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Abstract

An epidemiological model of smoking habit is studied by using one of flexible and accurate semi-
analytical methods. For this reason, the homotopy analysis transform method (HATM) is applied.
Convergence theorem is studied and several fi-curves are demonstrated to show the convergence

regions.

Also, the optimal convergence regions are obtained by demonstrating the residual error

functions versus i. The numerical tables are presented to show the precision of method.
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1 Introduction

N last decades, many mathematical models have
I been presented to study the various phenom-
ena such as the epidemiological model of com-
puter viruses [32, 33, 40, 43, 45, 48], model
of HIV infection for CD4*TT and CDS8TT cells
[18, 31, 34, 35, 42, 56], model of malaria viruses
transmission [55], model of migratory birds pop-
ulation [15] and other useful models.

Recently, number of killed people by tobacco
consumption reported by World Health Organiza-
tion (WHO). Every year, over five million people
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killed because they applied the tobacco consump-
tion continually. It means that every six seconds,
one human killed. Also, WHO informs that up
to fifty percent of tobacco users will be died by a
tobacco-related disease.

In this research, the model of smoking habit
[19, 47, 53] is studied for constant population with
equal birth and death rates in Spain. The pre-
sented model depends on four individuals, non-
smokers who has never smoked, normal smokers
who smoked less than 20 cigarettes per day, exces-
sive smokers who smoked more than 20 cigarettes
per day and ex-smokers who had smoked in the
past which are shown by variables X, Y, S and B.
The graphical form of this model is demonstrated
in Fig. 1. Consider the following non-linear sys-
tem

dr _
dt

+(df = B)a(t)(y(t) + s())

p— (do 4 p)x(t) + dox?(t)
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+ <d°;df> 2(t)b(t),
dy

= = Py (1) + (1)) + pb(?) + as(?)
—(v+ A+ p+dp)y(t) + dox(t)y(t)

+dpy(t)(y(t) + (1))

# () e,
ds

= =) —(a+d+pu+dp)s(t)

+dox(t)s(t) + dys(t)(y(1) + s(t))

+ (dO ; df) s()b(t),

b Ay(t) + 0s(t)

dt
do+d
—<p+u+ 02 f)b(t)

+doz(1)b(1) + dpb(t) (y(1) + s(1))

+ (W) b (t)

(1.1)

with initial conditions
z(0) = 0.5045, y(0) = 0.2059,

s(0) = 0.1559, b(0) = 0.1337,
where are scaled by

X Y S B
TEYTE TP T
which P explains the total population. List of
parameters and their values are presented in Ta-
ble 1. Since the constant population has been
normalized to unity, we get

() + y(t) + s(t) + b(t) = 1.

Existence of solution and convergence theorems
of presented model were studied in different cases
[19, 47, 53]. We should note that in order to solve
theses kinds of models the numerical methods can

be applied. But they may raise the numerical in-
stabilities, oscillations or false equilibrium states
[24]. Tt means that the numerical solution may
not correspond to the real solution of the origi-
nal system of differential equations. Thus we are
interesting to obtain a continuous solution using
semi-analytical methods.

In last decades, several methods such as Ado-
mian decomposition method [9, 20, 42], Homo-
topy analysis method [18, 19, 49, 54], Homo-
topy perturbation method [8, 30], Differential
transform method [50, 51], Variational iteration
method [16, 17, 32], collocation method [7, 44, 56]
and many others [21, 31, 45, 47, 48, 53] have been
applied for solving differential equations.

The HAM was introduced firstly by Liao [25,
26, 27, 28] and generalized by many authors to
solve the mathematical and engineering problems
[6, 10, 11, 12, 29, 36, 41]. Also, recently the
stochastic arithmetic and the CESTAC method
[13, 14, 37, 38, 39] was combined to the HAM for
solving integral equations [36].

In this study, by using the HATM [11, 22,
23, 41] we calculate the approximate solution of
model (1.1). Convergence theorem is illustrated
to theoretical guarantee of presented method for
solving Eq. (1.1). According to [11, 25, 26, 41,
52], the solution of HATM depends on the con-
vergence parameter h. Convergence regions can
be found by plotting h-curves. Also, the residual
error functions are illustrated to show the perfor-
mance of method. Furthermore, graphs of error
functions are plotted and the obtained results are
presented in some tables.

Figure 1: Diagram of smoking model.
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Table 1: Parameters of model (1.1).

Parameters Meaning Values
I Natural birth rate 0.01
do Natural death rate 0.0087
ds Rate of increased mortality by smoking 0.0132
Io] Rate of transmission to accept smoking habit 0.0381
p Rate of returning an ex-smoker to smoking 0.0425
Q@ Rate of transforming an excessive smoker to a normal smoker 0.1244
~y Rate of transforming a normal smoker to an excessive smoker 0.1175
A Stopping rate for normal smokers 0.0498
1) Stopping rate for excessive smokers 0.0498
Table 2: Residual errors of z5(t), ys(t), s5(t) and bs(t) for different values of 7.
function t h=-1.2 h=-1.1 h=-1 h=-09
0.0 3.2837 x 1077 1.0261 x 108 1.7347 x 10718 1.0261 x 1078
0.2 7.7643 x 1077 3.8607 x 1078 9.3574 x 10714 5.0180 x 1079
x5(t) 0.4 1.3368 x 1076 8.0005 x 1078 2.9833 x 10712 1.4546 x 108
0.6 2.0231 x 1076 1.3733 x 1077 2.2572 x 10711 1.9468 x 1078
0.8 2.8499 x 1076 2.1378 x 10~7 9.4772 x 1011 2.0798 x 10~8
1.0 3.8325 x 1076 3.1290 x 1077 2.8818 x 10710 1.9425 x 1078
0.0 1.6015 x 106 5.0049 x 1078 3.4694 x 1018 5.0049 x 1078
0.2 2.7421 x 1076 1.2446 x 1077 2.2034 x 10~12 1.4192 x 1078
ys(¢) 0.4 4.2678 x 1076 2.4678 x 1077 7.05239 x 10~ ! 6.1533 x 10~°
0.6 6.2628 x 10~° 4.3592 x 1077 5.3565 x 1010 1.6015 x 10~8
0.8 8.8225 x 10~° 7.1515 x 1077 2.2576 x 107° 1.9188 x 1078
1.0 0.00001205 1.1125 x 1076 6.8912 x 107? 1.8385 x 1078
0.0 1.6570 x 1076 5.1781 x 1078 0 5.1781 x 10~8
0.2 2.4365 x 10~° 9.7323 x 1078 2.1217 x 10712 1.9413 x 1078
s5(t) 0.4 3.2507 x 1076 1.4285 x 1077 6.7895 x 10~ 11 5.9433 x 10~
0.6 4.05921 x 1076 1.7827 x 1077 5.1557 x 10710 2.3033 x 1078
0.8 4.8119 x 1076 1.8989 x 1077 2.1726 x 107° 3.1550 x 1078
1.0 5.4493 x 10~° 1.5999 x 1077 6.6302 x 107° 3.1988 x 1078
0.0 3.5057 x 1076 1.0955 x 10~7 8.6736 x 1018 1.0955 x 107
0.2 5.8402 x 10~° 2.5571 x 1077 1.8010 x 10~13 2.7173 x 1078
b (t) 0.4 8.6982 x 106 4.6179 x 1077 5.7664 x 10~12 2.7382 x 1078
0.6 0.00001213 7.3928 x 1077 4.3808 x 10~ 5.8930 x 1078
0.8 0.00001621 1.1007 x 106 1.8469 x 10710 7.1877 x 1078
1.0 0.00002098 1.5596 x 106 5.6389 x 10710 7.0235 x 1078
2 Solution of smoking habit be the lincar operators for functions
model by HATM x(t),y(t), s(t),b(t). By applying Laplace

