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Abstract

In this paper, first the Newton’s divided difference interpolation method based on the gH difference
on fuzzy data is introduced. Then the numerical methods entitled fuzzy Euler and modified fuzzy
Euler are used to solve fuzzy impulsive initial value problem. Moreover the algorithms for the fuzzy
impulsive initial value problem are explained and their local truncation errors are obtained in details.

Science and Research Branch (IAU)

Finally, for more illustration some numerical examples are solved.
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1 Introduction

He purpose of this paper is to introduce a nu-
T merical algorithm for solving the great cat-
egories of impulsive fuzzy differential equations.
Analytical solving of these equations is complex
or impossible. Indeed, until now, was not in-
troduced any numerical method for solving this
equations. In recent years, with introducing gen-
erated Hukuhara difference, a useful way for solv-
ing fuzzy initial value problems by the fuzzy nu-
merical methods is created. In most recently, [2]
by using gH difference has obtained full fuzzy Eu-
ler’s method for solving fuzzy IVP. In this paper,
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first with the idea taken from that paper [2] and
using gH difference, we obtained fuzzy modified
Euler’s method. In the following, we presented
a numerical algorithm for solving impulsive fuzzy
initial value problems with obtaining full fuzzy
method. The algorithm is discussed in detail
and used for solving three numerical examples,
and the numerical results were shown in the local
truncation error tables and plotted graphs.

In this paper, we consider First-order impulsive
differential equation [4, 5, 7, 8, 11] by fuzzy initial
value [9], So we have First-order impulsive fuzzy
differential equation as the following

Yer(t) = f(t,y(t)), t € J =1[0,T],

t£t, k=1,2...,N, (L1
Ayli=t= Ie(y(te)), (8 =tk), (1.2)
y(to) = yo. (1.3)
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Where 3y € Rp and Rp is the set of fuzzy num-
bers, by considering J = [0,T], f: J X Rp — Rp
and I : Rp = Rp, k= 1,---, N are given func-
tions. We have 0 =ty <t1 < - <ty < itn41 =
T, and Ay, = y(t,j) Sgn y(t, ), k=1,---,N,
y(t{) and y(t; ) represent the right and left lim-
its of y(t) at t = t, where ©yf is generated
Hukuhara difference.

2 Basic preliminaries

In this section, we recall the basic definitions and
theorems that we need in the paper. The follows
results are well known:

Definition 2.1. [3] The generalized Hukuhara
difference of two fuzzy numbers is defined by

(Hu=v@w,

USgg ¥V =w &
o1 {07" (1) u=v&(—1)w.

The conditions for the existence of u Sy v € Rp
are given in [3].

Definition 2.2. [3] Let be two fuzzy numbers;
then
(i) If the gH-difference exists, it is unique;

(ii) ueygv=uBHv or uSyy v =—(vOpy u)
whenever the expression on the right exist; in
particular, w Ogg v = u Sy u = 0;

(iii) Ifuoggv exists in the sense (i), then vOgpu
exist in the sense (ii) and vice versa;

(iv) (u+v) ©grv=1u;
(v) 06gm (uSgn v) = v Sy u;

(vi) uSynv = vo4pu = w if and only if w = —w
furthermore w = 0 if and only if u = v.
Definition 2.3. [3] The Hausdorff distance be-
tween fuzzy numbers is given by d : Rp X Rp —
R* x {0} as D(u,v) = supmax,ejo1){|u~(a) —
v (a)], Jut(a) — vT(a)|}.  The metric space
(Rp,d) is complete, separable and following prop-

erties of the metric are valid:

1.d(u®w,v®w) =d(u,v),Vu,v,w € Rp,

2.d(u®w,wd z) <du,v)+dw,z),
Yu,v,w, z € Rp,

3.d(Au, A\v) = [A|d(u,v), VA € Rju,v € Rp.
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Definition 2.4. [6/ For any decision maker,
whether pessimistic (o« = 0), optimistic (o = 1),
or neutral (o = 0.5), the ranking function of the
trapezoidal fuzzy number A= (a,b, c,d;w) which
maps the set of all fuzzy numbers to a set of real
numbers is defined as R(A) = \/x2 + y2 which is
the Euclidean distance from the Circumcenter of
the Centroids and the original point. Using the
above definitions we define ranking between fuzzy
numbers as follows Let A and flj two fuzzy num-
bers, then

(i) If R(Al) > R(AJ), then Aj > Aj,‘
(i) If R(A;) < R(A;), then A; < Aj;

(iii) If R(A;) = R(A;), then in this case the dis-
crimination of fuzzy numbers is not possible.
For a more detailed explanation, see [6].

Definition 2.5. [2] Consider f : [a,b] — Rp is
gH-differentiable such that type of differentiability
f in [a,b] dont change. Then for a <s<b

(i) If is [i — gH]-differentiable then f] .(t) is
(FR)-integrable over [a, b]

f(s) = fla) & /S i gm (t)dt.

(if) If f(t) is [ii—gH]-differentiable then f}; 1 (t)
is (FR)-integrable over [a,b]

fa) = £5) 8 (1) [ fLym(t)dr

The conditions for ty € C;“H([O,T],]RF) is
given in [2].

Definition 2.6. [1] Let T = [a,b] and S =
[e, d] be two closed intervals of real numbers, then

o a a b b aabd
[a,b]/[c, d] = [mln(;, g, E, 8),1118;}((;, g, E, g)j|,
provided 0 ¢ [a,b]. The extremes of the resultant
interval are given in the following table.

Definition 2.7. [3] Let f : [a,b] — Rp and
xo € [a,b]. We say that f is strongly generalized
Hukuhara differentiable at xo (gH-differentiable
for short) if there exists an element fl, € Rp,
such that, for all h > 0 sufficiently small,
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Table 1: Table for computing the extremes of the division of two closed intervals.
T = [a,b] S = e, d T/S
0<a<b 0<e<d @ b
44
<d<0 2 ,}
= Ll
a<0<b 0<ec<d a?
e
<d<0 2 ,}
clad< 3 d
a<b<0 0<e<d R
Ld lc)
a
<d<0 e ,}
€= Lc' d

(i) 3f(zo+h)on f(zo), f(xo) ©u f(xo —h) and
f(zo+h) ©n f(x0)

lim

h—0 h

 lim f(xo) ©u f(xo —h)
h—0 h

= f(x0).

