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Abstract

The present study deals with the inverse DEA using the non-radial Enhanced Russell (ER)-measure
in the presence of fuzzy data. This paper proposes a technique to treat the fuzzy data in the problem
of simultaneous estimation of input-output levels. Necessary and sufficient conditions are provided
for ER-measure maintaining in the presence of fuzzy data. A numerical example with real data is
presented to show the accuracy of the proposed method.
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1 Introduction

Ata Envelopment Analysis is a useful non-
D parametric technique to estimate relative
efficiencies of a set of decision making units
(DMUs) in a multiple-input multiple-output pro-
duction technology. In traditional DEA, it is as-
sumed that all input and output data are exactly
known. DEA technique was initially suggested
by Charnes et al. [3] (CCR model) and was ex-
tended by many scholars, see e.g. [5, 6, 18] for
some reviews.

The idea of the inverse DEA was first intro-
duced by Zhang and Cui [37]. They measured
the input increase of a particular DMU under its
given output increase and preserving the CCR
efficiency. After introducing inverse DEA, some
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scholars investigated the problem more and es-
tablished various results in different frameworks,
see, e.g. [l, 4, 7, 10, 27, 35]. The problem
of output-estimation under preserving the effi-
ciency is studied by Wei et al. [34] (The first
Question in inverse DEA). The problem of input-
estimation is discussed by Hadi-Vencheh et al.
[16, 17], provided that the DMU maintains its
current efficiency level (The second Question in
inverse DEA). Both problems, input-estimation
and output-estimation, provided that the DMU
maintains or improves its current efficiency level,
are studied by Jahanshahloo et al. [20, 21]. Both
problems are investigated under inter-temporal
dependence by Jahanshahloo et al. [24]. They
used MOLP models and established necessary
and sufficient conditions for input/output esti-
mation. In addition, the problem of simultane-
ous estimation of input-output levels is studied by
Jahanshahloo et al. [22] (The third Question in
inverse DEA). They used multiple-objective lin-
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ear programming tools for input-output estimat-
ing under preserving the efficiency score. This
Question was studied by Ghobadi under improv-
ing the efficiency score [11]. The aim of the paper
is possible extensions and applications of the ex-
isting approaches in a different framework.

Although traditional DEA models evaluate the
DMUs with the exactly known data, in recent
efforts, some researchers have dealt with assess-
ing the DMUs in the presence of fuzzy data, us-
ing an analytical framework of DEA: fuzzy DEA.
Fuzzy DEA is one of the most noticeable subjects
for performance analysis under imprecise data
both practically and theoretically. Emrouznejad
and Tavana [9] reviewed the literature on the
fuzzy DEA methods and provided a classifica-
tion scheme with six categories: (i) The toler-
ance approach; (ii) The g-level-based approach;
(iii) The fuzzy ranking approach; (iv) The pos-
sibility approach; (v) The fuzzy arithmetic; and
(vi) The fuzzy random/type-2 fuzzy set. The use
of fuzzy set theory, fuzzy decision making, and
fuzzy hybrid solutions in various models for eval-
uating and selecting suppliers in a 50-year pe-
riod have been investigated by Dragan Simic et
al. [31]. Kao and Liu[25, 26] applied the notion
of fuzziness and converted a fuzzy DEA model
to a family of traditional DEA models by ap-
plying the a-cut approach and Zadeh’s exten-
sion principle [36]. Some scholars have suggested
fuzzy DEA models, using the concept of compar-
ing fuzzy numbers, including [14, 32]. Hougaard
[19] proposed the application of efficiency aggre-
gated, using the value judgments or manager’s
opinions. Guo and Tanaka [15] extended the
CCR efficiency score in traditional DEA to fuzzy
DEA and studied the relationship between DEA
and regression analysis. Soleimani-damaneh [32]
studied the additive model as a free coordinate,
orientation-less, and slack-based model in tradi-
tional DEA and extended this model to be a fuzzy
DEA model, utilizing a fuzzy signed distance and
fuzzy upper bound concept. The production pos-
sibility set is extended by Allahviranloo et al. to
the fuzzy production possibility set, using exten-
sion principle[2]. They proposed the CCR fuzzy
model which satisfies the initial concepts with
crisp data. The problem of input-estimation in
traditional DEA was extended to fuzzy DEA by
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Ghobadi and Jahangiri [12]; they provided a suf-
ficient condition for efficiency maintaining in the
presence of fuzzy data. Both problems, input-
estimation and output-estimation, were extended
under inter-temporal dependence in the presence
of fuzzy data by Ghobadi et al. [13]. In this pa-
per, we extend the third Question in inverse DEA,
which has been provided by Jahanshahloo et al.
[22], to a fuzzy framework. For this purpose, the
non-radial ER-measure model [30] is extended to
the fuzzy framework. The technique proposed to
treat the fuzzy data in the problem of simulta-
neous estimation of input-output levels is using
fuzzy ER-measure model. To answer the third
Question in inverse DEA with fuzzy data, neces-
sary and sufficient conditions are proposed, uti-
lizing Pareto and weak Pareto solutions of fuzzy
MOLP problems. A numerical example with real
data is provided to confirm the credibility and
applicability of our method. The given results
are important theoretically, because these provide
some theoretical extensions of inverse DEA the-
ory in the presence of fuzzy data, which can ex-
pand the application area of inverse DEA. They
might be practically significant as well because
they can be used to make better decisions in or-
der to extend DMUs with fuzzy data.