transformation £ for both sides of non-linear

HATM is an important and flexible technique

to solve many problems [11, 22, 23, 41].

This

method is obtained by combining the Laplace
transformation £ and the HAM. Let

Ly=L,=L,=1Ly=L,

(2.2)
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Table 2. Continue

function t h=-0..8 h=-0.7 h=-0.6
0.0 3.2837 x 10~ 7 2.4936 x 1076 0.000010508
0.2 8.5847 x 10~8 1.3802 x 106 7.4379 x 10~6

x5(t) 04 1.1594 x 10~ 7 3.7622 x 10~ 7 4.5624 x 10~
0.6 2.8059 x 10~7 5.2401 x 10~ 7 1.8749 x 10~
0.8 4.1150 x 10~7 1.3260 x 10~ 6.3110 x 10~ 7
1.0 5.1189 x 10~ 7 2.0352 x 10~ 2.9620 x 10~
0.0 1.6015 x 10~ 0.00001216 0.000051250
0.2 1.0182 x 10~ 9.4600 x 10~ 0.000043766

ys(t) 0.4 5.5360 x 10~7 7.0844 x 1076 0.000036867
0.6 1.9052 x 10~7 5.0076 x 10~ 0.000030522
0.8 8.6550 x 10~8 3.2035 x 1076 0.000024701
1.0 2.9145 x 10~7 1.6477 x 106 0.000019373
0.0 1.6570 x 106 0.00001258 0.000053024
0.2 1.1729 x 106 0.000010407 0.000047089

s5(t) 0.4 7.2633 x 10~7 8.3207 x 1076 0.000041303
0.6 3.2324 x 1077 6.3343 x 1076 0.000035678
0.8 3.1708 x 10~8 4.4571 x 1076 0.000030227
1.0 3.3521 x 10~ 7 2.6969 x 10~ 0.00002495
0.0 3.5057 x 10~6 0.000026621 0.00011218
0.2 2.2137 x 1076 0.000020713 0.00009592

bs(t) 0.4 1.1154 x 106 0.000015321 0.000080574
0.6 1.9638 x 10~7 0.000010422 0.000066114
0.8 5.5742 x 10~ 7 5.9969 x 10~ 0.000052516
1.0 1.1594 x 106 2.0218 x 1076 0.00003975

0
system of Egs. (1.1) we get Llyt)] = % + gﬁ[x(t)(y(t) + s(t))]

Llz(t)]

_ 2(0) |, L]
— Ll (t)] + 2 LL2%(2)

+ P Ll (t) (y(t) + s(1))

+

s Lo (t)b(1)]

a+5+u+df Lls(t)]
]

+90 L[ (t)s(2)

+ L Lls(8) (y(8) + 5(2))]

+

X £ls(4)b(t)],

+2L0b(t)] +

— S 2y (1)

z

90 L (t)y(1))
+ U Lly(6) (y(t) + s(t))]

+ B 2y (t)b(1),

—(ptp+

d()+df

)L[b(t)]

+ L) (y(t) + (1)) +

$Ls(t)]

+ QL (t)d(1)]

DA L6 (2)).
(2.3)

According to the traditional homotopy [25, 26,
27, 28] we can define the homotopy maps as fol-
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Table 3: Residual errors of z19(t), y10(t), s10(t) and b1o(t) for different values of 7.

h=-1.2

h=-11

h=-—1

h=-09

1.05081 x 10~10
4.38952 x 1010
9.71934 x 10~10
1.77258 x 10~
2.92591 x 109
4.53636 x 10~2

1.02482 x 10~ 13
8.46536 x 10~ 13
2.44133 x 10712
5.43742 x 10712
1.0632 x 10~11

1.91506 x 10~

3.29597 x 10~17
3.64292 x 10~17
3.46945 x 1017
5.0307 x 10~17

3.64292 x 10~17
4.33681 x 10~17

1.02562 x 10~13
1.35546 x 10~13
1.88521 x 1013
1.47198 x 10713
6.97324 x 10~
8.93903 x 10~1°

5.12505 x 10~10
1.40867 x 1079
3.10584 x 10~°
6.14417 x 1072
1.13429 x 10~8
1.9905 x 108

5.00847 x 10~13
2.68284 x 10712
0.08249 x 1012
2.53321 x 10~ 11
6.23648 x 10~11
1.39876 x 1010

2.19443 x 1016
2.18575 x 1016
2.26381 x 1016
2.43729 x 10716
2.59341 x 10716
7.92769 x 10716

5.00569 x 10~13
4.04798 x 10714
1.64365 x 10~13
1.3162 x 1013
3.8268 x 1014
7.78379 x 10~ 14

