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Abstract

Recently Samet et al. introduced the notion of a-1-contractive type mappings and established some
fixed point theorems in complete metric spaces. In this paper, we introduce a-(1,¢)-contractive
mappings and stablish coincidence and common fixed point theorems for two mapping in complete
metric spaces. We present some examples to illustrate our results. As application, we establish an

existence and uniqueness theorem for a solution of some integral equations.
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1 Introduction

ixed point theory has wide and endless ap-
F plications in many fields of engineering and
science. Its core, the Banach contraction princi-
ple(see [3]), has attracted many researchers have
generalize it in different aspects. Recently Samet
et al. in [20] introduced the following concepts.

Let (X,d) be a metric space, T a self-map
on X, a : X xX — [0,400) be a function
and ¥ : [0,400) — [0,+00) a nondecreasing
function with > 07, ¢"™(t) < oo for all t > 0,
where 9" is the nth iterate of ¢. Then T
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is called an a-y-contraction mapping whenever
oz, y)d(Tz, Ty) < P(d(x,y)) for all z,y € X.
Also, T is called a-admissible whenever a(z,y) >
1 implies o(T'z, T'y) > 1 [20].

In [20] the following theorem is proved.

Theorem 1.1 (/20], Theorems 2.1, 2.2 and 2.3)
Let (X,d) a complete metric space and T be an a-
admissible a--contractive mapping on X. Sup-
pose that one of the following assertions holds:

i) T is continuous,

ii) if {x,} is a sequence in X such that
oy, Tpe1) > 1 for all n € Ny and z, —
x € X as n — oo, then a(z,,x) > 1 for all
n.

If there exists an z¢g € X such that a(zg, Txg) >

1, then there exists a u € X such that Tu = u.
Further if, for any x,y € X, there exists z € X

such that a(x,z) > 1 and a(y, z) > 1, then T has
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a unique fixed point in X. More details about a-
y-contraction can be found in [8, 9, 11, 13, 18, 20].

Khan et al. in [12] initiated the use of a control
function in metric fixed point theory, which they
called an altering distance function

Definition 1.1 ([12]) A function v : [0, +00) —
[0,4+00) is called an altering distance function, if
the following properties are satisfied:

i) ¥ is continuous and non-decreasing,
ii) ¥(t) =0 if and only if t = 0.

Altering distance has been used in metric fixed
point theory in a number of recent papers. (See,
for examle [2, 6, 7, 14, 15, 17, 19].) Alber and
Guerre-Delabriere [1] introduced the concept of
weak contractions in Hilbert spaces. This concept
was extended to metric spaces in [16].

Let (X,d) be a metric space. A mapping 7T :
X — X is said to be weakly contractive (see [16])
if, for all x,y € X,

d(Tx,Ty) < d(z,y) — ¢(d(z,y)),

where ¢ : [0, 4+00) — [0,+00) is an altering dis-
tance function.

Choudhury et al. [4] introduced the concept
of a generalized weakly contractive condition as
follows.

Let (X, d) be a metric space, T a self-mapping
of X. We shall call T' a generalized weakly con-
tractive mapping (see [4]) if, for all z,y € X,

P(d(Tz,Ty)) < (m(z,y))
—p(max{d(z,y),d(y, Ty)}),

where

m(z,y) = max{d(z,y),d(z,Tz),d(y, Ty),
1
¥ is an altering distance function and

¢ : [0,+00) — [0,400) is a continuous function
with ¢(t) = 0 if and only if t = 0.

We introduce the concept of an «-(,p)-
contractive type mapping as follows.
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Definition 1.2 Let f and T be two self maps on
a metric space (X,d). Then f and T are said to
satisfy an a-(1, @)-contractive condition if there
exists a function o : X x X — [0,4+00) such that,
for all x,y € X, we have

Tz, Ty)p(d(fz, fy)) < (M(z,y))
—p(d(Tx,Ty)),

(1.1)

where
M (e, ) = max{d(Tz, Ty), d(T'z, /),
ATy, fy), (T, fy) + d(fz, Ty)]}

(1.2)

Y [0,+00) — [0,400) is an altering distance
function, and ¢ : [0,400) — [0,400) is a contin-
uous function with p(t) = 0 if and only if t = 0.