The structure of the paper is as follows: Some
preliminaries from fuzzy decision-making theory
and inverse DEA are presented in Section 2. Sec-
tion 3 is devoted to the main results of the paper.
This section provides some theoretical extensions
of inverse DEA theory in the presence of fuzzy
data, which can expand the application area of
inverse DEA. Necessary and sufficient conditions
for simultaneous estimation of input-output levels
are proposed in the presence of fuzzy data. More-
over, a numerical example with real data is pre-
sented to illustrate the purpose of this research.
Finally, concluding remarks and directions for fu-
ture research are given in Section 4.

2 Preliminaries

2.1 Fuzzy Numbers in Fuzzy Decision
Making

The concept of the fuzzy sets first introduced by
Zadeh [36]. He suggested fuzzy sets as sets with
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boundaries that were not precise. In this subsec-
tion, we review some of the basic concept of the
fuzzy numbers needed through the paper.

Let X be a nonempty topological space. The
set of all fuzzy subsets A of X, we denote by
F(X), where every fuzzy subsets A of X is
uniquely determined by the membership function
pi: X —[0,1], and [0,1] C R is a unit interval,
R is the Euclidean space of real number. For each
o € [0,1], the a-cut set of A is defined as follows:

) {re X |pz(x)>a}if ac(0,1],
[Ala =
c{r € X | pz(x) >a}tif a=0,
(2.1)
where clB means a topological closure of B, B C
X. [A]L and [A)Y are represented the lower and
upper endpoint of any a-cut set of A, respectively.
Also, [A]o is called support of A and denoted by
suppA. Furthermore, if [A], for every a € [0, 1],
are closed, bounded, compact or convex, then
fuzzy subset A of X is closed, bounded, compact
or convex, respectively. Moreover, if [A], # 0
then A is called normal. A fuzzy number is de-
fined as follows:

Definition 2.1 fuzzy set A of R is called a fuzzy
number, satisfying three conditions:

(a) K be an upper semi-continuous function
on R,

(b) suppA be a compact interval,

(¢) if suppA = [a,b] then there exist ¢, d, in
which, a < ¢ < d < b and pj is non-decreasing
on the interval |a,c], equal to 1 on the interval
[e,d], and non-increasing on the interval [d, b].

