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Abstract

Data envelopment analysis (DEA), is a non-parametric mathematical programming technique to eval-
uate the efficiency of a set of homogeneous decision-making units (DMUs), so that DMUs are evaluated
into two groups, efficient and inefficient. According to the staggering costs in order to managing DMUs
or organizations, maintaining some loss-making organizations are not cost-effective. Therefore, one
of the concerns of managers in the discussion related to the financial problems of organizations is
the maintenance or merger or elimination of inefficient organizations (inefficient DMUs). However,
this article focuses on the performance of inefficient units. Therefore, we measure the productivity of
inefficient DMUs using the revised Malmquist productivity index (MPI) to make a decision based on

the maintenance or merger or elimination of these DMUs by decision makers
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1 Introduction

EA is currently a popular technique for an-
D alyzing technical efficiency and it has been
used in a number of applications. The applica-
tions of DEA present a range of issues relating to
the homogeneity of the units under assessment.
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In order to achieve the correct insight into pro-
ductivity (a function of technical efficiency and
effectiveness) DMUs, in order to improve their
situation, recognizing their performance is a pri-
ority.

DEA models divide DMUs into two groups, ef-
Inefficient DMUs can be
improved their performance by decreasing their
current input levels or either increasing their cur-
rent output levels in order to reach the efficient
One of the application problems that
concerns management of DMs is solving the prob-

ficient and inefficient.

frontier.

lem of financial and credit institutions regarding
the maintenance or merger or elimination of in-
efficient organizations (inefficient DMUs). Due
to the staggering costs of organizations, it is not
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cost-effective to maintain some loss-making or-
ganizations. Therefore, DMs seek to merge or
eliminate such organizations. In some applica-
tion problems, the data appear as a ratio from
input to output, or vice versa, where DEA mod-
els are unable to calculate efficiency, and we use
DEA-R models instead of DEA models [8, 16 -
20].

The Malmquist productivity index (MPI) is one
of the powerful tools, so that it can help to
managers. This index was first suggested by
Malmquist [15] and later extended for productiv-
ity analysis by Caves et al. [4]. The advantage
of this method is measuring the position of an in-
efficient unit in relation to a combination of all
efficient units and also in relation to a combina-
tion of all other inefficient units. MPI is the most
important indices for evaluating the productivity
the set of DMUs at the two time periods or two
groups of DMUs at the one time period [2].

This paper uses the revised MPI to compute the
productivity between two groups efficient and in-
efficient at the one time period in order to deter-
mine the productivity performance of inefficient
DMUs. In other words, the purpose of this article
is to identify the effect of inefficient units on the
efficient units using the productivity index. How-
ever, this information can be useful for managers
in making decisions and improving in the man-
agerial and operational tasks in their organiza-
tional units. For this purpose, consider n DMUs
with multiple inputs and multiple outputs, where
they have been divided into two groups of effi-
cient and inefficient units. Suppose that A be the
set of efficient units and B be the set of inefficient
units. The value of efficiency is unity for efficient
units and in order to the inefficient units is less
than 1. Suppose that p is an inefficient unit, then
in order to evaluate its productivity we compute
the amount of the product of the performance of
relative to the two efficiency frontier of efficient
units A and the frontier of the inefficient units B.
This paper unfolds as follows. Section 2 discusses
about the scope and purpose. Section 3 gives
a background of DEA and MPI. Sections 4 in-
troduce a revised method for measuring the pro-
ductivity of inefficient DMUs. Section 5 uses an

application real example to calculate the produc-
tivity of inefficient units from 40 industrial banks
in Iran. Some concluding remarks follow in Sec-
tion 6.