If T is the identity map on X, then f is an
a-(1, @)-contractive mapping.

In this paper we establish some coincidence and
common fixed point results for two self-mappings
of a complete metric spaces which satisfying an
a-(1, p)-contractive condition. In addition, we
study the existence and uniqueness of solutions
for a class of integral equations.

We begin with the following definitions.

Definition 1.3 ([10]) Let f and g be self map-
pings of a set X. If w = fo = gx for some x in
X, then x is called a coincidence point of f and
g, and w is called a point of coincidence of f and
g. If w =z, then x is called a common fixed point

of f and g.

Definition 1.4 ([10]) Let (X,d) be a metric
space and f,g : X — X. The pair (f,g) is
said to be compatible if nh_g)lo d(fgryn,gfx,) = 0,
whenever {x,} is a sequence in X such that
lim fz, = lim gz, =t, for somet € X.

n—oo n—oo

Definition 1.5 ([10]) Let f and g be self map-
pings of a set X. The pair (f,g) is said to be
weakly compatible if they commute at each coin-
cidence point; (i.e. fgxr = gfx, x € X whenever
fx=gx).

It is known that compatible mappings are weakly
compatible mappings, but the converse is not true
[5].
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2 Coincidence and

fixed point results

cominon

We begin our study with the following result.

Theorem 2.1 Let (X,d) a complete metric
space and o : X x X — [0,400) be a function
such that, for all x,y,z € X, we have

a(z,y) > 1&a(y,z) > 1= ax,z) > 1. (2.3)

Let f,T : X — X satisfy a-(1, p)-contractive
condition (1.1).
We assume the following hypotheses:

i) fX CTX,

ii) f and T are continuous,
ii1) the pair (f,T) is compatible,
iv) for all x € X, we have

afz, fy) > 1, VyeT ' (fa).

Then f and T have a coincidence point u € X;
that is, fu = Tu.

(2.4)

Proof. Let zy be an arbitrary point in X. Since
fX C TX, there exists an ;1 € X such that
Txy = fxg. Again from fX C TX, we can
choose x5 € X such that Txy = fx;. Continuing

this process we can construct sequences {x, } and
{yn} in X defined by

Yn = fxn =Txpy1, Vn € Ng=NU{0}. (2.5)

Without loss of generality we may assume that
Yn F Yn41 for each n. For, if y, = y,41 for some
n then, from (2.5), TZp1+1 = Yn = Yn+1 = fTnt1,
and T and f have a coincidence point.

Equation (2.5) implies that z,,1 € T~ (fz,).
Using (2.4),
a(yna yn-i—l) = Oé(f(l,‘n, f'fcn—&—l) > 17 Vn € NO(26)
Using (2.6) and induction, it follows that

a&(Ym,Yn) > 1, YVm,n € Nowith m <n. (2.7)

Set © = xp, y = Tpt1 in (1.1) and use (2.6) to
obtain

w(d(ynaynJrl)) (2'8)

< (Yn—-1,Yn) ¥ (d(Yn, Yn+1))

= a(Txn, Trp1)Y(d(f2n, [Tnt1))
<YM (2n, 2p+1)) — e(d(Tzn, Tont1))
<YM (zp, Tn1)),
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since d(Tzp, Trpt1) = d(Yn—1,Yyn) # 0. Using
property (ii) of 9,

d(ynv yn+1) < M(ﬂ?n, xn+1)
= max{d(Txn, TTpt+1),
d(Txnv fxn)a
d(Txns1, frnt1),

STz, fruia)

+d(frn, Trn1)}
= max{d(Yn—1,Yn),
d(yn, yn—i-l)}'

since d(fxy, Trp41) =0 and

d(Txn> f-rnJrl) d(ynq, yn+1)
2 2

1 [d(yn—la yn)

2
+ d(l/nv yn-‘rl)]
max{d(yn—la yn)a
d<yn7 yn-i-l)}'

IN

IN

If d(yn—1,9yn) < d(Yn,ynt+1) for any n, then the
above inequality becomes

d(yrw yn-l—l) < d(yna yn+1)7

a contradiction. Therefore

A(Yn, Yn+1) < d(Yn—1,Yn)

for all n, so that {d(yn,yn+1)} is a positive non-
decreasing sequence, and hence has a limit r > 0.