5.30245 x 10710
1.03661 x 10~?
1.45678 x 10~?
1.44691 x 1079
4.14266 x 10710
2.58619 x 107

5.17583 x 10713
1.37162 x 10712
9.00647 x 10~13
5.12283 x 1012
2.58793 x 10~ 11
7.89578 x 10~ 11

5.20417 x 10~17
5.11743 x 10~17
5.72459 x 10~17
6.93889 x 10~ 17
1.33574 x 10716
6.9042 x 10~16

5.17763 x 10713
3.90096 x 10~
2.53903 x 10~13
2.02016 x 1013
2.71727 x 1014
1.48265 x 10713

1.12184 x 1079
2.83297 x 107°
5.4424 x 1079

9.21036 x 1077
1.44436 x 108
2.15002 x 10~8

1.09457 x 10~12
4.81777 x 10712
1.22195 x 10~ 11
2.52269 x 10~ 11
4.63741 x 10~
7.89121 x 10~ 11

4.54498 x 1016
4.96131 x 1016
5.11743 x 1016
4.38885 x 1016
6.00214 x 1016
6.245 x 10~16

1.0952 x 10~12
2.23458 x 10~13
6.11568 x 10713
4.8749 x 10713
1.44849 x 10~ 13
2.23536 x 10713

function ¢ h=-1.3
0.0 6.05948 x 10°
0.2 1.8959 x 10~8
x10(t) 0.4 3.73288 x 108
0.6 6.25156 x 10~8
0.8 9.60972 x 108
1.0 1.39912 x 107
0.0 2.95536 x 108
0.2  6.32655 x 108
y10(t) 0.4 1.17498 x 10~7
0.6 2.01924 x 107
0.8 3.29821 x 10~7
1.0 5.19065 x 10~7
0.0 3.05766 x 10~8
0.2 5.15865 x 1078
s10(t) 0.4 7.20628 x 108
0.6 8.63425 x 10~8
0.8 8.56199 x 10~8
1.0 5.69718 x 10~8
0.0 6.46909 x 108
0.2 13134 x1077
bio(t) 0.4 2.23017 x 1077
0.6 3.44983 x 10~
0.8 5.03186 x 107
1.0  7.04316 x 107
lows

H,[Z(t; q), y(t;

q
t

),5(t;9), b(t; q)]

= (1 = )L [2(t; ¢) — wo(1)]

Hi[2(t;q), 5(t; q), 5(t; ), b(t; q)]

= (1 —q)Ls[5(t;q) — so(t)]

—qhH(t)Ns[Z(t; ), 5(t; q), 5(t; ), b(t; )],

Hy[z(t; ), 5(t; q), 5(t; ), b(t; q)]

= (1 — ) Lo[b(t; ) — bo(t)]

—ghHy () No[Z(t; q), 5(t: ), 5(t; q), b(t; )],

—qhH,(t)No[Z(t; q), §(t; 0), 5(t; ), b(t: )],

Hy[z(t;q),5(t; q), 5(t; ), b(t; )]

= (1= q)Ly[y(t; q) — yo(1)]

—qhHy(t)Ny[2(t; q), 4(t; q), 5(t: ), b(t; )],

(2.4)

where 0 < ¢ < 1 is an embedding parameter,
L, Ly, Lg, Ly show the linear operators and 7 is
a convergence control parameter which we ap-
ply to find the convergence regions. These re-
gions are the parallel parts of h-curves with ax-
iom z. Choosing the proper value of h, we will
have the best approximate solution. Thus, the
parameter i has the main role in the HATM.
Also, H,(t), Hy(t), Hs(t), Hy(t) are the auxiliary
functions that we are free to choose these func-
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Table 3 Continue.

function t h=-0.8 h=-0.7 h=-0.6 h=-0.5
0.0 1.05081 x 1010 6.05948 x 1077 1.07603 x 10~ 7 1.00213 x 10~
0.2 3.43332 x 10711 9.73683 x 1010 4.7172 x 1078 6.17855 x 10~7

210(t) 0.4 1.23074 x 1010 3.01504 x 1077 4.79838 x 1077 2.69695 x 10~7
0.6 1.72486 x 1010 6.0521 x 107? 4.90393 x 10~ 4.44668 x 10~8
0.8 1.92046 x 10710 8.26855 x 1077 8.62337 x 10~ 3.26646 x 10~7
1.0 1.89608 x 10~10 9.78224 x 10~ 1.17019 x 107 5.78766 x 10~7
0.0 5.12504 x 1010 2.95536 x 10~8 5.24804 x 10~7 4.88762 x 106
0.2 1.8456 x 10710 1.73887 x 108 3.78919 x 10~ 7 3.95456 x 1076

y10(t) 0.4 8.60841 x 1012 8.32821 x 107? 2.57716 x 1077 3.12865 x 1076
0.6 1.12964 x 1010 1.71807 x 109 1.57768 x 10~7 2.39984 x 10~
0.8 1.59731 x 1010 2.97049 x 1079 7.60726 x 10~8 1.75893 x 106
1.0 1.69497 x 1010 6.16112 x 107? 1.00072 x 108 1.19747 x 10~
0.0 5.30246 x 1010 3.05766 x 10~ 5.42972 x 10~ 7 5.05682 x 10~6
0.2 2.36091 x 1010 2.02829 x 108 4.23371 x 1077 4.30687 x 1076

s10(t) 0.4 6.34624 x 1012 1.11278 x 108 3.11495 x 10~ 7 3.5871 x 1076
0.6 1.51286 x 10~10 3.29463 x 10~° 2.0848 x 10~ 7 2.90111 x 106
0.8 2.39341 x 10~10 3.12708 x 1077 1.15129 x 107 2.25187 x 1076
1.0 2.66757 x 1010 8.12291 x 1077 3.19594 x 108 1.64172 x 10~
0.0 1.12184 x 109 6.46909 x 10~ 1.14876 x 106 0.0000106987
0.2 3.7059 x 1010 3.75229 x 10~ 8.27329 x 10~ 7 8.65996 x 10~6

bio(t) 0.4 1.34754 x 10710 1.56074 x 108 5.46079 x 10~7 6.7917 x 1076
0.6 4.42766 x 1010 1.65791 x 10~9 3.02059 x 10~7 5.08557 x 106
0.8 5.95818 x 1010 1.48314 x 10~8 9.24511 x 108 3.53349 x 106
1.0 6.30593 x 1010 2.44291 x 10~8 8.54255 x 10~8 2.12765 x 106

tions and finally N, Ny, Ny, N demonstrate the

do+d _ T
non-linear operators which are defined as - ($) 9t b5 ),

No[z(t;9), 4(t; 9), 5(t; 9), b(t; q)] Nalolts 0), 9050, 5060, blts )]