2 Scope and purpose

Consider several decision-making units engaged
in educational and economic activities under
the supervision of a central organization. Each
decision-making unit (DMU) includes multiple
Suppose that af-
ter several decades of operation, it is determined

inputs and multiple outputs.

that some units are efficient and some are ineffi-
cient. One group of DMs wants to eliminate the
collection of inefficient units and allocate their re-
lated budgets to other units, but another group
has a different view and wants to maintain ineffi-
cient units and encourage these units to become
efficient. For this purpose, in order to reach a
logical solution, we measure the productivity of
inefficient DMUs, and then make a final decision
about maintaining or merger or eliminating these
units.

3 Background

3.1 Data
(DEA)

Envelopment Analysis

DEA is a mathematical programming approach
for evaluating the relative efficiency of homoge-
nous DMUs. DEA was first proposed by Charnes
et al. [6], which provide a measure of efficiency of
each DMU. The relative efficiency for each DMU
with multiple inputs and multiple outputs is de-
fined as the ratio of the weighted outputs to the
weighted inputs. The proposed original model by
Charnes et al. [5, 6], is based on constant returns
to scale in the production process. Banker et al.
[1] also, introduced an alternative model based on
variable returns to scale.

Consider n DMUs , so that each DMU consumes
m inputs for produce s outputs.
T; = (a;lj, ...,xm]‘) S RT and Y; = (ylj, ...,ysj) S
R% be the input vector and output vector of
DMU; respectively, with y; > 0,y; # 0,2; >

Assume that
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0,z; # 0. The CCR DEA model evaluate each
DMU with the composite unit that consumes the
lowest possible fraction of that DMU’s current
input levels to produce at least that DMU’s cur-
rent output levels, separately. The measure of
efficiency DMU,,0 € {1,...,n} in the envelop-
ment form CCR input-oriented model obtains as
follows:

min 0

n
s.t. Z )\jfEij < Hxio, 1= 1, e, M,

j=1
n

ZAjyrj > Yroy T=1,1,5, (31)
j=1

A0, j=1,--,m.

Assume that 8* be the optimal value in evaluat-
ing DMU, , If 0 =1, then DMU, is efficient,
otherwise it is inefficient.

3.2 The Malmquist productivity index
(MPI)

Productivity and technical change between peri-
ods can be measured by Malmquist productivity
index (MPI). The productivity growth in target
achievement for an individual unit can be mea-
sured by the MPI as improved efficiency relative
The MPT in DEA,
compute the distance function, for measurement

to the benchmark frontier.

the productivity change among two time periods
or two groups at the one time period. This in-
dex is based on two factors of efficiency change
index and the technological change index. Fare
extended the MPI and then presented it for each
unit with combine the Farrell views for measure-
ment of efficiency [9, 13, 14]. MPI is divided on
two factors of efficiency change index which indi-
cates increase or decrease of efficiency and tech-
nological change index, which measure the value
of frontier movement.

3.2.1 The Malmquist productivity index
at two time periods

Consider a set of homogeneous DMUs as
DMU; = (J};-,y;),j € {1,...,n}, at the time pe-

riod ¢ . The DEA efficiency is obtained using the
CCR model in evaluating DMU,,0 € {1,...,n}
as follows:

D'(xg, Yo) = min 0

n
¢ t .
s.t. E Nji; < Oz, i=1,---,m,
j=1

n
ijyij > yiov r= 17 s S, (3'2)
Jj=1

Aj>0,j=1,---,n.

If D'(zt,yt) =1, then DMU, is efficient at the
time period ¢ , otherwise it is the inefficient unit.
By replacing ¢ + 1 to ¢ in model (3.2), we can
evaluate technical efficiency D'T!(ztH 41 for
DMU, at the time period ¢t + 1.
calculating distance function at two single period

MPI requires
and two mixed period measures. Therefore,
in order to compute distance function at two
mixed period, the following models are presented:

DY (agt ystt) = min 6

0 7’:17"'ama

n
s.t. Z )\jxfj < Gztt?
j=1

n
STyl oyl r=1s (33)
j=1
)\jZO7 j:l,...’n7
and
D" (xp, ) = min 6
n
sty Nt <oal, i=1,-m,
j=1
n
Z)\]y;{jl Zyvt"(ﬂ r= 17'”787 (34)
j=1