Using (2.8), and the fact that ¢ and ¢ are con-
tinuous,

¥ (H}p d(yn,yn+1)) <
1/} (hTILIl max{d(ynfla yn)v d(yna yn+1)}>
- (P(d(yn—ly yn))v

e(r) <(r) —e(r),
r)

which implies that ¢(r) = 0, and hence

r = limd(yn, Ynt1) = 0. (2.9)

We shall now show that {y,} is a Cauchy
sequence in X. Suppose, that {y,} is not a
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Then there exists an € > 0
k)} and {yn(k)} with

Cauchy sequence.
and two subsequences {ym(
n(k) > m(k) > k, such that

Yn(k)) = €

With n(k) the smallest subsequence satisfying
(2.10), one has

A(Ym(k)s (2.10)

1) < e (2.11)

d(ym(k)a Yn(k)—
Using (2.10),(2.11) and the triangular inequality,
€ < dWm@k)s Ynk)) < AYm()s Yn(k)—1)

+d(Yn(k)—15 Yn(k))
< e+ d(Ynk)—15 Yn(k))-

Letting £k — oo in the above inequality and using
(2.9), we obtain

Again, using the triangular inequality we have

A Wm(k)> Yn(i))| <
AYm(k)—1> Ym(k))-

AW ()—15 Yn()) —

Letting again k — oo in the above inequality and
using (2.9) and (2.12), we get

K d(Yym (k) -15 Yn(r)) = € (2.13)

On the other hand we have

A Yy Ynk)) < A Ym(k) Yn(k)+1)
FA(Yn(k)+15 Yn(k))-

Thanks to (2.9),(2.12), letting k — oo, we have
from the above inequality that

€ < 1im d(Yum(k), Yn(k)+1)- (2.14)

Also, by the triangular inequality, we have

) < d(Ymk) =15 Yn(k)+1)
+d(Ym(k) =15 Ym(k))

< dYmk) =1 Yn(k))
+d(Yr(k) =1, Ym(k))
+d(Yn(k)s Yn(k)+1)-

A Y (k)> Yn(k)+1

Taking the limit as k& — oo, and using (2.14),
yieds

€ < Hm d(Ynm(k)—15 Yn(k)+1);
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similarly, we can show that
H0n (Y ()1 Yn(k)+1) < € 50
1 d(Yom (k)15 Yn(k) 1) = € (2.15)

Applying inequality (1.1) with x = z,,,;,) and y =
Tp(k)+1, and using (2.7), we have

DAY (k) Yn(k)+1))

< a(ym(k)—hyn(k))l/f(d(ym(k), Yn(k)+1))
= a(Tzmky, TTnk)y+ 1) V(A fTm), [Tnir)+1))
<y (M

(2.16)

(T (k)> Tn(k)+1))
— (AT T (kys T (k) 41))
< (M(Zpm(k) Tngry+1)) -

Since % in nondecreasingn, (2.16) implies that

AWmk)> Yn(ky+1) < M (T (k) Togry+1)
where
M (2 (i)> Ty (r)41) = max{ (2.17)

AT (i), T () 1)
AT (k) [Tm(k))s
d(Tzp

%[d(Tx 0 Fatiy 1)
+d(f (), T e)+1)]}
= max{d(Ym(k)—1> Yn(k))s
AYm(k) =15 Ym(k)) >
A(Yn(k)s Yn(k)+1)

k)+1> fxn(k +1)

1

3 [AYm k)1 Yn(ry 1)

+d(Ym (ks Yn(k))]}-
Using (2.13), (2.9), (2.

15), and (2.11) in (2.17),

(2.18)

b M (k) Tn (k) 41) = €

Since

AT mys TTr(k)+1) = AYm(k)y—15 Yn(k) )

taking the limit of (2.16), using (2.14), (2.18), and
the continuity of ¥ and ¢ gives

P(e) < Ple) — ple),

which implies that ¢(e) = 0 and hence that € = 0,
which is a contradiction. Thus {y,} is a Cauchy
sequence in X.
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To prove that f and T have a coincidence point,
from the completeness of (X,d), there exists a
u € X such that