If [A]} > 0, then fuzzy number A is called a
positive fuzzy number. Let L, R : [0,1] — [0, 1],
with L(0) = R(0) =1 and L(1) = R(1) = 0, are
non-increasing, continuous shape functions. Also,
let F'(R) be the family of fuzzy numbers on R. An
L-R fuzzy number A is denoted as (a,B,Y)L—-Rr
and defined with the following membership func-
tion:

L(%) Zf a—ﬁgﬂjga,
1 if x=a
() =
R(2z2) if a<z<a+n,
0 otherwise,
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where 5,7 > 0 are positive scalers and “a” is the
center of A. The set all L-R fuzzy numbers denote
by FNLR(R). For each a € [0, 1], it is easy see
that

[Ala = [a— L7 ()8, a+ R (ah].

(2.2)

Let A = (a,8,7)c—r and B = (b,n, 1) L—p be
two L-R fuzzy numbers and X\ a non-negative real
number. Then:

A®B=(a+b,B+mn,7+ 1)Lk,
(2.3)
A A=(Na, A8, \Y) R
The most used operator in the context of fuzzy
decision making, is the min T-norm operator.
Considering this operator to evaluate a linear
c9mbination of fuzzy quantNities Al - fh @ Ao -
AQ b ...D )\n . An, where Aj = (aj,ﬁj,’yj)L_R;
j=1,...,nare L-R fuzzy numbers with common
shape functions (L and R) and A\j; j =1,...,n
are positive scalars, we have

)\1-121169)\2'[12@...@)\”-14”

=D XA
j=1
= (D N4 Y XiBi > A)i-r. (24)
j=1 j=1 j=1
Therefore, for each a € [0, 1], we get

ZAA Q_ZA

> Njlaj+ R o)y (25)
j=1

(@)B5;),

For ranking fuzzy numbers different methods
have been proposed by many researchers, includ-
ing [14, 15, 32]. Soleimani-damaneh [32] defined
the weighted signed distance of A and B as fol-
lows:

AA.B) = [ (AL + A - (B ~ (BY)do.

[0}
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A decision maker can rank a pair of fuzzy num-
bers, A and B, using d(A, B) based on the fol-

lowing rules:

a) A< B iff d(4,B) <
b) A fg’ iff d(A,B) > (27)
c) A= B iff d(A, B):

If A= (a,8,7)r—g and B = (b,n, u)_p are L-
R fuzzy numbers with the same shape functions,
then we obtained:

d(A, B) = (2a — 2b)
1
+n=0) [ 17 (a)da

to- [ R

Let A = (a,8,7)r_g be a L — R fuzzy num-
ber. If L(z) = R(xz) = 1 — x, then A is called a
triangular fuzzy number. In addition, if L(z) =
R(x) =1—x and 3 = v, then A is called a sym-
metric triangular fuzzy number and denoted as

= (a,9).

(2.8)

2.2 Inverse DEA

In this subsection, we review the problem pro-
vided by Jahanshahloo et al. [22] in the inverse
DEA field. Let us to consider a set of n DMUs,
{DMU;:j=1,...,n}, in which DMU; produce
multiple positive outputs y.;( 7 = 1,...,s),
by utilizing multiple positive inputs z;;( i =
1,...,m). Suppose that the input and output for
DMUj be denoted by X; = (z1j,22j, .., Tm;)"
and Y; = (y15,Y2j,--.,Ys;)’, respectively. The
ER-measure model [30] is considered for measur-
ing the relative efficiency of the unit under assess-
ment DMU,, o € {1,2,...,n}, as follows:

m it O
127‘ 1907’

n
s.t. Z /\jl‘ij S 91'1'1'0, Vi

(2.9)

p, = min ———

j=1
n

ZAjyrj > ©rYro, vr
j=1

9i§1, izl,...,m,
()01”2]-7 T:]'""7S7
A EQ,
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where
Q={AA= (A, 00), 10O
j=1
+02(—1)%v) =8y, v >0, A; > 0,V5}. (2.10)

In the above model 61, d2, and J3 are parameters
with 0 — 1 values. It is easy to see that: If §; = 0,
then model (2.9) is under a constant returns to
scale (CRS); If 6; = 1 and d2 = 0, then the above
model is under a variable returns to scale (VRS);
If 5 = 02 = 1 and 03 = 0, then model (2.9) is
under a non-increasing returns to scale (NIRS);
and If 41 = 9 = 43 = 1, then the above model is
under a non-decreasing returns to scale (NDRS)
assumption of the production technology.