R, = 20D — yy(t:q) + (@ + 0 + i+ dp)s(t:.0)
() — (g — B)E( @)t ) —doz(t; 9)5(1;q) — dy5(t; ) (5(t; ) + 5(t5.9))

(%t 5t o)b(t:
+a(tia)) = (3% alt: )bt ), (5 ) st o)
_ No[Z(t; 9), 5(t; q), 5(t; ), b(t;
Ny[z(t; ), 4(t; 9), 5(t; 9), b(L; q)] okt 0,91 ), 56 ), it )
:86(75?‘1)_ (4. — 5(t:
= W59 Bt q)(5(t; q) + 5(t;q)) o~ M) = 05(4)

_ d0+df .
—pb(t; q) — as(t; q) + (p THT ) b(t; q)

—doZ(t; )b(t; q) — dyb(t; ) (y(t; q) + 5(t; q))

— (“5%) B2t q).

+(y + A+ p+dp)y(t; q) — doz(t; q)y(t; q)

—dsy(t;q)(y(t;q) +5(t;q))
(2.5)
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Table 4: Residual errors of z15(t), y15(¢), s15(t) and by5(t) for different values of 7.

function ¢

h=-14

h=-1.3

h=-12

h=-11

h=—1

3.69062 x 1014
2.22357 x 10713
5.8902 x 10~13

1.25499 x 1012
2.34807 x 10~12
4.12658 x 1012

4.04364 x 1015
5.53724 x 10~15
6.87297 x 10~1°
9.15934 x 10~1°
1.07431 x 10714
1.27381 x 10~

9.35016 x 1016
1.10155 x 10~
1.33227 x 10715
6.80012 x 10716
1.51615 x 10~15
1.5838 x 1015

1.41945 x 1013
6.78569 x 10~13
2.09082 x 1012
5.45508 x 10~12
1.29787 x 10~ 11
2.85675 x 10~

2.14802 x 10~ 14
1.73594 x 10~
2.01054 x 10~ 14
2.0651 x 10~14

1.42525 x 10714
8.13759 x 10~1°

9.04572 x 10715
1.13052 x 10~
1.17909 x 10~
0.83848 x 10~ 15
1.37711 x 10~
1.03823 x 10~ 14

2.17635 x 10~13
4.66823 x 1013
4.54616 x 1013
6.09461 x 1013
4.57045 x 10~12
1.49774 x 10711

2.57884 x 10~
2.77755 x 10~
3.63798 x 10~ 14
3.95135 x 10~ 4
3.60285 x 10~ 14
2.81376 x 10~

8.02483 x 10715
7.83835 x 10715
7.9034 x 10715

9.76996 x 10~ 15
9.35536 x 10~15
1.03723 x 10~ 14

0.0 1.10185 x 1072 1.4722 x 10~ !¢
0.2 4.09311 x 1072  6.71925 x 10~11
215(t) 0.4 871797 x 1072  1.55693 x 1010
0.6 1.55193 x 10~8  2.95221 x 1010
0.8 251743 x 1078  5.05461 x 10~10
1.0 3.85209 x 108 8.1187 x 10~10
0.0 5.37385 x 1072 7.1722 x 10~ 1!
0.2 1.33431 x 10~  2.14663 x 1010
Y15(1) 0.4 2.78383 x 10~%  5.10487 x 1010
0.6 5.31880 x 10~%  1.08914 x 10~?
0.8 9.6084 x 10~8 2.16956 x 1077
1.0 1.6658 x 10°7  4.10592 x 1077
0.0 5.56021 x 1072  7.43699 x 10~ 1!
0.2 1.01937 x 10~8  1.50765 x 1010
s15(t) 0.4 1.41789 x 1078  2.02043 x 1010
0.6 1.47372x 1078 1.3955 x 1010
0.8 6.9682 x 109 2.06529 x 10~10
1.0 1.7148 x 108 1.13374 x 1079
0.0 1.17635 x 10~%  1.57206 x 1010
0.2 271312 x 1078  4.24994 x 10~10
bis(t) 0.4 4.98825 x 1078  8.53711 x 10719
0.6 8.20743 x 10~%  1.49893 x 10~?
0.8 1.26137 x 10~7 2.42823 x 10~°
1.0 1.84915 x 10~7  3.7237 x 1077

4.03563 x 10713
1.33798 x 1012
3.04097 x 10~12
5.9432 x 10712
1.0496 x 10—t
1.73877 x 10~ 11

3.40804 x 1014
2.67234 x 10~ 14
1.9252 x 10~

2.52558 x 10~
2.13406 x 1014
2.44683 x 1014

5.65867 x 10~1°
3.00801 x 10~1°
4.60222 x 10715
5.98306 x 10~1°
7.95024 x 10~15
1.07431 x 10~ ™

When the homotopy maps (2.4) are equal to zero,
the following deformation equations can be con-
structed as

(1= q)La[Z(t; ) — zo(1)]

—qhH (t)No[2(t: ), 5(t: ), 5(t; 0), b(t; 0)] = 0,
(1= q)Ly[y(t; q) — yo(t)]

—qhHy () Ny[Z(t; 0),5(t; 0), 5(t; 0), b(t; )] = 0,
(1 —q)Ls[5(t; q) — so(t)]

—qhH,(t)Ns[2(t; q), 5(t: 9), 5(t; q), b(t; ¢)] = 0,
(1= @) Ly[b(t; q) — bo(t))

—qhHy(t)No[Z(t; 0), 5(t: 0), 5(t;.0), b(t; )] _(g’,ﬁ)

which are called the zero order deformation equa-
tions. We know that by changing ¢ from 0 to 1

the HATM can be leaded to the exact solution
from the initial functions xo(t), yo(t), so(t), bo(t).