T}L)Igo Yn = U. (2.19)
From (2.5) and (2.19), we obtain
d(fxn,u) =0, d(Tzn,u)— 0. (2.20)
Since the pair (f,T) is compatible,
d(T(fxy), f(Txy)) — 0. (2.21)

Using the continuity of f, T and (2.20), we have

d(T(fzy), Tu) — 0, (2.22)
d(f(Txy), fu) — 0.
The triangular inequality and (2.5) yield
d(Tu, fu) < d(Tu,T(fzy)) (2.23)

+d(T(fn), f(Tn))
+d(f(Tn), fu),

combining (2.21) and (2.22) and letting n — oo
in (2.23), we obtain d(Tu, fu) < 0; that is,
d(Tu, fu) = 0 and hence Tu = fu. Therefore u
is a coincidence point of f and 7.

Theorem 2.2 Let (X,d) a complete metric
space and o : X x X — [0,400) be a function
which satisfies (2.3). Let f,T : X — X satisfy-
ing a-(1, p)-contractive condition, with M (x,y)

replaces by
M(z,y) = wmax{d(Tz,Ty),

Sld(T, f) + d(Ty, fy)

ST, fy) + d(fz, Ty)])
We assume the following hypotheses:
i) fXCTX,
ii) f and T are continuous,
ii1) the pair (f,T) is compatible,
i) for all x € X, we have

a(fr, fy) > 1, VyeT (fz).
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Then f and T have a coincidence point u € X,
that is, fu = Tu.

Proof. Since

M(z,y) < max{d(Tz,Ty)
,d(T'z, fz),d(Ty, fy),

1
the result follows from Theorem 2.1. B

In the next theorem we omit the continuity
hypotheses and on f and 7', and the compatibil-
ity of the pair (f,T).

Theorem 2.3 Let (X,d) a complete metric
space and o : X x X — [0,400) be a function
which satisfies (2.3). Let f,T : X — X satisfy-
ing a-(1, p)-contractive condition, with M (x,y)
replaces by

M(e,y) = max{d(Ta,Ty),
SA(Te, f2) +d(Ty, fy)]
ST, fy) + d(fx, Ty))).
We assume the following hypotheses:

i) fXCTX,

it1) TX is a closed subset of (X,d),

iii) if {xn} is a sequence in X such that
a(Tp, Tnt1) = 1 for all n € Ny and =, —
x € X asn — oo, then a(xy,z) > 1 for all
n € Np.

iv) for all x € X, we have
a(fz, fy) 21, YyeT ' (fx).

Then f and T have a coincidence point u € X,
that is, fu = Tu.

Proof. We take the same sequences {z,} and
{yn} as in the proof of Theorem 2.1. Then {y,}
is a Cauchy sequence in (X, d). Hence there exists
a v € X such that

limy, = wv. (2.24)
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Since T'X is a closed subset of (X, d), there exist
a u € X such that

Yn = Txpe1 — Tu.

Therefore v = T'u. On the other hand, from (2.6)
and hypothesis (iii), we have

a(yn,v) > 1, Vn € Ny,

or

a(Tzn,Tu) > 1, VneN. (2.25)

Applying inequality (1.1) with x = z,, and y = u,
and using (2.25), we obtain

(d(yn, fu)) = Y(d(fn, fu)) (2.26)
< Oé(Tl‘n, Tu)w(d(fxna fu))
S P(M (2n,u)) — e(d(Tzp, Tu))
< (M (2, u)),
where
M(zp,u) = max{d(Tz,,Tu),
ST, fa) + d(Tu, fu)],
1

(T, Fu) + d(f2, Tu)])
= max{d(yn—_1,v),
1

9 [d(Yn—1,Yn) + d(v, fu)],

Sy, fu) + dlyn, o))

2
Since 1 is a nondecreasing function, (2.26) im-
plies that

d(Yn, fu) < M(xn,u)

= max{d(yn—1,v),
1

g[d(yn—l, Yn) + d(v, fu)],

1

§[d(ynfla fu) + d(yn,v)]}

Letting n — oo in above inequality and using

(2.9) and (2.24), we find

d(v, fu) < max{0, %[0 + d(v, fu)l,

1
Sld(o, fu) + 0]}

1
= id(vv fu)v
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which implies %d(v, fu) <0; that is d(v, fu) =0
and hence
Tu=v= fu.