Definition 2.2 (ER-measure) [30] The optimal
value p} of the model (2.9) is called the ER-
measure of DMU,. DMU, is ER-efficient, if
and only if, p} = 1(this condition is equivalent
to 0 =1 and ¢y = 1 for each i = 1,...,m,
r=1,...,s in any optimal solution).

Inverse DEA concept first was studied by Zhang
and Cui [37]. Since then this problem has allo-
cated to itself some of researches in DEA field and
provided various results in different frameworks.
Jahanshahloo et al. [22] proposed the following
important question in inverse DEA field:

Question. If the efficiency score p} remains
unchanged, but the decision maker is required
to increase input-output levels, how much should
the input-output levels of DMU, increase?

The aim of Question is estimating the mini-
mum increase of input vector (o) and the maxi-
mum increase of output vector (3}) provided that
the efficiency score of DMU, is still p}. In fact,

* * * * \t
Q, = (alm Qg5+ -+ 7am0)

= X,+AX,, AX,Z=0

5: = (5i‘oa B;m s 7/8:0)t
=Y, +AY,, AY,=0.

For convenience, assume that DMU, 1 repre-
sents DMU, after changing the input and output
vectors. The following model is proposed to esti-
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mate the ER-measure of DM U, 4 1:

1 m
15vm g
+% o m Zz:l ?
po ¥ = min = — (2.11)
’ %Ziﬂ Pr
n
s.t. Z )\jmij + )\n+1a;0 < Giafm Vi,
j=1
n
D Xt + Ans1B8i0 = 0rBrys VI,
j=1
0i < 17 = 17 M,
(PT Z 17 /r. == 17 787
AeQt,
where
n+1
OF = AN = (M Aes), 0O A + 6
j=1
(~1)%0) =6, v>0, \; >0,j=1,....,n+1}.
The wvariables of the above model are

91, 92, cony Qm, D1, P2y -y Psy )\1, )\2, couy >‘n+1‘ If
the optimal values of problems (2.9) and (2.11)
are equal, we say that the ER-measure un-
changed, Lc., ef f(a}, B5) = ef f(Xo, Yo).1!

To answer the above question, Jahanshahloo et
al. [22] proposed the following MOLP problem:

min (e, .-+ Umo) (2.12)
max (6107 e uﬁso)
n
s.t. Z)\jxij < 9;0&1‘0, Vi,
j=1
n
Z)\jyrj > W:Brm v,
j=1
041’02%‘07 izla"'7m
BmZym, 7":1,...,8
a, €A, B, €T,
A EQ,
where (6% = (07,...,0%),¢" = (¢f,...,¢%)) is

the optimal solution of model (2.9). The variables
vector in MOLP (2.12) is (X, &, 5). A and I" are
bounded sets and represent the increasing varia-
tion rate of input-output levels of DMU, which
are considered by the decision maker.

Theorems 2.1 and 2.2 are contains some of the
main results of Jahanshahloo et al. [22].

e use the notation ef f(X,Y,) instead of measure
efficiency of DMU,.
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Theorem 2.1 [22] Suppose that DMU, is ER-
efficient and (X\*, 0%, ¢*) is an optimal solution
to problem (2.9). Let (\*, &%, B%) be a Pareto
solution to MOLP(2.12) such that & > X,. If
the input-output levels of DMU, are increased
to & and B;k, respectively, then eff(dz,ﬁj;) =
eff(Xo,Ys).