Or
(ii) 3f(zo)Smu f(xo+h), f(zo—h)SH f(xo) and
f(xo) ©u f(xo+ h)

lim

h—0 —h

~ fim flzo —h)om f(zo)
h—0 —h

= fa(20).

Or
(iii) 3f(zo+h)Sn f(2o), f(xo—h)SH f(x0) and
f(xo+h)Sn f(xo)

lim

h—0 h

~ i f(xo —h) ©n f(xo0)
o h—0 —h

= f& (o).

Or
(iv) 3f(zo)om f(xo+h), f(zo)Om f(zo—h) and

lim f(xo) O f(.fC() + h)

h—0 (—h)

i f(x0) ©n f(xo —h)
- h—0 h

= f&(xo)-

Definition 2.8. [2] Let f : (a,b) — Rp. We say
that f(t) is gH-differentiable of the n'*-order at
whenever the function f(t) is gH-differentiable of
the orderi, i =1,---,n—1 at tg with no switching
point on [a,b]. Then there exist fénH)(to) € Rp
such that

FO D (tg + h) Sgnr FV (to)
h

(n) T
ng (to) - }lll_)Hé

In section 3, we will obtain full fuzzy modified
Euler’s method based on generating Hukuhara
difference. In section 4, we use this method in the
numerical algorithm for solving impulsive fuzzy
initial value problem. In the following, in section
5, we present error and consistent theorem and
prove these theorems for introducing full fuzzy
modified Euler’s method. And finally, in section
6, we solve three numerical examples and show
results with local truncation error and plotted
graphs.

3 Fuzzy Modified Euler’s

method

In this section we introduce and prove necessary
fuzzy definitions and fuzzy theorems to achieve
formulation of full fuzzy modified Euler’s method.
In all of the theorems, we have assumed that the
generated Hukuhara difference is an existence and
we limit the discussion to the case that all of
the used fuzzy numbers are the trapezoidal fuzzy
numbers.
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3.1 Fuzzy Newton’s Divided Differ-
ence

Theorem 3.1. The fuzzy n-th Newton’s divided
difference between the crisp points to,t1,...,t, as
follows form

fl(to, y(t0)), (b1, y(t1))s - - -
f[(tl), y(tﬂ))7 (751, y(tl))7 )

(tn, y@n))} =
(tn-1,y(tn-1))]

to—tn
o f[(tlay(tl))7(t27y(t2))7"'7(tn7y(tn))]
gH :
to —tn
(3.4)
Proof. Let n 4+ 1 distinct fuzzy data
(tiv f(tl') y(tl))>7 1 = 07 17 cee,ny o as interpo'

lation nodes. Let the following set as the crisp
polynomial basic functions

{17(t_t0)7(t_t0)(t_t1)7'“7 (t_tn)}~

Let p(t) was fuzzy interpolation polynomial of
fuzzy function f(¢,y(t)) in points to,t1,...,ty

(t—to)(t—t1) -

p(t) = ao ® a1 @ (t — t0)] © [a2 © (t — to)(t — t1)]
G- P lan @ (t—to)(t —t1) - (t—tn)].

According to interpolation condition p(t;) =
f(ti,y(ti)); i =0,1,---,n; we can obtain interpo-
lation coefficients a;; (i = 0,1,---,n). By satisfy-
ing interpolation condition, for t =ty and t = ¢y,
respectively we obtain

ap = f(t()a y(tO))7
and
[, y(t)) Sgn f(to, y(to))
t1 —to '

In this way, Fuzzy Newton’s Divided Difference
for another fuzzy data ¢ = 2, -- -, n; is calculated.
And we get iterative formula for Fuzzy Newtons
Divided Difference. So f[(ti, y(t:)), (ti+1, y(tit1))]

and f[(ti,y(t:)), (tis1, y(tir1)), (biva, y(tive))], re-
spectively obtained as following for

Fl(ti y(ti)), (tivr, y(tiv))]
[ y(t)) Sgn ftir1,y(titr))

a)p =

Y

ti — tip1
FIC,y(t), (b1, y(tign)), (L2, y(tive))] =
FIt y(t)), (b, y(tivn))]
t: — tiso
fli, y(t)), (tisr, y(tiva)), (ti+27y(ti+2))].
t; — tz+2
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By continuing this process fuzzy Newtons di-
vided difference for m + 2 fuzzy data denoted

by f[(t,y(t)), (to,y(t0)), -+, (tm, y(tm))] Will ob-

tain as following form

f[(t7 y(t))v (to, y(t(]))a T
f[(t7 y(t))v (th y(t ))’ R (tm—lv y(tm—l))]

(tm, y(tm))] =

0 .
t—1tm
t t <o (T t
@gH f[( an( 0))7 7( may( m))] ] (35)
t—1tm
O
Remark 3.1. Now we can introduce

fuzzy  Newton’s divided  difference  for
Fl(tn,y(tn), (tns1, y(tnt1))], as following form

Fl(tn, y(tn)), (tn1, y(tnt1))]

_ f(tn-i-lay( n-i-l)) @gH f( n Y ( n)) (3.6)
tn+1 —tn

3.2 Fuzzy Newton’s Divided Differ-
ence Interpolation

Theorem 3.2. Fuzzy Newton’s divided difference
interpolation polynomial on points tg,t1,...,t,
defines as following form

p(t) = fl((to yto))] @ ((t — to)®

Fl(to, y(t0)) (b1, y(11))])
<(t—t0) (=t 1)®
)

Fllto, y(to)) (b, y(ta))])

Proof. By considering expression (3.5), setting i+
1 instead of and simplify, we obtain

fI(t,y(t)), (to, y(to)), - - - (t1, y(t1))] =
Flto,y(t0))s - -+, (i1, y(tit1))] © <(t —tit1)

© 11t 5(0) (fo,y(t0), - (tiv1, y(ti11))])-
(3.7)

By setting 0,1, - - -, n — 1 instead of ¢ respectively,
inequality (3.7), calculation and simplify we ob-
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tain
F(ty(®) = fl(to,y(to))] @ (<m 7o)
© fl(to,y(to)), -+ (b, y(t))]) &
((t—to)(t—tl) (= tu
© fl(to, y(to)), -+ (b, y(tn))])
@ ((t—to)(t = t1) -+~ (t = tn)

© F1ty(0): (to, y(t0)), <+ F(tn, y(ta)]).