Therefore u is a coincidence point of f and 7. B

The next result is an immediate consequence of
Theorem 2.2 and 2.3 by taking T" = Ix (the
identity mapping on X).

Corollary 2.1 Let (X,d) be a complete metric
space, o : X X X — [0,400) be a function which
satisfies (2.3) and let f be a self-map on X such
that

a(fz, f(fz))>1, Ve X.

Suppose that, for all x,y € X, we have

a(z, y)p(d(fx, fy)) < o (M(z,y))
—p(d(z,y)),

where

max{d(x,y),
Sld(z, f2) + d(y, fy)

Sld(e, fy) + d(fz, )},

¥ and ¢ are as in Definition 1.2.
Suppose that one of the following assertions
holds:

a) f is continuous,

b) if {xn} is a sequence in X such that
a(Tp, Tpt1) > 1 for all n € Ny and z, —
x € X as n — oo, then a(xy,x) > 1 for all
n € Np.

Then f has a fixed point.

We shall now prove another existence and unique-
ness theorem for a pair of maps.

Theorem 2.4 In addition to the hypotheses of
both Theorems 2.2 and 2.3, suppose that, for any
x,y € X, there exists u € X such that

a(fz, fu) = 1, alfy, fu) > 1,

and, also in Theorem 2.3 that pair (f,T) is weakly
compatible. Then f and T have a unique common
fized point; that is, there exists a unique z € X
such that fz =Tz = z.

(2.27)
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Proof. Referring to Theorem 2.2 or Theorem 2.3,
the set of coincidence points of f and T is non-
empty. We shall show that, if x and y are coinci-
dence points of f and T'; that is, if fx = Tx and
fy =Ty, then

Tx =Ty.

From (2.27) there exists a ug € X such that
alfz, fuo) 21, a(fy, fuo) > 1

Similar to the proof of Theorem 2.1, we define
sequences {uy} and {p,} as follows:

(2.28)

(2.29)

Pn = fun = Tupt1, Vn € Ny, (2.30)
and
a(Pm,pn) > 1, Vm,n € Nowith m < n. (2.31)
Using (2.29), (2.31) and (2.3), we have
alfr,pn) > 1, a(fy,pn) > 1, Vn € Ny. (2.32)

Applying inequality (1.1) with x = z and y = uy,
and using (2.32), we obtain

Y(d(Tz, pn)) Tz, pp—1)¢(d(Tz, pn))
Tz, Tup ) (d(fx, fun))
)
o(

A

IN

(M, un)
d(Tx,Tuy))

P(M (2, un)),

IN

(2.33)
where
M(z,u,) = max{d(Tz,Tuy,),
1

i[d(Ta:, fx)+ d(Tup, fuy)],

%[d(T:c, fun) +d(fz,Tuy)]}

= max{d(Tx,pn-1),
1
5[0 + d(pn—1,pn))s

%[d(T:E,pn) +d(Tz, po—1)]}

1
§d(pn717pn)a

%[d(Tx,pn) + d(Tz, pn—1)]}.

= max{d(Tz,pn-1),

Since

1 1
7d(pn—1,pn) < 5 [d(pn—h T$) + d(Tx,pn)] 5

2
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it follows that

M(xz,uy,) = max{d(Tz,pp-1), (2.34)

é[d(Tx,pn) +d(T, pu—1)]}-

Since 1 is a nondecreasing function, (2.33) im-
plies that

d(Tz,p,) < M(z,up)
= max{d(Tx,pp-1),

1[d(Taz:,pn) +d(Tx,pn-1)]},

(2.35)

2
Now, if M(z,u,) = d(Ta:,pn_l), then
d(Tx,p,) < d(Tx,pp— it M(x,u,) =

1)
;[d(Tﬂf pn) + d(Tz,pp—1)], then

1

which implies that d(T'z, p,) < d(Tx,pp—1).
Therefore, for any n € N,

d(T$7 pn) S d(TJ?, pn—l)-

It follows that the sequence {d(T'z,py)} is mono-
tonic non-increasing. Hence, there exists anr > 0
such that

limd(Tx,p,) =T (2.36)

Letting n — oo in (2.33) and using (2.34) and
(2.36) and the continuity of 1) and ¢, we get that

(r)

IN

o (maxtry 5+ 1)) = o0
” <max{r, %(r 4 7«)}> ,

IN

which implies that ¢(r) = 0 and hence that r = 0.
Thus we have

le d(Tz,p,) = 0. (2.37)
Similarly, one can show that
lim d(Ty,p,) = 0. (2.38)

n—oo

Using (2.37) and (2.38), the uniqueness of the
limit gives us Tx = Ty.
Let us denote

z:= fr="Tux.