Theorem 2.2 [22] Suppose that (N\*, 0%, ¢*)
is an optimal solution to problem (2.9). Let
(A, @, Bo) be a feasible solution to MOLP (2.12).
If eff(GosBo) = eff(Xo,Yo), then (a0, o)
must be a weak Pareto solution to MOLP (2.12).

3 Inverse DEA with Fuzzy Data

In this section, we extend Question (the prob-
lem simultaneous estimation of input-output lev-
els, which has been provided by Jahanshahloo et
al. [22]) to a fuzzy framework. In other words,
we provides some theoretical extensions of inverse
DEA theory in the presence of fuzzy data, which
can expand the application area of inverse DEA.
The technique proposed to treat the fuzzy data in
the problem of simultaneous estimation of input-
output levels is using fuzzy ER-measure model.
Let us to consider a set of n DMUs,
{DMU;:j=1,...,n}, in which DMU; con-
sumes multiple positive fuzzy inputs z;; to pro-
duce multiple positive fuzzy outputs @.;. Sup-
pose that the inputs and outputs of DMU;
be denoted by i'j e (.f?lj,.i'gj,.. . ,.f?mj)t and
9 = (U1, Y25, - - - Usj)", respectively. The input-
output levels are considered as L-R fuzzy num-
bers as
fij = (xij,l/ij,%‘j)Lij,Rij, 7= 1,2,...,m,
rj = Wrjs Mejs thrj) 1y —Ry s T =1,2,0058,

satisfying
Li=...=Lp=1L;, i=12,...,m,
Ri=...=Rpn=~R;, i=1,2,....m,
W=..=L,=L, r=12...,s,
'V =...=R_ =R r=12...5s.

As mentioned in [12] these conditions are not too
restrictive, as we are simply requiring that, for
any factor, the corresponding n data can be de-
scribed by means of L-R fuzzy numbers of the
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same type. For instance, if these are trapezoidal
or triangular fuzzy numbers, then the above con-
ditions hold.

To measure the relative efficiency of the unit
under assessment of DMU,, o € {1,2,...,n},
the non-radial ER-measure model (2.9) can be
naturally extended to be the following fuzzy ER-
measure model:

1
Dy O
% Zi:l Pr

n
s.t. Z)\jfﬁi]‘ < 0;Z0, Vi,
j=1

(3.13)

Py = min

n
Z)‘]gTj = QOT:&T’Oa VT,
j=1

ezglv
907“217
A e

i=1,...

r=1,...,s,

7m7

Using relations (2.4)-(2.7), the above model can
be converted to the following optimization prob-
lem:

% 2211 0;
% D re1 Pr
n

s.t. d( eiii'io, Z)\jiij) Z 0, V’i,
7=1

(3.14)

p, = min

n
d( Z)\jgrj, @r?jro) >0, v,

j=1
0; <1, i=1,...,m,
or > 1, r=1,...,s,
A e

Now, we devoted to extending Question, provided
by Jahanshahloo et al. [22]. The aim of the study
is estimating the minimum increase of input vec-
tor a; = (o, V5,7, )L—r and the maximum in-
crease of output vector B¥ = (B2, %, pb)L—r pro-
vided that the DMU,, with respect to other units,
maintains its current efficiency level. In fact,
& = (s @+ W)
=T, + ATy, AT, € (FNLR(R), )™,
5; = (Bfm /8507 e 7B:o)t
= go + Agm Ago € (FNLR(R)+)87
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where FNLR(R)_ is the family of all non-
negative fuzzy numbers.

Suppose DMU, 1 represents DMU, after
changing the input-output levels. The following
model is proposed to estimate the ER-measure of
DMUy41:

Lzm 0.
e m 2ai=1 Vi
po¥ = min = — (3.15)
¢ %Zi:l Pr
n
s.t. Z )\]-%1] + An—f—l&;ko < 02'6[;07 VZ,
j=1
n ~ ~
> Nl + Ani1Bio = 008y VT,
j=1
0; <1, i=1,...,m,
or > 1, r=1,...,s,
AeQf.