By considering
p(t) = fllto, y(to)] & ((t — to)®
l(to, y(to)), (b1, y(t1))]) & -

t1))]
)

((t=to)(t—t1) - (t —tn-1)

O] f[(th y(tO))’ Ty f(tna y(tn))})’ (3'8)
R(t)=((t—to)({t —t1) - (t —tn)®
flt,y(@), (to, y(to)), -+ f(tn, y(tn))])- (3.9)

We have

f(ty(t) =p(t) ® R(t).
According to this point that the error of the in-

terpolation polynomial at the each point is zero,
we conclude that for

f(tvy(t)) = p(ti) (Z =0,1,--- 7”)'
According to that point, interpolation polynomial
is unique, so the expression (3.8) is Fuzzy New-
ton’s divided difference interpolation polynomial.
Expression (3.9) is called error of interpolation
polynomial. O

Remark 3.2. So Newton’s divided Differ-

ence linear interpolation polynomial for fuzzy
data. (tn, f(tn y(t)) ) (Eas1 flbas1,y(tnin)) ).

obtains as following form

pu(t) = £ (tny(ta)) @ ((t = ta)
© flltns Y(ta): (tns1, y(tar1)]) . (3:10)

According to expression (3.6), Indeed

pu(t) = f(tuy(t)) & ((t = ta)

f(tn+17 y(tn—i-l)) OgH f(tm y(tn)).

®©
tn+1 - tn

(3.11)
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3.3 Fuzzy Trapezoidal Numerical Inte-
gration Method

Theorem 3.3. By applying fuzzy Newton’s di-
vided Difference linear interpolation polynomial
(3.11), the Fuzzy Trapezoidal Numerical Integra-
tion Method is as following form

tn+1 h
| sy o
tn

(£ltny(t)) @ Ftnsn,y(tan))).  (312)

Proof. By applying an expression (3.11), and by
changing the variable t = t, + 0h, h = t,11 —

tn, dt = hdf, by considering 0 f(t,,y(t,)) =

f(tn—i-l,y( n+1>) 6gH f( n> Y ( ))7 we obtain fuzzy
Newton’s forward divided Difference interpola-

tion polynomial formula as following form
pr(t) = ftn,y(tn)) © (0 © 6f (tn, y(tn)))-

We apply (FR)-integrable in definition 2.5 over
interval on expression (3.13)

(3.13)

T 1

/t (1)t = /O F(ty(tn))hd & (06
[ (i vt00100) ©at a2 )
= [ro sttt [ o]

[h O fltns1,y(tns1)) /01 9d9] SgH

[he f(tn,y(tn))/olade]

Finally, we obtain

tn+1
[ mtoae=

n

n+1 h
[ i 3 o (s ute
t

n

oS

© (£(tn,y(tn)) @ £ (ts1,u(tns1)))

f(t7z+17y(tn+l))>~
O
3.4 Error of linear interpolation poly-
nomial

Theorem 3.4. Consider fuzzy interpolation

(tl,f(z, (1))> 0 <i<n =1; for
fuzzy function f(t,y(t)), and p(t) is fuzzy linear

nodes
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interpolation polynomial, derivative of function
f(t,y(t)) exist until nth order; then for each t,
exists unique & from interval I[ty,- -, tn,t], such
that

o L wdo L)

fEy) ogm p(t) = 1) (3.14)

Where w(t) = (t — to)(t — t1), and f (1)
(n 4+ 1)th order of gH-differentiability of deﬁm—
tion (2.7).

Proof. ForOSignzlwehavef;étibe—
cause p(t;) = f(ti,y(t;)), 0 <i <n=1. We can
find the fuzzy constant k = [k, k], such that the
function F(t) will zero, in the point ¢ as follows
form.

E(t) = f(t,y(t)) — p(t)

F(t) =

~kw(t),  (3.15)

Ft,y(t) = B(t) — kw(?).

On interval [t,, tp+1] we have t—t,41 < 0,t—t, >
0, Thus in generality w(t) = (t—t,)(t —tp+1) <0
i.e. w(t)on [ty,ty+1] does not change sign, Indeed
(3.15) and (3.16) obtained as following form

Et) = f(t,y(t) —p ,
F(t) = f(t,y(t) —p(t) — kw(t).
We suppose that F(t) = F(t). According to ex-

pressions (3.15) and (3.16) are crisp, as well as the
error of interpolation polynomial theorem proof

(3.16)

f
f(t

I L () N )
[11] we obtain, k = CEE and k = CESIE
By
- - w(d) ()
f(ty@) —pt) = CESI
and
o o w®F " E)
f(ty(t) —p(t) = CESI

we conclude that

(£ y(@) — pl), F(E,y(B) - p00)]

w(t~>i(n+1) (5) w(f)?(nJrl) (6)
| (n+ 1) (n+ 1)l

]GRF.

9

M. Dirbaz et al., /IJIM Vol. 18, No. 8 (2021) 221-237

Or
|7 y(@) = (D). £Ey(D) —p(?)]
wdF " (8) wd) (o)
[ m+ 1! (n+1)

It means that finally we obtain

w() © fHH(3)
(n+1)! )

}GRF.