256

By the compatibility of the pair (f,7") in Theo-
rem 2.2 or the weakly compatibility of the pair
(f,T) in Theorem 2.3, we have

Tz=Tfxr=flTx=fz,

which implies that z is a coincidence point of f
and T. From (2.28) we get

Tz=Tzx = z.

This proves that z is a common fixed point of f
and T.

To prove uniqueness, suppose there is an an-
other common fixed point w; that is,

fw=Tw=w.

This implies that w is a coincidence point of f
and T. From (2.28) this implies that

w=Tw=Tz=z,

which yields the uniqueness of the common fixed
point. A

3 Some examples

In this section we present some examples which
illustrate our results.

Example 3.1 Let X = R be endowed with the
standard metric d(x,y) = |x —y| for all x,y € X
and let a: X x X — [0,00) be defined by

_J 1 zz2y=20
alz,y) = { 0 otherwise.

Obviously, (X,d) is a complete metric space and
(2.3) is satisfied with o.

Define also f, T : X — X and ), ¢ : [0, +00) —
[0, +00) by

_f m(1+Z) x>0,
f(:z)_{xz r <0,
and )
¢ x>0,
T(x)_{a: x <0,

and Y(t) = 12 and o(t) = th. Then all the hy-
potheses of Theorem 2.1, 2.2 and 2.4 hold.
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Proof. The proof of (i) and (ii) is clear. To prove
(iii), let {z,,} be any sequence in X such that

lim fz, = limTx, =t.
n n

for some t € X. Since fx, > 0, we have t > 0.
Since Tz, — t as n — oo, we have {x,} has at
most only finitely many elements lower than 0.
Thus, fz, = In(1 + %) and Ta, = 22 for all
n € N except at most for finitely many elements,
and we have 72 — t and 22 — 2(e!—1) asn — co.
By uniqueness of limit 2(e! — 1) = ¢ and hence
t =0. Thus, fx, — 0 and Tz, — 0 as n — oo.
Since f and T" are continuous, we have

li7ILIl d(T(fxn), f(Tzn)) = d(T0, fO0)
= d(0,0) =0.

Thus, the pair (f,.5) is compatible.
To prove (iv), let z,y € X be such that y €
T=Y(fz). If x > 0, then

22
Ty:f:z::ln(l—l—?)zo.

In this case, we must have Ty = 2. Thus, y? =
2
In(1 + %). Hence,

2 2 2
fyzln(l—i—y ) < L §y2:1n(1+£):fa:,
2 2 2
also, fx > 0 and fy > 0. Therefore, we have
Oé(fi[}, fy) =1
If x < 0, then

Ty = fr=2x>>0.

In this case, we must have Ty = y%. Thus, y =
—x. Hence,

¥ _ v
fr=mm(1+ L) <L <y = (= po,
also, fx > 0 and fy > 0. Therefore, we have

a(fz, fy) = 1.

In order to show that f and T do satisfy the
a-(1, p)-contractive condition (1.1), let z,y € X,
Casel. >0,y >0and z > y.

If we use mean value theorem, then we have

ZE2 y2
1 1+ — | —1 14+ <
n(145) w14 )
1 1
< §’x2 —y?= §d(T907Ty)

d(fz, fy) =
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Therefore, we obtain
d(fz, fy)* <

3

1
Zd(Tx? Ty)2

< M)~ Sd(Tw, Ty)

In this case, we have a(Tz, Ty) = a(z?,y?) = 1.
Therefore, we obtain

o(Tz, Ty)(d(fx, fy)) < (M(x,y))
—p(d(Tx, Ty)).

Case 2. (x >0,y >0and x <y)orx <0 or
y < 0.