The Taylor series are constructed with respect
to q as

Z(t;q) = wo(t) + D=y Tm(t)g™,

y(t;q) = yo(t) + D=1 ym(t)d™,

(2.7)
5(t;q) = s0(t) + 2=y sm(t)g™,
b(t; q) = bo(t) + Xopm—1 bm(t)g™,
where
o™z (t; o™ y(t;
Il?'m:% 8:51(72(1) ) ym:%% )
q=0 q=0
5 — 1 9ms(ta) b — L 9mb(tiq)
m T ml  Ogqm ’ m T ml  Oq™ :
q=0 q=0

It is important that by choosing the suitable
value of convergence control parameter h, func-



404

S. Noeiaghdam et al., /IJIM Vol. 12, No. 4 (2020) 397-418

Table 4 Continue.

function ¢

h=-09

h=-08

h=-07

h=-0.6

h=-0.5

0.0
0.2
I15(t) 0.4
0.6
0.8
1.0

2.68882 x 1016
2.8276 x 10~16
2.39392 x 10~16
1.99493 x 1016
2.498 x 10716
4.38885 x 1016

3.34819 x 1014
2.65152 x 10~14
5.38198 x 10~
5.98549 x 10~14
5.31363 x 1014
3.95517 x 1014

1.47243 x 10~
2.69185 x 10~12
1.43934 x 10~ 11
2.15801 x 10~11
2.52575 x 10~ 11
2.62632 x 1011

1.10185 x 1072
2.09883 x 10~10
4.90785 x 10719
1.0264 x 10~°

1.42039 x 107°
1.69365 x 10~°

3.13165 x 10~8
1.37738 x 10~8
1.23345 x 1079
1.39408 x 108
2.45661 x 10~8
3.33113 x 108

0.0
0.2
Y15(t) 0.4
0.6
0.8
1.0

4.60482 x 10715
5.22325 x 10~ 1°
5.83214 x 1015
6.59368 x 1015
7.61457 x 10715
9.20878 x 10~1°

1.65809 x 1013
2.73826 x 1014
3.08677 x 10~ 14
4.82574 x 10714
4.40264 x 10714
2.90939 x 10~

7.18153 x 10~11
3.06816 x 10~ 11
4.90109 x 10~ 12
1.04135 x 10711
1.86377 x 10711
2.20654 x 10~11

5.374 x 10~°

3.23998 x 10~?
1.64565 x 1072
4.74479 x 10710
3.66116 x 10710
9.49174 x 10710

1.52738 x 10~ 7
1.10411 x 1077
7.54487 x 1078
4.67596 x 10~8
2.34031 x 108
4.57242 x 1079

0.0
0.2
815(t) 0.4
0.6
0.8
1.0

1.80758 x 1015
1.8657 x 10715

1.93595 x 10~15
2.31846 x 1015
2.09468 x 10~1°
1.22732 x 10710

1.69611 x 1013
3.713 x 1014

4.47498 x 10714
7.69402 x 1014
7.27482 x 10~
4.63189 x 1014

7.43005 x 10~
3.7912 x 10~ 11
8.57709 x 10~12
1.28533 x 10~
2.65697 x 10~11
3.3405 x 10~

5.56003 x 107
3.75541 x 1079
2.15149 x 1079
7.79468 x 10~10
3.47164 x 10710
1.22848 x 1079

1.58026 x 10~ 7
1.2326 x 107

9.08523 x 108
6.11526 x 10~8
3.43927 x 108
1.07057 x 108

0.0
0.2
bis(t) 0.4
0.6
0.8
1.0

4.99947 x 1015
5.37764 x 10710
7.41074 x 10715
0.48373 x 10~1°
1.19332 x 10~
1.36315 x 10~14

3.62047 x 10~13
3.54508 x 10~
1.29749 x 10713
1.84682 x 1013
1.69481 x 10~ 13
1.14127 x 10~ 13

1.57199 x 10~10
6.35448 x 10~ 11
2.43559 x 1012
4.58686 x 10~ 11
7.12344 x 1011
8.24228 x 10~ 11

1.17633 x 108
6.99873 x 10~7°
3.15059 x 1079
1.09763 x 1010
2.22411 x 1079
3.9431 x 1077

3.34334 x 10~ 7
2.40999 x 1077
1.59719 x 10~ 7
8.9537 x 108

2.95472 x 10~8
2.11066 x 10~8

tions

tions H,(t), Hy(t), Hs(t), Hy(t) and linear opera-
tors Ly, Ly, Ls, Ly, the Taylor series (2.7) will be
convergent to the exact solution. For more anal-
ysis, we define the vectors

zo(t), 1 (t), . ..
Yo(),y1(t), -, Ym
so(t), s1(t), ...

), ...,

bO(t)abl ) b

n) .

o
(0}
n(0)}

W
3
=~
~

I

Now, the following m-th order deformation equa-

L, [Il'm(t) - mem—l(t)]

-

= hHm<t)§R% (fm—la gm—la gm—la bm—l) 5
Ly [ym(t) — Xm¥ym—1(t)]
- th(t)%"yn (f‘m_h gm—lv gm—la gm—l) )

Ly [sm(t) = Xmsm-1(t)]

-

= hHS(t)éRqsn <fm—1a gm—ly gm—l) bm—l) 5

Ly [bm(t) - mem—l(t)]
= th(t)%l;n <fm71y g’mfly gmfla gm71> )
(2.8)
can be obtained by differentiating Eqs. (2.6) with
respect to ¢, dividing by m! and putting ¢ = 0
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where RZ,, R, R R are defined as

—-(1- Xm)ﬁ[u}

xmfl(O)

Ry = Llrm-1(t)] -

+ O L1 ()] —

LLTI wit)emo1ilt)

o df;ﬁﬁ [2261 xl(t) (ym—l—i(t) + Sm—l—i(t))}

gt [ O]

R = Llym 1 (1)] — 220

2 [ ) 0) 51
L1 ()] = CL[sm—1(t)]

A (1) -

z

UL 305 O W14 + Smo1-i(0)]

_dotdy [Zz Lyt )bm—l—i(t):| ;

RS, = Lym_1 ()] — L2220

~2L[yma (1)) + L s, (1)

~BL [0 ai®)sma-i(t)]

_d7f£ [Zggl Si(t) (ym—l—i(t) + Sm—l—i(t))]

do+dy m—
— L [ i)

R, = Llbp (1) — 22O —

m

2L[ym-1(t)]

—3Lfsm1 ()] + Lo+ + L) Lo 1 (8)]

— L [T i (1)bm1i(1)

dej [Zm L, () (ym—1-i(t) + Sm—l—i(t)):|

d0+df£ [Zm 1 b ( )bm—l—i(t)} ’
(2.9)

and parameter Y., is presented as

0, m< 1
Xm = (2.10)
1, m > 1.