)\]207 jzlv"'ana

where, model (3.3) provides the measure of pro-
ductivity efficiency by data of time period ¢ + 1
relative to technology frontier at the time period
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t. Alternatively, model (3.4) gives the measure of
productivity efficiency by data of time period ¢
relative to technology frontier at the time period
t+ 1 . Hence, the input oriented MPI introduced
as follows [4]:

1
wa“,yf“)Df“(xt“,yf“)} 2 (3.5)

MPI = |: Dt (azt, yt)Dt+1(zt, yt)
3.2.2 The Malmquist productivity index
for two groups at one time period

Consider two set A and B, such that (xf, yf),j =
1,...,n4 and (xf,yf),j =1,...,np .D(:Uf,yf),
denotes the input distance function for evaluating
DMUj in group B with respect to the efficiency
frontier of group A. Camanho et al. [3] defined an
index for the comparison of performance between
two groups of DMUs (group A and B), accord-
ing to the Malmquist productivity index that had

been developed by Fare et al. [10], as follows:

1 1

T4 AL A LA\ ™ oB.A A\ n

H D (zj,yj) A _HlD (ZJ ,yj) A
j=

=1

1
2

JAB _

X
T T
g2 np 42 np
I DAB,yB) | "B 1T DE@B,yB)| "B
1= J=

(3.6)

The first ratio inside square brackets evaluates
the average distance DMUs from group A divided
by the average distance DMUs from group B. The
second ratio is a similar quotient. In terms of the
interpretation of the overall index, a value less
than unity indicates better performance in group
A than in group B.

4 Measuring the productivity of
inefficient DMUs

The relation (3.6) has two weaknesses. First, it is
not any taken preference from group A to group
B, for this reason, the geometric mean had been
used. Second, this formula compares two groups
and is unable to calculate the productivity of
a member of one group with another group
frontier.  For this purpose, we assume that
group A performs better than group B. Thus, to
evaluate a DMU such as (z,,yp) € B relative to

group A and group B, we introduce a distance

index (DI) the following relation:

1

1
nA n nA n
A A A A B/ A A A
(H D (zjvyj )) <H D ("Ej:y]‘ ))
DIAB _ j=1 j=1
v DA(zF,yF)

[N

DB, yp)
(4.7

Thus, the value of DIZ‘;‘B < 1, indicates (1‘5 ) y{f )
has good productivity, DI;;‘B > 1, bad produc-
tivity and DI =
formance stayed constant in a system.
der to describe the method proposed in this pa-
per, consider n decision making units (DMUs),
as (xj,y5) , j € {1,...,n} each consumes m in-
puts x; = (21j,...,Tmj) € R to produce s out-
puts y; = (Y15, --,Ys;) € R. First, using CCR
DEA model (3.1), we compute the efficiency of
the DMUs and categorize them into two efficient
and inefficient groups. Assume that the set A
includes efficient DMUs and the set B including
inefficient DMUs. The efficiency value of mem-
bers A is the same and equal to 1, and the effi-
ciency value of members B is less than 1. Let us,
(J:JA,yJA) ,j=1,...,n4 be DMUs in group A and
(:z:JB,yf),j =1,...,np be DMUs in group B, such
that ng+npg = n . Also, we have DA(xf,yf) =1

1, indicates that its per-
In or-

, 7 = 1,...,n4, and DA(x_7B7y]B) <1l,yJ=
1,...,np. However, in order to measurement the

productivity of an inefficient DMU (xf ,yf ) by
relation (4.7), where we have DA(:Bf, yf) = land

na nag
the value| [[ DP (xf,yf‘) is constant value
=1

in evaluating all inefficient DMUs. Therefore,

it is enough that, we obtain the distance func-
tion DA(wf, yf ), which represents the input dis-
tance for DMU, in group B with respect to the
efficiency frontier of group A and DP (:cf ,yf ),
which relates the input distance for DMU), in
group B relative to the efficiency frontier B as

it has shown in (4.8).