FEy(@) g p(f) =

O]

3.5 Error of Fuzzy Trapezoidal Nu-
merical Integration Method

Theorem 3.5. By considering, 1, between crisp
points t, and t,+1, and f,‘(,’H(t,y(t)) s continu-
ous. The error of Fuzzy Trapezoidal Numerical
Integration Method is as following form

[ st v e [g (Ftanstta)e

f(th,y(th))ﬂ fn gH (nn,y(nn))-

Proof. By considering fuzzy linear interpolation
polynomial error of fuzzy function f(¢,y(t))
(3.14), we have

f(ty(@)dt Sgm pi(t) =

(t —tn)(t — tny1)
21

© fzz gH(nn’ (nn))7

Nn € [tn7tn+1]~ (3.17)

On interval [t,,, tp+1] we have t—t, 1 < 0,t—t, >
0. Thus, in generality g(t) = (t—tp)(t—tn41) <0
ie. g(t) on [tn,tn+1] does not change sign, So

4t om (s y(nn)) 1s (i4)-gH differentiable without
any switching point on the interval [t,, t,+1]. By
applying (FR)-integral in definition 2.5 over in-
terval [ty,, tp4+1] from (3.17), we obtain

tnt1 tnt1
/ [t y(t)dt Sgn / pr(t)dt =
tn tn

[

tnt1 tnt1
/ F(ty(0)dt St / pu(B)dt =
tn tn

” N, n tn+l
fu,gH(ﬁQ y(77 )) @/ (t —tn)(t . tn+1)dt.
ln

(3.18)

thrl)

® f; ,gH(nna (1)) dt,
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Where 7, is a number ¢, < n, < t,+1. The right
hand side of integral by change of the variable
t =ty +60h, h =ty,1 — ty, dt = hdf became as
following form

tn+1
/ (= 1)t — bt )dt
tn

1
:/ hé x h(6 — 1) x hdf
0
1 3
_h3/ (02—9)619:—3.
0 6

With an expression (3.16) we conclude

tnit1 tn+1
/ F(ty(t)dt o / pi(t)dt
tn tn

h’3 1
= — 15 fiigr (1, Y(11n))-

Indeed, for expression (3.12) we obtain

[ revoategn [5 o (

F(tas y(tn) @ F(tni1, y(tns0)) ) |

_ _}f;f{;gﬂ (moym)).

3.6 Modified Euler’s Method

Consider the following fuzzy initial value problem
you (t) = f(t,y(t)), t € 0,77,

y(to) = yo € Rp.

Where y(t) is an unknown fuzzy function of crisp
variable t and f : [0,7] xRp — Rp is continuous,
also y, ;7 (t) is the generalized Hukuhara derivative
of y(t) such that the set of switching point is fi-
nite. Now we introduce Modified Eulers Method
for solving fuzzy initial value problem.

To derive Modified Euler’s Method, let partition
IN:{0=t0<t1<--~<tN:T}Ofthe
interval [0,7]. Where t;, = kh, k=0,1,---, N.

(3.19)

Case 1.

Let us suppose that the unique solution of the
problem y(t) is [(i) — gH]-differentiable and be-
longs tg € CgH([O,T],]RF) such that the type of
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differentiability dose not change in [0, 7.

We apply (FR)-integrable on the fuzzy differen-
tial equation (3.19) over interval [ty,t,+1] as fol-
lows form

tnt1 tnt1
/ L (5)ds = / F(sy(s))ds. (3.20)
tn tn

According to (FR)-integrable in definition 2.5 and
fuzzy Trapezoidal numerical integration method
in theorem 3.3 on the left and right side of fuzzy
differential equation (3.18) over interval [t,, t+1]
respectively we obtain

tn+1
/ Yi g (8)ds = y(tni1) Om y(tn), (3.21)
tn

[ s = 5o (4t

& f(tnt1, y(tn+1))>. (3.22)

Finally, we have modified Euler’s method for
Casel as following form

tnser) O yltn) = 5 © (Stn,y(ta)

& fltns1, y(tns1))).

By setting k instead n and simplify

Ykr1 Sy @ [g © (f(tk, y(tr))

S2 f(tk+17y(tk+1)))}-

According to the Error of Fuzzy Trapezoidal Nu-
merical Integration Method (3.17), we have

verr =[5 © (Fltey(te)
@ f(tk+1,y(tk+1))>] - }fzfi/z{,gH (nmy(nn))-

We introduce numerical fuzzy modified Euler’s
method as

v = [ © (Fltey(t0)

& fteany(ten))) | (328)
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Case 2.

Now, consider y(t) is [(i7) — g H|-differentable and
belongs to ty € CSH([O, T],Rp) such that the type

of differentiability dose not change in [0, 7.

We apply (FR)-integrable over [0,7] and fuzzy
integration, the differential equation (3.19) over
[tn, tnt1] to obtain

/ T i (s)ds = / s ys)ds. (3.24)

n n

By (FR)-integrable in definition 2.5 and fuzzy
Trapezoidal numerical integration method in the-
orem 3.3 on the fuzzy differential equation (3.24)
over interval [t,,t,11] we obtain respectively

/t " s gn(9)ds = ~(y(ta) Exr y(tnr1),  (3:25)

n

| s =5 o (i)

@ f(tny1s y(tn+1))). (3.26)

Finally, we have modified Euler’s method for
Case2 as following form

Case 3.
Y(tnsr) = y(tn) Sy [ = 5 © (Fltny(ta)
& fltusn,y(tan) |
By setting k instead n, and by according to the

Error of Fuzzy Trapezoidal Numerical Integration
Method (3.12), we have

h
Yk+1 = Yk OgH [— 5 © (f(tkvy(tk))

© f(trt1, y(tk+1))>] @ —iLZ l gt (Um y(nn))-

We introduce numerical fuzzy modified Euler’s
method as

Yk+1 = Yk OgH [— g ® (f(tkny(tk))

S f(tk+1,y(tk+1)))] (3.27)

4 Numerical Algorithm for

Solving IFIVP

We introduce a numerical algorithm for solving
first order impulsive fuzzy differential equation

M. Dirbaz et al., /IJIM Vol. 18, No. 8 (2021) 221-237

with initial value, (Algorithm for Solving Impul-
sive Fuzzy Differential Equations). We consider
impulsive fuzzy differential equations (1.1), (1.2),
(1.3) it is possible to obtain approximation so-
lution for fixed value ¢, of parameter t by Al-
gorithm for Solving Impulsive Fuzzy Differential
Equations. Where t, > tg, at the moment t = ¢,.
The key idea of our numerical algorithm based on
full fuzzy method is taken from that paper [10].