By applying the inverse Laplace transformation
L~ for both sides of Eqs. (2.8) and putting
H,(t) = Hy(t) = Hs(t) = Hp(t) = 1 we get the
following traditional equations as

T = XmTm—1 +RLTL[RE ],
Ym = Xm¥Ym—1 T hﬁil [ER%L] 5
(2.11)
Sm = XmSm—1+hRLTL[RS ],
b = Xmbm—1 + hL™! [%f’n] .

£ |:Zz -0 $2(t)ymflfi(t)17inally, the N-th order approximate solutions can

be obtained by using the following relations

ey (t) = 230 25(t),
yn () = 350 s (8),
sv(t) = Xjlg5(t),
NOEDIANIGE

(2.12)

x(t)

0.50365 -
0.50360 -
0.50355 -

0.50350

y(t)
0.2018

0.2016
0.2014
02012
0.2010

L L L L L L L h
02008+ -1.4 -12 -1.0 -0.8 -0.6 -0.4 -0.2

Figure 2: The h-curves for N =5t = 1.
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s(t)
0.1516 -

0.1514

0.1512

0.1510 -

0.1508 -

0.1440 -

0.1435

0.1430 -

. . . . . . .
014251 -14 -12 -1.0 -0.8 -06 -04 02

Figure 2, Continue.

3 Convergence Theorem

In order to show the convergence of presented
method the following theorem is presented. Ac-
cording to this theorem when N — oo, the
HATM leads to the exact solution of non-linear
problem (1.1).

Theorem 3.1 As long as series solutions (2.12)
are convergent where x;(t),y;(t),s;(t),b;(t) are
produced by the high order deformation equations
(2.8) under definitions (2.9), they must be the ex-
act solutions of non-linear system (1.1).

Proof. If the series solutions

Pi(t) = 3= Tm (1),
Pa(t) = Yoo Ym(t),

oo 3.13
P =g, O
Py(t) = X =0 bm (1),

are convergent then
limy;, 500 ym(t) =0,
(3.14)

limy, 00 S (t) = 0,

Xt
0.503580 |

0.503579

0.503578

0.503577 1

0.503576

0.503575

0.503574 -

0.201175

0.201170

0201165

0.201160

0.201155

0.201150

0.201145

0.201140 -

L L L L L
-14 -1.2 -1.0 -0.8 -0.6 -04 -0.2

Figure 3: The h-curves for N = 10,¢ = 1.

So, we can write

N
Zm:l
N
Zm:l

N
Zm:l

N
Zm:l
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s(t)

0.14412 -
0.14410
0.14408 -

0.14406 -

0.150945 -

0.150940 -

0.150935 |-

0.150930

0.150925

0.150920 \
b(t)

Figure 3, Continue.

407

x(t)

0.503573

0.503573

0.503573

I
-0.2

0.201139 -
0.201138

0.201138

0.201137

0.201137

L L L L L L L
-14 -1.2 -1.0 -0.8 -0.6 -04 -0.2

Figure 4: The h-curves for N = 15,¢t = 1.

that by Egs. (3.14) and (3.15) we have written as

2%21 |:xm(t) - meml(t):|
= th—)oo xN(t) = 0,
s [10) = Xt 1)
= limy 00 yn (t) = 0,
(3.16)
S [smlt) = msma(0)
= limy_00 SN () =0,

S (b0 = b )]

= th—)oo bN(t) =0.

By applying the linear operators L,, L,, L, and
Ly, for Egs. (3.16), the following relations can be

zmwﬁm@—mmA@

zmﬁ4%@—MW4@
= Ly S5 tlt) = Xoa(8)] =

Z%ﬂ#dﬁwmmﬁﬂ

zmwﬁwmewwﬂ

— L[ 515 (®)  Xnba(8)] = 0.
(3.17)
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0.150916 -
0.150915 -
0.150915 - —  Esx
Esy Er
0.150915 ‘ & 0.020]
71‘ 4 71‘ 2 71‘ 0 70‘8 76.6 -0.4 70‘2 h —  Esp
b(t) \ 0015
0.144129 \ \ ool
0.144128 - \ /
\ 0/005.
0144127} N ‘ > = |
2.0 1.5 -1.0 -0.5 05
—  Eiox
0.144126 -
--  En
Error
0144125 Eos )
0.030 |
L h —  Eno, |
-14 -12 -1.0 -0.8 -06 -04 -02
0.025 |
Figure 4, Continue. ‘ oo20f |
0.015 t/
\ 0.010-
Thus the right hand side of m-th order deforma- oosf /
tion Eqgs. (2.8) are equaled to zero as follows G s o =5 o5 "

- . o - Figure 5: Averaged residual errors versus A for
Al (8) 2t R (Tt Gt S 1,0m-1) = 0, 00" 5 and £ = 1.

-

th(t) Z;.::l §Rgn(fm—la gm—la gm—l; bm—l) - 07
RH(t) 300 RS (Tim1, Tin1, Sm—1, bn—1) = 0,

th( ) Zm 1 %%(fmfla ijfl, gmfly gmfl) =0.
(3.18)

But based on the assumptions of HATM, in Egs.
(3.18) we get h, H,(t), Hy(t), Hs(t), Hy(t) # O,

thus
00 — - — I
Zm:l fn(mmflv Ym—1)Sm—1, bmfl) = Oa - Fe Error
. Euy 0.05
i
oS Y /= - - e o ‘ — Es; N
Zmzl m(xm—h Ym—1, Sm-1, bm—l) =0, “ ke 0'04"\‘ |
. | 0.037“‘ |
S . - - I
Zm:l fn(xm—hym—la Sm—1, bm—l) - 07 woal! |
00 b - \ 4 ot |
S R (Font, Gty S, bm—1) = 0. \ 'y
. b (3.19) S R L L.
By putting RZ,, Rp,, RS, and R, into Eqgs. (3.19) . .
a" Figure 5, Continue.

and assuming (.)’ = 5 we get,
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—  Esx
Error - Esy
- Ess 4
- — Esp ¥
15x107° B
3
'I
/
1.x10° i
'l
'I
¢
5.x1070 7/
/
X
—"
-
. - - Lot
0.2 0.4 1.0
—  Enox
Error - Eroy
1.x1075 - - Eus
—  Eiop
8.x10716 |- -
6.x107F ’
1
‘I
4.x1078 J
K
'l
2.x10716 | I
—
1.0

Error —-  Eisy

3.x107™

25x107M

2.x107"

1.5x107"

1.x107"

5.x10715 P

4 L L L Loy

0.2 0.4 0.6 0.8 1.0

Figure 6: Residual errors for i = —1 and N =
5,10, 15.