1
DB =
P DAaB,yP).DB(zB,yb)

Therefore we define productivity for inefficient
(PI) DMU), as follows:

(4.8)

pIAB _ 1

p DI;;‘B (4'9)
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Table 1: Average values of inputs and outputs from 2017 to 2018.

DMUs Y1 Y2 Y3 Z1 2

1 609.85 811.50 550.50 2952.49 1031.00
2 998.95 982.45 832.05 4459.63 1140.00
3 340.80 980.90 639.50 2135.65 696.20
4 1441.00 2914.50 894.40 6565.92 1090.00
) 441.90 1284.50 739.40 2722.38 707.40
6 1129.00 1420.50 800.25 4551.81 1097.00
7 3149.00 781.70 3315.50 8026.07 1150.00
8 1035.00 823.80 771.90 4357.19 1032.00
9 1154.00 1313.00 659.80 4021.79 1070.00
10 828.70 1244.00 720.15 4562.83 1022.00
11 1414.00 2358.00 1000.00 6907.83 1061.00
12 2454.00 10896.50 2178.00 11601.31 674.80
13 1124.05 615.70 1021.60 3977.59 1008.00
14 1001.90 1623.50 762.65 3754.29 1068.00
15 1015.00 1007.10 542.50 3866.61 1048.00
16 909.20 600.15 1396.50 3786.60 1010.00
17 1205.00 1933.00 818.95 5621.49 1092.00
18 1508.50 2364.50 1099.00 6647.73 1089.00
19 1810.50 797.40 2235.50 7265.68 1062.00
20 880.60 1207.00 720.20 4729.05 988.00
21 895.95 1018.90 637.90 2948.40 1006.00
22 1380.50 1416.50 965.45 5228.99 1029.00
23 1015.60 1197.50 625.40 2961.06 1023.00
24 820.25 841.20 847.00 3215.65 980.00
25 716.40 718.45 712.20 2742.78 938.70
26 1483.50 659.35 611.75 2537.32 968.60
27 1099.15 338.90 1305.50 4131.15 951.20
28 1062.20 1015.90 601.30 2968.56 927.90
29 1103.00 383.25 861.35 3440.38 919.80
30 711.35 1003.45 814.05 3079.24 924.40
31 987.25 987.10 906.05 4698.42 894.00
32 518.15 825.85 544.90 2791.18 918.40
33 984.55 438.80 442.85 2716.58 941.80
34 766.90 554.10 346.40 2610.33 925.50
35 340.40 448.90 287.85 2092.02 937.70
36 530.85 427.50 295.95 2195.39 852.00
37 890.95 670.90 533.80 3110.52 819.10
38 241.80 543.40 362.40 1958.45 813.20
39 626.50 236.85 173.95 2159.22 813.20
40 198.20 204.55 372.15 1628.37 813.20
G-Mean 889.2 904.8 722.1 3673.5 955.7
5 An application in the Tehran Inputs: human resource and location index of

banking industry

In this section, we describe a real application ex-
ample from the article on achieving the products
of bank branches (see Tavallaaee, Alirezaee) [18].
We suppose all bank branches have two inputs
and three outputs, which given in Table 1.

branches.

Outputs: deposits, facilities, and services. The
input of human resources has related to the em-
ployees of the branch and the input of the place
is related to the physical location of the branch.
The output index of branch deposits includes
all types of methods of collecting cash by that
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Table 2: The efficiency score 40 of the Iran industrial banks.

DMUs Efficiency DMUs Efficiency DMUs Efficiency DMUs Efficiency
1 0.61 11 0.60 21 0.77 31 0.58

2 0.59 12 1.00 22 0.66 32 0.62

3 0.96 13 0.71 23 0.83 33 0.65

4 0.65 14 0.77 24 0.76 34 0.57

5 0.90 15 0.58 25 0.75 35 0.46

6 0.65 16 0.93 26 1.00 36 0.52

7 1.00 17 0.59 27 0.77 37 0.62

8 0.57 18 0.64 28 0.80 38 0.59

9 0.67 19 0.77 29 0.70 39 0.50
10 0.54 20 0.53 30 0.80 40 0.59

Table 3: The efficiency score for DMUs in group B.