If the optimal values of Models (3.13) and
(3.15) are equal, we say that the ER-measure un-
changed, i.e., ef f(&*, 5%) = ef f(Zo, o). To an-
swer Question, the following fuzzy MOLP prob-
lem is considered:

min  (&10,- -+ Gmo) (3.16)
max (ﬁ107"‘7/880)
n
s.t. ZAj.f?ij < 0;071'0, V1,
j=1
n ~
Z)\jgrj = SD:BM’ vr,
j=1
dzo?«%wa Z:L- , M,
/87’0 = gro: r= 17 » S,
do€ M, B, el
A€ Q,
where (0* = (07,...,0%),¢" = (go*l‘,...,aez)) is
an optimal solution of Model (3.13). A and

I' are bounded fuzzy sets and represent the in-
creasing variation rate of inputs and outputs of
the DMU, which are considered by the decision
maker. In this model, (\, &, Bo) € FNLR(R)" x
FNLR(R)™ x FNLR(R)® is the variable vector.

Theorem 3.1 shows how the above fuzzy MOLP
can be applied for input-output levels estimation.

Theorem 3.1 Suppose that DMU, is ER-
efficient and (X*, 0%, ©*) is an optimal solution of
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Model(3.13). Let (\*,& = (af,v5, %) R, 55 =
(BE,mi,us)r—r) be a Pareto solution to fuzzy
MOLP(3.16). If one of the following assumptions
holds:

i) &%~ Fo,

i) &) - To.

Then

eff(&:7 5;) = eff(i'm go)'

Proof. To prove the theorem, pf* = p* =1
should be shown. Because (\*, &, 5*) is a feasible
solution for model (3.16), we have

Z)\ T <07 4g, = Ay, Vi, (3.17)

n ~ ~
D NG 7 iBe Bl Yro (3.18)

j=1

Qg = Tio, Vi, (3.19)
B;ko = Uro, VT, (3.20)
Brel,at e, (3.21)
e Q. (3.22)
Let A = (A,- o, Anys Ang1), in which Aj =
for each j = 1,...,n and A\, 1 = 0. It is clear

that A € QF. Since A € QF, because of (3.17)
and (3.18), (A, 6%, ¢*) € R™! x R™ x R is
a feasible solution to problem (3.15). Therefore,

P < py=1.
Let (At = (A", .,)\j{jl) ot =
(61_*779;1*)7 SOJF* = (Spl 77()0:!*)) be

an optimal solution to problem (3.15). The
inequalities (3.17) and (3.18) will be used
in problem (3.15), the following results are
obtained:

n

0+* ;kokz/\;r*‘%lj Anil&jo
j=1
n

+* ~ —+ % * ~
)\j Tij +)‘n+1( E )\jCUij),
= j=1

0—1—* * i >\+*

J=1

M:

=

AN Zig, Vi, (3.23)
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90 Z )‘Jr*yw + >‘n+lﬁro
7=1

Z A i + AT Z Xiiirg),

n

907’ Bro A Z(A+* + )‘jz_il)‘*)yrﬁ vr.
j=1

(3.24)

Set 5\]- = )\;r* —1—)\:11)\;‘» foreach j =1,2,...,n
It is easily seen that \ = (5\]’, A Q.

By contradiction assume that pf* < p = 1. If
assumption (i) holds, then by (3.23) and (3.24),
we get

> Ny < 076, & 0 i, Vi, (3.25)

n
Z/\jﬂrj = 907—1_ ‘P:_*gm’ vr. (3-26)

Hence, A € Q, (3.25) and (3.26) imply that
(X, 0%, 1) is a feasible solution to model (3.13).