Non-smoker
T T

Year
Normal smoker
T T

E’; -100

-150

-200

Year

Figure 7: Plot of numerical solutions of
x5(t),y5(t), 55(t)7 b5(t) for h = —1.

Excessive smoker
—_—

s(t)

Year
Ex-smoker
T T

b(t)

Year

Figure 7, Continue.

Non-smoker
e L e o

x(t)

L i
0 20 40 60 80 100
Year
Normal smoker
—

40000

30000

y(t)

20000

10000

Year

Figure 8: Plot of numerical solutions
210(t),y10(t), 510(t), b1o(t) for h = —1.

409

of
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s(t)

b(t)

-10000

-20000

-30000

-40000

-50000

-60000

Excessive smoker
e

2 40 60 80 100
Year
Ex-smoker
—
I L L L L L |
0 2 40 60 80 100
Year

Figure 8, Continue.
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00 00 m—1
DR =D T () = (1= xm)+ (do + p)am-1(t) = do Y i(t)zm-1-i(t)
m=1 m=1 i=0
m—1 d() + df m—1
= (ds = 8) Q_ @i®)Ym-1-i() + sm-1-i(1)) = (—5—) > 2i()bm-1-i(t)
i=0 1=0
00 (%s) oo m—1
=Yl (t) = pt (do+p) Y wm(t) —do D Y wi(t)Tm-1-i(t)
m=0 m=0 m=1 =0
oco m—1 oco m—1
—(dy — B) Z i () (Ym—1-i(t) + Sm—1-i(t)) — (alO ;df) Z 2 ()14 (1)
m=1 i=0 m=1 i=0
= Z x;n(t) —p+ (do + ) Z Ty (t) — do Z Z 2 (1) Tm—1-i(t)
m=0 m=0 1=0 m=i+1
— (= B)Y Y @®mar-i(t) + smo1i®) = (K D0 Y @i®bnori()
1=0 m=i+1 =0 m=i+1
=D @) —pt (do+ 1) Y wm(t) dole me
m=0 m=0 m=0
—(df = B)D>_wi(t) > (ym(t) + sm(1)) = ( 5 ) > @i(t) D b(t)
i=0 m=0 1=0 m=0
= PY(t) — i+ (do+ mPr(1) — doPR(D) — (dy — B)PL(O)(Ps(1) + Po(0)) — (T Py 1) Py,
(3.20)
and
[e's) 00 m—1
YR = [%1 =B 2w m-1-it) + smo1-i(t)) = pbna (t) = asma(t)
m=1 m=1 1=0
m—1
(v + A+ dp)ym-1(8) = do Y 2i(t)ym-1-i(t)
= (3.21)
m—1 m—1
g Y O+ s1i(0) = (5 ) S w1
=0 1=0
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oo m—1
(Y A+ ptdp) D ym(®) —do Y D wi()ym-1-i(t)
m=0 m=1 i=0
co m—1 o m-l
—ds > > YO Ym1-i(t) + smo1-i(1) — (@ _; ) > 2 uiltbma=i()
m=1 i=0 m=1 =0
S B B O Wi+ 5o ) =9 > b)) — a3 sm(®)
0 =0 m=i+1 m=0 m=0

m=0 1=0 m=1+1
7dfz Z yz(t)(ymlz()+5mlz( d0+df Z Z Yi m—1—1
=0 m=i+1 =0 m=i+1 (3 22)
:Zy;n—ﬂle(t)Z(ym )+ St pr —aZsm
m=0 =0 m=0
+(Y+ A+ p+dy) Zym dOZxZ > Ym
m=0
00 00 d d oo 0o
3wl D (m®) + s (1) — (TS y6) S bt
=0 m=0 =0 m=0

= Py(t) = BPI(t)(Pa(t) + P3(t)) — pPa(t) — aPs(t) + (v + A + p+ dy) Pa(t)

do—l—df

— doPr(8)Pa(t) — dp P2 () (Pa(t) + P3(1)) — (——) P2 (t) Pa(?),
and
) 0o m—1
Z RS = Z [slml(t) — VYm—1(t) + (a+ 0+ p+ df)sm—1(t) — do Z () Sm—1-i(t)
m=1 m=1 =0 (323)
m—1 m—
—dp S i) 1 i(8) + s i(t) — (2 + ) Z b1 ]
1=0 =0
oo 00 00 oo m—1
=D s =Y ym) F @+ Fptdp) Y sn(t) —do Y Y wilt)sm-1-i(1)
m=0 m=0 m=0 m=1 ¢=0
oo m—1 oo m—1
30 )W) + i) — (P SN b0 (3.21)
m=1 =0 m=1 i=0
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SN s mai®) 4 smoi®) — (PSS bt