In this case, we have a(T'z, Ty) = 0. Therefore,
we have

a(Tx, Ty)d(d(fz, fy)) = 0
id(T:n,Ty)2
d(Tz, Ty)?
—%d(Tx,Ty)2
M (z,y)?
—gd(Tx,Ty)2
= Y(M(z,y))
—p(d(T, Ty)).

Thus, f and T satisfy all the hypotheses of The-
orem 2.1 and 2.2. Therefore, f and T have a
coincidence point.

Finally, if z,y € X then by definition of f, we
have fx > 0 and fy > 0. Now, if

u:_{ z fr>fy,

IN

IN

y fr<fy,

then a(fz, fu) =1 and a(fy, fu) = 1. Thus, by
applying Theorem 2.4, we conclude that f and
T have a unique common fixed point. In fact, 0
is the unique common fixed poin of f and 7. B

We now give an example involving a func-
tion f that is not continuous.

Example 3.2 Let X = [0, +00) be endowed with
the standard metric d(x,y) = |z —y| for all z,y €
X and let a: X x X — [0,00) be defined by

ar,y) = {

1 0<z,y<y
0 otherwise.
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Obviously, (X,d) is a complete metric space and
(2.3) is satisfied with .

Define also f,T : X — X and,p : [0,4+00) —
[0,4+00) by

ra={ %

x+1

<1,

0<zx
z>1, 7’

vV oIA

1
T(z) =5, () =t and p(t) = gt. Then all the
hypotheses of Theorem 2.3 and 2./ hold.

Proof. The proof of (i) and (ii) is clear. To
prove (iii), if {zy,} is a sequence in X such that
a(Tp,Tpy1) > 1 for all n € Ny and z,, — x as
n — oo, then {z,} C [0, 3] and hence z € [0, 3].
This implies that a(z,,x) > 1 for all n € Ny.

To prove (iv), let z,y € X be such that y €

T=Y(fz). If0 < x <1, then
Ty = fx =

since Ty = £, we must have y = %{L‘ Hence,

2 1

fy:f(§$)2§$<§~

Therefore, we have a(fz, fy) = 1. If z > 1, then
1

Ty = = <
y=1Je rz+1

1
2 )
since T'y = %, we must have y = xL—H 1. Hence,

fy=f(

<
2 ,_12 _1
r+1" 3z+1 2
Therefore, we have o fz, fy) = 1.

In order to show that f and T do satisfy the

a-(1), p)-contractive condition (1.1), let z,y € X,
Case 1. 0 < z,y < 1.

d(fz, fy) =

2

IN

1
d(Tz, Ty) — gd(Tx, Ty)
1

In this case, we have a(Tz,Ty) = o5, 5) = L.
Therefore, we obtain

o(Tz, Ty)Y(d(fz, fy) < (M(z,y))

—p(d(Tz, Ty)).
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Case 2. z > 1ory > 1.
In this case, we have a(T'z, Ty) = 0. Therefore,
we have

0
2
d(Tz, Ty)
1
M(z,y)
~d(T2, Ty)

—p(d(Tz, Ty)).

Tz, Ty)p(d(fz, fy))

IN

Thus, f,T,a,1 and ¢ satisfy all the hypotheses
of Theorem 2.3. Therefore, f and T have a coin-
cidence point.

Finally, if z,y € X then by definition of f,
we have 0 < fz, fy < % Now, if u := x then
a(fx, fu) = 1 and affy, fu) = 1. Thus, by
applying Theorem 2.4, we conclude that f and
T have a unique common fixed point. In fact, 0
is the unique common fixed poin of f and 7. B

Example 3.3 Let X = {1,2,3,4} endowed with
the usual metric d(z,y) = |z —y| for allz,y € X
and let a: X x X — [0,+00) be defined by

~—
—
[\

1 (z,y)=(1,1
4.4

—
~
—
N
— N
~—
—
N
\)
~—

O[(.C[?,y) =

0 otherwise.

Clearly, (X,d) is a complete metric space and
(2.3) is satisfied with o.

Now, if {x,} is a sequence in X such that
a(Tp,Tpt1) > 1 for all n € Ny and x,, — = as
n — oo, then there exists k € N such that x, = x
for all n > k. Therefore, we have a(x,,x) > 1
for all n € Np.