4.1 Numerical Algorithm By Fuzzy
Euler’s Method

Step One:

Using fuzzy Euler’s method FEM. We solve the
function of argument ¢, by taking it from half-
segment (tg, tpi1], i.e. yUt = FEM(yUI).

Case 1.

Let us suppose that the unique solution of the
problem y(t) is [(i) — gH]-differentiable and be-
longs to ty € CSH([O,T],RF) such that the type
of differentiability dose not change on [0, T:

Yo = y(to),
Yk+1 :yk®[h®f(tk7yk)}’k:05177N71
(4.28)

Case 2.

Now, consider y(t) is (i1) — gH-differentiable and
belongs to ty € C’gH([O, T],RF) such that the type
of differentiability dose not change on [0, 7T]:

{yo = y(to),

Ye+1 = Yk S [(_1)h’®f(tk7yk)]7k:07177N_ 1.

(4.29)
Remark 4.1. In the half-segment (to,t1] we con-
sider yo = y(to), that this value is given by
problem initial condition, But in the other half-
segment (t,tr11] we take y(t;) for yo, i.e. yo =
y(ty)-

Step Two:

At the moment ¢t = ¢, acts impulsive fuzzy oper-
ator I and brings rapidly changes of fuzzy func-
tions y that amounts

J) = Le(yte) @ 3 Iw)),  (430)
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Ayl=n= () Sg y(ti) = I (9(t7).

y(t)) Ogm y(ty ) = I (y(t;))

@)yt = yip) + I () )
<~ or

(i1) y(t) = () = L ((t0)).

where p = {t; |i < k}, Y7 denotes the fuzzy sum-
mation.

Step Three:

The steps one and two are repeated while t5 1 <
t,.

Step Four:

We add a sum of all jumps to the function y

Y =ya Z J(t:). (4.31)

Where p = {t; |0 < i < z}, 3_ denotes the fuzzy
summation.

4.2 Numerical Algorithm By Fuzzy
Modified Euler’s Method

Step One:
Using fuzzy Modified Euler’s method (FEM),

we solve the functions of argument t by tak-
ing it from half-segment (tg,tx41], i-e. y[j+1] _
FEM(yU).

Case 1.

Let us suppose that the unique solution of the
problem y(t) is [(i) — gH]-differentiable, and be-
longs to ty € CSH([O,T],RF) such that the type
of differentiability dose not change in [0, T:

Yo = y(to),
Ykl = Y B [g © (f(tk7yk) ® f(tk+17yk+1))]~
(4.32)
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Case 2.

Now, consider y(t) is [(i7) — gH]-differentiable,
and belongs to ty € CgZH([O, T],Rp) such that the
type of differentiability dose not change in [0, T:

yo = y(to),
Ykt1 = Yk OgH [%h © (f(tkyyk) ® f(tk+1,yk+1))]-
(4.33)

Remark 4.2. In the half-segment (to, t1] we con-
sider yo = y(to), that is given by problem initial
condition, But in the other half-segment (tx, ti11]
we take y(t;7) for yo, i.e. yo = y(t7).

Step Two:

At the moment ¢t = t; acts impulsive fuzzy oper-
ator I, and brings rapidly changes of fuzzy func-
tions that amounts

J(t) = Iyt @ Jt)),  (434)
Ayh=i=y(t}) S u(ty) = I (v(t)).

y(t5) Ogn y(ty) = I (u(t7))

(@) y(t) = y(te) + I (uE7) )
<~ or

(i1) y(t) = (&) — L (y(8),

where p = {t; | < k}, >} denotes the fuzzy sum-
mation.

Step Three:

The steps one and two are repeated while 11 <
t,.

Step Four:

We add a sum of all jumps to the function y

Y=y& Z J(t:). (4.35)

Where p = {t;]0 < i < z}, Z; denotes the fuzzy
summation.
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5 Error Analysis

5.1 Local Truncation Error of fuzzy
Modified Euler’s Method

For numerical method written as following form,
we define the residual as Ry, given by

Case 1.

h ® (f(tk,yk) & f(tk—i-l’yk—i—l))}a

Y+l = Yr D [2

h
Rik = Yr+1 OgH [yk ®50 (f(tlmyk) & f(tk+17yk+1))]~

Case 2.

>

Yk+1 = Yk OgH [* 3 (f(tkvyk) @ f(tk+17yk+1))]7

h
Rk = Yk+1 OgH [yk Ogir =5 © (f(tkyyk) @ f(tk+17yk+1))]-

Hence, the coefficient of fuzzy function is nega-
tive, is [(ii)—gH]—diﬁerentiable, so we have

Ri = @ fiign (nn, (nn)),
Tp = —h— O fit grr (nn,y(nn))

5.2 Consistent of Modified Euler’s
Method

Definition 5.1. [2] The fuzzy Euler’s method is
said to be consistent if

lim max D(73,0) = 0.
h—0 t,<b

So consistency of fuzzy modified Euler’s method
analysis as following

Consider D( oIl (nn,y(nn)),0> < M, we con-
clude

lim max D(7, 0)

h—0 t,<b
. h? 1
= lim gr;gggD( = 15 © fiigr (1, y(mn)), 0)
B2
- }llli)r[l) _E Itrlvlg)gD(fu gH(nTM (77n))> O)