=0 m=i+1 =0 m=i+1
:ZS VZym O‘+5+,U/+df)Zsm(t)_dozxi(t)zsm(t)
m=0 m=0 1=0 m=0
_dfzsl > W)+ 5m0) — (TS 5u(t) 3 )
m=0 =0 m=0
= Ps(t) — ’YP2(75) +(a+d+p+ gf)Psd(t) — doPy(t)Ps(t)
— AP (0)(Pa(r) + Po(t)) — (U2 ) Pty Py,
andfmally
Z = 2 |t a0~ Nomr(0) = 5+ (0 5 ) b0
m=1
m—1 m—1
—dop Z 2 (t)bm—1-i(t) — dy Z bi(t) (Ym—1-i(t) + sm—1-i(t))
=0 1=0
m—1
_ (do -g df) > bz(t)bmlz(t)]
SDIUACEPS SPACERD SEACRN (RS AT
m=0 m=0 m=0 m=0
oo m—1 oo m—1
—do Z i (t)bm—1-i(t) — df Z bi(t) (Ym—1—i(t) + Sm—1-4(t))
m=1 i=0 m=1 i=0
00 -1
_ (dﬁz‘d mzl > bi (b1 (1)
SOIACERS SPAUET) SEAURS (R Ry D0
m=0 m=0 m=0 m=0
_dOZ Z l‘z( m—1— z dfz Z b ym 1—1 )"‘Sm—l—i(t))
=0 m=i+1 =0 m=i+1
- do + df 00 00
( 5 ) iz;m;lbz(t)bm 1-i(t)
=> b, )\ng 5Zsm + +d°;df>2bm(t)
m=0 m=0
3 ()Y bl = dy B S () + 500)
1=0 m=0 =0 m=0
<d° : df) S 003 bult)
=0 m=0
= Pl(t) — APy(t) — 6P5(t) + (p fusd ; df> Py(t)




414 S. Noeiaghdam et al., /IJIM Vol. 12, No. 4 (2020) 397-418

Egs. (3.20), (3.21), (3.23) and (3.24) show the
series solutions (2.12) must be the exact solutions
of problem (1.1).

4 Numerical Illustration

In this section, the approximate solution of Eqs.
(1.1) is obtained. For N =5 we get

z5(t) = 0.5045 + 0.00513089ht
4+ 3.82918 x 10~ 7ROt
+2.22461 x 1079R5¢t°,

ys(t) = 0.2059 + 0.0250246ht
+ -+ +2.05093 x 10~6p5¢
+2.46846 x 1078h°t5,

s5(t) = 0.1559 4 0.0258909At
o — 841777 x 10~ 7ROt
—1.98603 x 10~8h%t5,

bs(t) = 0.1337 — 0.0547773ht
+ -+ 4+ 1.55965 x 10-%hp5¢

—6.91485 x 107255,
and for N = 10 is in the following form

z10(t) = 0.5045 4 0.0102618ht
+ -+ +3.91031 x 10~ 1°p10¢
+7.71978 x 1071810410,
y10(t) = 0.2059 + 0.0500492ht
+ -+ 5.5466 x 10713p10¢°

+1.87646 x 10710410,

s10(t) = 0.1559 + 0.0517818ht
+--- —5.70543 x 107131049
—1.93383 x 10~ 1Pp10410,
bio(t) = 0.1337 — 0.109555ht
+ -0 4 2.99605 x 107 15p10¢9

+1.08046 x 101710410,

and finally for N = 15 we have

z15(t) = 0.5045 + 0.0153927ht
400 —2.20444 x 107 2p15¢
—6.15273 x 1072615415,
y15(t) = 0.2059 4 0.0750739ht
4+ 4 9.54277 x 10721 p15¢14
+1.40286 x 10~ 23,1545,
s15(t) = 0.1559 + 0.0776727ht
+--- —1.00308 x 10720, 15¢14
—1.48472 x 107 23p15¢15
bis(t) = 0.1337 — 0.164332ht
-0 4+ 4.12203 x 107 23p15¢14

+4.84391 x 1072615415,

By using the obtained numerical solutions, we
plot some A-curves which are applied to find the
convergence intervals. Figs. 2, 3 and 4 show
the convergence regions based on the HATM for
N = 5,10,15 and t = 1. According to these
figures the convergence intervals for N = 5 is
—1.2 < Ny, hy,hs, by < =06, for N = 10 is
—1.3 < hg,hy,hs,hy < —0.5 and finally for
N = 15 are —1.3 < h; < —0.6 and —14 <
Ty, hs, Ty < —0.5.
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The following residual error functions

Ena(t) = 2y (1) — i+ (do + p)an(t)
~do () — (ds = Hzn () (v (1) + sn (1))
— (") an by (o).

Eny(t) =y (t) = Ban () (yn(t) + s (1))
—pb(t) —asy(t) + (v + A+ p + dp)yn(t)
~doxn () (£) — dpyn (D) (£) + sn (1))
— (%55 un b (1),

Ens(t) = sy(t) —yyn(t)
Ha+d+p+dp)sn(t) —doxn(t)sn(t)
—dysn(8)(yn(t) + sn (1))

— (B24) sn(ba (),

Enp(t) = by (t) — Ayn(t)

—osn(t) + (p +p+ do—gd'f> by (t)

—doz N (t)bn(t) — debn (1) (yn(t) + sn(t))

- () B30,
(4.25)

are presented to show the accuracy and effi-
ciency of method. The averaged residual errors
of HATM versus A are demonstrated in Fig. 5 for
various IV and ¢t = 1. By applying the averaged
residual errors and minimizing them we can find
the optimal values of . According to this figure
the obtained optimal value of i is A* ~ —1. Now,
we can plot the residual error functions based on
presented method. Fig. 6 is the comparative
figure to exhibit the accuracy of method. Also,
the approximate solutions in non-smoker, normal
smoker, excessive smoker and ex-smoker cases are
demonstrated in Figs. 7 and 8 for N = 5,10
and h = —1. Furthermore the residual errors of
x(t),y(t),s(t) and b(t) for different values of h
and N = 5,10,15 are presented in Tables 2-4.

5 Conclusion

The mathematical models can help to scientists
for tracking and controlling the phenomena and
behaviors. These events may be related to human
life. Every day, we see many people that they are
smoking and we cross from front of them with-
out any attention. WHO says every year many
people are killed because they smoked. So study-
ing the mathematical model of smoking habit is
very important to rescue the humans life. In this
paper, the HATM was applied to solve the non-
linear mathematical model of smoking habit in a
constant population which was modeled on Spain
people. We know that the approximate solution
of this method depends on convergence control
parameter h. So some h-curves were demon-
strated to find the convergence intervals. The
plots and the results of error functions showed
the accuracy and efficiency of method. By using
this model we can predict the evolution of a so-
cial habit. Since the social behaviors are continu-
ously changing and in our model the parameters
are constant, we do not need a very large range
of validity.
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