DMUs Efficiency DMUs Efficiency DMUs Efficiency DMUs Efficiency
1 0.73 11 0.96 21 0.93 31 0.81

2 0.76 12 - 22 0.98 32 0.73

3 1.00 13 0.94 23 1.00 33 1.00

4 1.00 14 1.00 24 0.90 34 0.82

5 1.00 15 0.81 25 0.90 35 0.55

6 0.87 16 1.00 26 - 36 0.67

7 - 17 0.87 27 1.00 37 0.88

8 0.77 18 0.99 28 1.00 38 0.64

9 0.91 19 1.00 29 1.00 39 0.80
10 0.74 20 0.73 30 0.93 40 0.63

Table 4: The PI index of all inefficient DMUs in group B.

DMUs Efficiency DMUs Efficiency DMUs Efficiency DMUs Efficiency
1 0.4453 11 0.5760 21 0.7161 31 0.4698
2 0.4484 12 - 22 0.6468 32 0.4526
3 0.9600 13 0.6674 23 0.3800 33 0.6500
4 0.6500 14 0.7700 24 0.6840 34 0.4674
5 0.9000 15 0.4698 25 0.6750 35 0.2530
6 0.5655 16 0.9300 26 - 36 0.3484
7 - 17 0.5133 27 0.7700 37 0.5456
8 0.4389 18 0.6336 28 0.8000 38 0.3776
9 0.6097 19 0.7700 29 0.7000 39 0.4000
10 0.3996 20 0.3869 30 0.7440 40 0.3717

branch. It is an output because workforce, ad-
vertising, and money have been spent to obtain
it. The output of the facility includes all the
funds that have been paid by the branch in the
form of various types of facilities. Also, the out-
put of services is an indicator that includes all
kinds of fee services in the form of card issuance,
types of guarantees and opening of visual and

long-term documentary credit, foreign exchange
transaction fee and funds transfer fee by provid-
ing weighted coefficients by the branch to its cus-
tomers. By using model (3.1), we estimate of
technical efficiency for 40 of the Iran industrial
banks is reported in Table 2. Table 2 denote the
efficient DMUs have efficiency score 1 and ineffi-

cient DMUs have efficiency less than one. Thus,
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we obtain two set A and B, where the set A
contain DMU7, DMU12 and DMU26 as the ef-
ficient DMUs and the other units lie in the set
B as the inefficient DMUs. This means that, ac-
cording Table 2, DA(xf,yf) =1,75¢€ Aand
DA(wf,ij) < 1, j € B . Now, we obtain the
value of distance function (efficiency)D? (ij , yf )
for DMU;, j € B by CCR DEA model (3.1),
which represented in Table 3. The productivity
for inefficient (PI) units (a:f, yf) J=A11,...,np}
have been denoted in Table (4).

6 Conclusions

Financial cost for some loss-making organiza-
tions is one of the concerns of managers. There-
fore, identifying loss-making organizations that
are less productive is of particular importance. In
this article, we first categorized a set of organi-
zations into two groups: efficient and inefficient,
and then we determined the productivity of inef-
ficient organizations, so that central organization
management can suggest decisions for retention,
merger, or removal for less productivity. In this
article, we studied 40 industrial banks in Iran, of
which 3 became efficient banks and 37 became
inefficient. Using these two sets efficient and in-
efficient, the productivity index determined for
inefficient units. Thus, according to the obtained
PI index (say average PI), a decision maker can
make decisions to maintain, merge, or eliminate
low-productivity banks. One can also determine
the productivity index for efficient units so that
more funds can be allocated to efficient units that
have more productivity.
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