2

< lim —h—M = 0.
h—0 12

It means the fuzzy modified Euler’s method is con-
sistent.
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5.3 Global Truncation Error of Modi-
fied Euler’s Method

Definition 5.2. [2] The numerical method is
convergent if the global truncation error goes to
zero as the step size goes to zero; in other words,
the numerical solution converges to the exact so-
lution:

li D 0)=0
lim max D(ex+1,0)

= lim max D(y(tp41), Yr+1) = 0.
h—0 k

Definition 5.3. The global truncation error is
the agglomeration of the local truncation error
over all the iterations, assuming perfect knowl-
edge of the true solution at the initial time step.
For fuzzy modified Euler’s method case 1 (3.23)
and case 2 (3.27), the global truncation error,
ek+1, ot tp11 1S respectively defined by

eni1 = Dy(tes1)suei1) = D(yltirn),
w3 o Syt [ho (f,m)e
fltay2) & fltr o)) @

30 ik yes)]])

And

ek+1 = D(Y(trs1), Yns1) = D(y(tk—i-l)a [yo@gH
[~ F{to. )] Srr [-h @ F(t1,32)Sym

[—h ® f(t2,y2)] Ogr -+ Ogr [—h © f(tr, yr)]

OgH [—g ® f(trt1s yk+1)]} )

Theorem 5.1. Suppose that ng(t) exists
and f(t,y(t)) is continuous and satisfies in
Lipschitz condition on the {t,y(t)|[0,p],y €
B(yo,q), p,q > 0}. Then Modified FEuler’s
method converges to the solution of fuzzy the ini-
tial value problem.

Proof. Consider y(t) is
3

(i)-gH differentiable, by

h
E © i gH(me(Un)) and

(3.23), the exact solution of the initial value prob-
lem satisfies

assumption dp = —

Ykl = Yk D [g © (f(tk:yk) @f(tk+1:yk+1))] + dy.
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By use the distance it is concluded:

D(y(tr+1), Yka1) = D(y(tr), yr)®
g [D (f(tlm y(te)), f(te, yk>)
+ D(f(tk—i-h Y(tet1)), f (et yk—&-l))}

+ D(dg, 0).

Since f(t,y(t)) satisfies in Lipschitz condition

Dtk y(t), £ (tes i) ) < LiD(y(te), ),
we have
D(y(ter1), yns) <
(Lk + %Lih)D(y(tk), yr) + D(dy,0).

Suppose that L = maxo<p<ny L and d =
maxo<x<n D(dk, 0), We obtain

D(y(ths1), Yrt1) <

(L n %L2h>D(y(tk)7 yr) + d.

Therefore, the  fuzzy  function  satis-

fies a Lipschitz condition. According

to that point f(t,y(t)) is continuous,

moreover d =  maXo<kp<n-—1D(dk,0) =
h2

- maXOStST D(f’L,’Z,QH (nka y(nk‘))a 0) . And

12

D(f{g7gH(nk,y(nk)),0> = 0. So the fuzzy
modified Euler’s method is Stable. Since the
method is consistent, we conclude the method in
convergent. Thus, limy, 0 D(y(tk+1), Yx+1) — O,
and (3.23) is converges. O

5.4 Error of Fuzzy Numerical Algo-
rithm

By considering First-order impulsive fuzzy differ-
ential equations (1.1), (1.2), (1.3)

Yor (t) = f(t, y(t)),

teJ=[0,T), t#tk=1,---,N,
Ayli=t,= Ir(y(tx)) (t = ty),

y(to) = yo.

We get the analysis error of numerical algorithm
in section 4 based on fuzzy modified Euler’s
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method. We import small perturbations d3 on
the right hand side of expression (1.3), then it
creates perturbation d1,d2 on the right hand side
of expressions (1.1) and (1.2), and we will have
the solution as following form

Y =yddoy. (5.36)

We got analysis with this perturbation, whether
we will have a stable numerical algorithm, and we
will have converged? By perturbation, we achieve
to first order perturbation impulsive fuzzy differ-
ential equation as following form

o (t) = f(t,y(t) @ [01 © f(t,y(1))],

tEJ:[O,T],t;ﬁtk’kal’...’]\]’ (5.37)

7 — 0.1UBuler — 0.1LEuler

| — 02UEwler — 02LEuler
7] — 03UEwer — 03LEuler
— 04UEdler — 04LEuler
— 05UEnler — 0.5LEuler
— 06UEdler — 0.6LEuler
1 — 07URdler — 07LEuler
— 08UEuler — 0.8LEuler
1 — 09UEuler — 09LEuler
— 099 UEnler — 0.99LEuler

L AR T T S N R
0 02 04 04 08 10

Figure 1: Fuzzy Euler’s Method for exam-
ple (6.1)

] — 01UMEler — 02LMEuler

- 0.2UMEuler 03LMEuler

2 03UMEdler — 04LMEuler

04UMEuler — 0.5LMEuler

2 ~ 0.5UMEuler 0.6LMEuler

0.6UMEuler 0.7LMEuler

0.7UMEuler 0 8LMEuler

- : DBUMEdler — 09LMEder
N 09UMEler
1] ! 1 L L 4 — (.1 LMEuler

oo 02 04 06 [t} 10

Figure 2: Fuzzy Modified Euler’s Method
for example (6.1)

