T)

/ o (T)d ()
E(X.T)
B (T).

Lg(l,m)dT(m)

4 Conclusions

In this paper, we introduced a new notion of rela-
tive entropy functional for relative dynamical sys-
tems from the viewpoint of observer © by using
a sequence of Borel partitions. This notion is an
extension of Kolmogorov entropy, as we proved
that if © : X — [0,1] is the characteristic func-
tion x x, then LE (1, 1) is the Kolmogorov entropy
of T'. It is important to highlight that, relative en-
tropy functional is an invariant object under the
relative conjugate relation, and so, it can be used
to obtain a new method for comparing between
the perspectives of observers. Moreover, it can be
used to measure complexity and/or uncertainty of
the system from the viewpoint of observers. This
notion is a continuous linear functional on C(X),
such that its norm equals the relative entropy of
T, at each z € X.
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