Let 1, ¢ : [0,00) — [0,00) be defined by (t) =
3+t and o(t) = # and selfmaps f and T on
X be given by

12 3 4
f_<2124>
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and

12 3 4
T‘<4123>‘

It is easy to see that, f and T satisfy all the con-
ditions given in Theorem 2.3, and so f and T
have a coincidence point. In fact, 2 and 3 are
coincidence points of f and T.

4 Application to integral equa-
tions

In this section we study an existence and unique-
ness of solutions to a class of integral equations.
Consider the integral equation

b
2(t) = / K(t,5,(s))ds, vt € [a,b], (4.39)

where b > a > 0 and K : [a,b] X [a,b] x R — R.
The purpose of this section is to give an exis-
tence theorem for a solution of (4.39) using Corol-
lary 2.1.

Consider the space X := C[a, b] of real contin-
uous functions defined on [a,b]. Obviously this
space, with the metric given by

d(z,y) Iz = yllo

= sup [z(t) —y(t)], Va,yeX,
a<t<b

is a complete metric space.
Let f: X — X be the mapping defined by

b
fx(t) :/ K(t,s,z(s))ds, VtE€]la,b.

for all x € X. Then the existence of a solution
to (4.39) is equivalent to the existence of a fixed
point of f.

We will now prove the following result.

Theorem 4.1 Suppose that the following hy-
potheses hold:

(i) K :[a,b] X [a,b] x R — R is continuous;

(ii) for all t,s € la,b] and v € X, we have
1
K(t < :
Kt 5,2(6)) <
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(iii) for all s,t € [a,b] and z,y € X with
12 ]loc, 1ylloo< 1, we have
‘K(tv‘g?x(s)) - K<t737y(5))’2§
p(t,s)In(L +[a(s) — y(s)P),

where p : [a,b] X [a,b] — [0,+00) is a contin-
uous function satisfying

b 1
sup / p(s,t)d8<b :

a<t<b —a

Then, the integral equation (4.39) has a unique
solution w € X.

Proof. From condition (iii), for all ¢ € [a, b] and
z,y € X such that ||z||cc, [|¥llcc< 1, we have

|[fa(t) = fy(®)I?

a

2
< |K(t, s, x(s)) K(t,s,y(s))|ds>
b b
§/ 12ds |K(t,s,x(s)) — K(t,s,y(s))|2d5
a a b
<(b-a) [ pt.s) (1 +[ofs) ~ yls)ds
ab
< (b- a)/ p(t,s)In(1 4 d(z,y)>)ds

b
=(b—a) </ p(t, s)ds> In(1 4+ d(z,y)?)

<1In(1 +d(z,y)?)
= d(x’y)Q - (d(l‘, y)2 - ln(l + d(xvy)g )
< M(2,9)? — (d(w,9)? — (1 + d(z,p)*))

Therefore

2
( sup [fx(t) — fy(t)\> < M(z,y)?

a<t<b
— (d(w, y)? —In (1 + d(x, y)3)) .

Set ¢(t) = t? and ¢(t) =t* —1In (1+ t3). Then

Pld(fz, fy) <& (M(z,y)) — ¢ (d(z,y))

for all z,y € X such that ||2||o, [|y]|cc< 1.
Defne the function a : X x X — [0, 400) by

L 1zfloos [ylleo< 1
afr,y) =
0 otherwise.
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For all z,y € X we have

a(z,y)p(d(fz, fy)) < ¢ (M(z,y))

— (d(z,y))-

Then, f is an a-(¢, ¢)-contractive mapping

Clearly, (2.3) is satisfied with «. From condi-
tion (ii), for all z € X, we get || fx|lcoc< 1. There-
fore

affz, f(fr) =1, VzelX.

Moreover, if {z,} is a sequence in X such that
(T, Tpt1) > 1 for all n € Ny and z,, — x as
n — 00, then [|z,]|c0< 1 for all n € Ny, and
hence ||z]|o< 1. This implies that a(zp,z) =1
for all n € Ny.

All of the hypotheses of Corollary 2.1 are satis-
fied. On the other hand, since || fz| oo, || fUllcc< 1
for all z,y € X, we have a(fz, fy) = 1. There-
fore, condition (2.27) of Theorem 2.4 is also satis-
fied with w = x. Thus f has a unique fixed point
w € X; that is, w is the unique solution of the
integral equation (4.39). B
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