AY 1=, =Y (ty) g Y (1)
= Ii(y(ty)) @ [62 © Li(y (L), (£ =t), (5.38)
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Table 2: The local truncation error for first interval of example (6.1).
Time F Euler F M Euler
0.1 1.33 x 1073 5x 1075
0.2 2.93 x 1073 2.4 %1074
0.3 4.85 x 1073 5.9 x 1074
0.4 7.14 x 1073 1.15 x 1073
0.5 9.84 x 1073 1.94 x 1073
0.6 1.304 x 102 3.03 x 1073
0.7 1.677 x 102 4.45 x 1073
0.8 2.114 x 1072 6.25 x 1073
0.9 2.624 x 10~2 8.53 x 1073
Table 3: The local truncation error for second interval of example (6.1)
Time F Euler F M Euler
1.1 1.6979 x 103 1.5033 x 103
1.2 2.9094 x 1073 1.6632 x 103
1.3 2.1465 x 1073 1.8435 x 1073
1.4 2.4123 x 1073 2.0463 x 1073
1.5 2.7099 x 1073 2.2748 x 1073
1.6 3.0434 x 1073 2.5319 x 1073
1.7 3.4168 x 10~3 2.8212 x 1073
1.8 3.8349 x 10~3 3.1464 x 10~3
1.9 4.3028 x 103 3.512 x 1073
Table 4: The local truncation error for last interval of example (6.1)
Time F Euler F M Euler
2.1 1.00423 x 104 9.01 x 1075
2.2 1.1205 x 10~* 9.963 x 1075
2.3 1.25 x 1074 1.1028 x 104
2.4 1.3944 x 104 1.2217 x 1074
2.5 1.5553 x 104 1.3546 x 104
2.6 1.7344 x 104 1.5029 x 104
2.7 1.934 x 104 1.6684 x 10~*
2.8 2.1564 x 10~ 1.8531 x 10~*
2.9 2.404 x 1074 2.0594 x 10~4
3 2.6799 x 10~* 2.2896 x 10~4
Y (to) = d3y(to)- (5.39) ([y(t;i) @60 (y(t))] Ogn [uty) © 60
o . . ¢ ) £+ t

By considering expression (5.38) and using ex- (u( k 1) Sqn ly( k ) Sgn (y( k )
pression (5.36) we conclude =02 O I (y(tr)),

Y(t)) Ogn Y(t;) = 00 (y(ty)] ©gm [0 © (y(ty,)] = 02 © Li(y(tr)),

N
k
() Sgm y(ty)] & 62 © Lu(y(ty)), 5@ [Y(t) Ogn y(ty)] = 02 © Ie(y(t)).
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Table 5: The local truncation error for first interval of example (6.2)
Time F Euler F M Euler
0.1 1.203 x 1073 4.7 x107°
0.2 2.172 x 1073 2.09 x 1074
1.3 2.942 x 1073 4.63 x 1074
0.489 3.544 x 1073 7.9x107*
0.5 4.00 x 1073 1.175 x 1073
0.6 4.335 x 1073 1.602 x 1073
0.7 4.567 x 1073 2.063 x 1073
0.8 4.714 x 1073 2.545 x 1073
0.9 4.79 x 1073 3.041 x 1073
Table 6: The local truncation error for first interval of example (6.2)
Time F M Euler
1.1 3.252 x 1075
1.2 3.561 x 107°
1.3 3.848 x 107
1.4 4.135 x 107°
1.5 4.314 x 107°
1.6 4.473 x 107°
1.7 4.565 x 107°
1.8 4.575 x 107°
1.9 6.67978 x 10~4
Table 7: The local truncation error for last interval of example (6.2)
Time F M Euler
2.1 1.3976 x 106
2.2 1.5398 x 106
2.3 1.689 x 10~¢
2.4 1.8449 x 106
2.5 2.0074 x 1076
2.6 2.2958 x 1076
2.7 2.35 x 1076
2.8 2.531 x 1076
2.9 2.714 x 1076
3 2.901 x 1076

By using the ranking of fuzzy numbers, in defini-
tion 2.3

5O [y(t)) Ogm y(ty)] < 62 © Li(y(tr)).

Without reduce of generality, since for expression

(4.33) is the same, we only consider fuzzy mod-

Finally by considering definition 2.6 we have

T [y(t)) Sgm y(ty)]

(5.40)

ified Euler’s method 3.23, for expressions (5.36)
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Table 8: The local truncation error for first interval of example (6.3)

. 8 (2021) 221-237

Time F Euler F M Euler

3.1 6.46597 x 1073 3.63614 x 10~4
3.2 2.28493 x 1072 2.85363 x 1073
3.3 4.14864 x 1072 8.13481 x 1073
3.4 5.888584 x 102 1.59316 x 102
3.5 7.33986 x 1072 2.56672 x 1072

Table 9: The local truncation error for second interval of example (6.3)

Time F Euler F M Euler

4.1 4.32516 x 1073 1.17608 x 10~°
4.2 4.39935 x 1073 1.26349 x 104
4.3 1.39573 x 102 2.13926 x 1074
4.4 3.13065 x 10~2 3.21227 x 1074
4.5 5.38253 x 1072 3.7512 x 10~*

Table 10: The local truncation error for last interval of example (6.3)

Time F Euler F M Euler

5.1 4.99669 x 10~° 7.58055 x 107°
5.2 4.9965 x 104 7.58172 x 1076
5.3 4.9932 x 1073 7.67938 x 107°
5.4 4.99614 x 1073 7.5764 x 10~*
5.5 4.99596 x 1072 7.57674 x 10~4

and (5.38), we obtain

Yo = d3y(to),

Yk+1 = Yk D [g © 61 (f(trsyr) (5.41)

Df (trr1, yk+1))} :

By setting k = 1, in (5.41), we obtain

Vi = by ® [ © 1 (to,0) ® f(t1,0)]

According to the expression (5.36), we obtain

Y1 DS Oy = S3y0 D [g © 01 (f(to, yo) ® .f(t1,y1))}

By using the ranking of fuzzy numbers, in defi-
nition (2.3)

Sayo @ g © 61(f(to, y0) ® F(tr,31))
v '

5 < (5.42)

By 03 — 0 we obtain §; — 0 and § — 0, it means
the numerical algorithm is stable and converge to
the exact solution.

Without reduce of generality, since for k& =
3,--+,z is the same as for £k = 2, we only con-
sider for £ = 2 and according to the expression

(5.36), we obtain

Yo @60y = ((t)) ®s Oy (t])

3 [ © @it flt2om))]

By using the ranking of fuzzy numbers, in defini-
tion (2.3)

Y2 D00y < (n(th) @5 oy (t))

5[5 © @it © flt2o))]



M. Dirbaz et al., /IJIM Vol. 13, No. 8 (2021) 221-237

— 0.1UEdler — 0.2LEuker
1 — 02UEuler — 03LEuler
— 03UEuler — 0ALEuler
{ — 04UBuler — 0.5LEuker
— 05UEuler — 0.6LEuler
| — 06UEuler — 0.7LEuler
— 07UEuler — 08LEuler
— 08UEuler — 08LEuler
— 09UEuler
fu — 0. LEuler

PR L i g L
0n 01 04 i 08

Figure 3: Fuzzy Euler’'s Method for exam-
ple (6.2)

Finally, we obtain

() @50 nth)

0 <
Y2

[g O (61(f(t1,y1) & f(ta, )
Y2 .

According to the expression (4.34) we obtain

S ® [ © (31(/ (10, 90) @ f(11,1)

Y1
I (y(te)) © 02
[y(ty) Ogm y(ty )]

5 <

(5.43)

Upper bound obtained (5.43). Shows us for hav-
ing the stable numerical algorithm and converges
to exact solution, except need to d3 — 0, more-
over, we need imported perturbation in right and
side of the expression (5.38) near to zero too, it
means d9 — 0.

Under this condition we can say for k = 2,---, 2,
the numerical algorithm introduced is stable and
converges to the exact solution
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7 — 01UMEuler — 021MEuler
1 — 02UMEuler — 03LMEuler
1 — 03UMEler — OALMEuler
— 04UMEuler — 05LMEuler
1 — 05UMEder — O6LMEukr
1 — 06UMEuler — 0.7LMEuler
J — 0TUMEuler — O8LMEuler
1 — O8UMEdler — 09LMEuler
— 09UMEuler

4 — 0.1 LMEuler
00 02 14 06 08 10

Figure 4: Fuzzy Modified Euler’s Method
for example (6.2)

— 01UBuler — 021Euler
— 02UEuler — 03LEuler

— 03UEuler — 04LEuler
— 04UBuler — 05LEuler
— 05UEuler — 06LEuler
— 06UEler — 0.7LEuler

— 0.7UEuler — O8LEuler
— 08UEuler — 09LEuler
— 09UEuler
: '“ — O1LEukr

I
I
I
I
I
I
I
I

Figure 5: Fuzzy Modified Euler’s Method
for example (6.3)

6 Numerical Result

Example 6.1. Consider the first order impulsive
fuzzy initial value problem

y'(t) =y(t), te]o,3], (6.44)
y(t) = 0.01y(t;), (6.45)
y(0) = (0.75 + 0.257,1.125 — 0.1257).  (6.46)

Where 0 < r <1.

And by considering t, = 3.

The solution s calculated by using a numeri-
cal algorithm in section 4, and by considering
r=0.9,h =0.05h = 0.025.

The global truncation error calculated by the
Hausdorff distance between fuzzy numbers is
given in definition 2.5.

The local truncation error, for example (6.1).
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1 — 0JUMEuler — 0.1 LMEuler
— 02UMEuler  — 0.2LMEuler

03UMEuler  — 0.3LMEuler
— 04UMEuler — 04LMEuler
1 — 05UMEuler — 05LMEuler
— (04UMEuler 0.6LMEuler
1 — 07UMEdler — 0.7LMEuler
— 0BUMEuler — 08LMEuler
1 09UMEder  — O3LMEuler
o= 099 UMEuler — 0.99LMEuler

Figure 6: Fuzzy Modified Euler’s Method
for example (6.3)

Example 6.2. Consider the first order impulsive
fuzzy initial value problem

y'(t) = —y(t), (6.47)
y(t) = 0.01y(t;), (6.48)
y(0) = (0.75 + 0.257,1.125 — 0.757).  (6.49)

Where 0 < r < 1.

And by considering t, = 3.

The solution is calculated by using a numeri-
cal algorithm in section 4, and by considering
r=0.9,h =0.05,h = 0.025.

The global truncation error calculated by the
Hausdorff distance between fuzzy numbers is
given in definition 2.5.

Tables (6), (7), (8) show us at all intervals
among pulse of the domain, the error of fuzzy
modified Euler’s method and error of Euler’s
method are stable. It shows the numerical al-
gorithm for solving linear impulsive differential
equation with the fuzzy initial equation by us-
ing fuzzy modified Euler’s method, and Euler’s
method is stable.

Example 6.3. Consider the first order impulsive
fuzzy initial value problem

y'(t) =~y (1), (6.50)
y(t) = 0.01y(t;), (6.51)
y(0) = (2.75 + 0.25r,3.125 — 0.1257).  (6.52)

Where 0 < r < 1.
And by considering t, = 5.5.

M. Dirbaz et al., /IJIM Vol. 18, No. 8 (2021) 221-237

The solution is calculated by using a numeri-
cal algorithm in section 4, and by considering
r=0.9,h =0.05,h = 0.025.

The global truncation error calculated by the
Hausdorff distance between fuzzy numbers is
given in definition 2.5.

Tables (8), (9), (10) show us at all intervals
among pulse of domain, the error of fuzzy modi-
fied Euler’s method is less than the error of Eu-
ler’s method. In the final point the error of fuzzy
modified Euler’s method is little, and it shows
the numerical algorithm for solving non-linear im-
pulsive differential equation with the fuzzy initial
equation by using fuzzy modified Euler’s method,
not only is acceptable but also is very satisfied.
The algorithm is converging to the exact solution
of the problem.

7 Conclusion

The plotted graphs and obtained global trunca-
tion error tables show the presented numerical al-
gorithm for solving impulsive fuzzy initial value
problem by using fuzzy modified Euler’s method
and fuzzy Euler’s method is stable, and presen-
tations are acceptable solution for this problem.
This algorithm can run with each fuzzy repeti-
tious method. As we now, solving this equation
is complex or impossible, but our paper can give
good ideas for solving impulsive fuzzy equations.
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