1
This implies p¥ < T"ZZ;% < 1, which contra-

dicts the ER-measure of DMU, and completes
the proof under assumption (i).

To prove the theorem under assumption (ii),
we should show that p* = p* = 1. By contradict
assumption, since p* < p¥ =1, then

—Z@+*<1 or chp+*>1

Therefore, there are two cases:
Case(a) If L3 67 < 1, then there exists at

i=1"1

least one t, 1 <t < m, such that 9t+* < 1. Since
aj, is a positive fuzzy number, for all « € [0, 1]
the following inequality is obtained:

1
of, — Vt*o/o L™ (a)da >0,

1
oy, + ’yfo/ R~ a)da > 0.
0
Therefore,
1
20, — 1/;‘0/ L™ a)da
0

1
+7%, / R~ Ya)da > 0. (3.27)
0
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By (3.23), we have

1
0120, ~ v, | L' (a)da
0

1 n
g / R (a)da) > 23 Ajayy
0

Jj=1

n 1
~O ANy | LYa)da
XA |
n R 1 .
+(; /\j'ytj)/o R (a)da. (3.28)

By (3.27), (3.28), and 6, < 1, we get

1
20, — Vfo/o LY (a)da

1 n
+’y,§ko/ R Ya)da) > 2 Z At
0 -
7j=1

n 1
(S A 1 )da
3 Am) | e
n ) 1 .
+(;Aﬂtj)/o R~ (a)do. (3.29)

In other words,
Njdj < a5, (3.30)

If assumption (ii) holds, then &, > Z;, for each
1=1,...,m. Considering ¢ = t, we have

1
205, — yto/ L™ (a)da
+75o / R™Ya)da > 24,
—1/,50/ L_l(a)da
0
1
+%0/ R~ Y(a)da. (3.31)
0
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Now, we define
K%o =2 Z )\jxij
j=1
n_ 1
=0 Ajutj)/ LY (a)da
=1 0
n_ 1
HOo ) [ B @)da
j=1 0
1
K’I%O = p%o = 2azto - V:o/ L_l(a)da
0

1
o / R (a)do,
0

1
P2 = 2x4, — l/to/ LY (a)da
0

1
+Yto Ril(a)da
0

If

2 1 1 _ 2
¢ — min { Rto 5 /‘ito’ Pto 5 pto} , (332)

2 1 1 2
to Ko > 0 and Pto—Pto = O-

Now, define 8, ~ Bz and

then € > 0, because &

(am 2e, Vw’ ’Yzo) -R Zf =1,

(a;‘km V:O/Y;O)L—R Zf 7 75 t.

Considering (3.32), the following inequality is ob-
tained:

Kio — i, 1 2
o o
€< 2 = Ky, < Ki, — 2e.

Because 0; = 1, therefore

ZZ:X Z)\I/tj/ L™ (@)da

Z Vtj / R Y(a)da < 205,
1
v, / “(a)da + 7, / R (a)da
0 0
1
“9e = 0:2((al, — ) — u;;,/ LY (a)da
0

1
—l—’yfo/ R_l(a)doz).
0
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In other words,

By (3.32), we have

1 _ 2
< Pto Pto 2 1 26,

then

1
2Xt0—Vto / L_l(a)dOdeto R_l(a)da
0

1
< 2aj, — yto/ L™ (a)da

+’7to / R

1
VtO/O ( )da+'y§‘o/0 R_l(a)da.

In other words,

a)da — 2e = 2(ay, — €)

«%to '\< dto-

By (3.19) and (3.34) (&, < &, ~ &, for i # t),
it is clear that

Tio R o,

In addition,

on
@
o
Q
c
7]
@
8
o
N
[o})

imply that z, < 540 cA.
By Egs. (3.23), (3.24), and (3.33) we have

n

§ :A A +>|< *
AJ:CZJ B 9 Qo

J=1

< 0Fal ~0raL, Vi, i £, (3.37)

’LO’

(3.38)

=
QU

Z <

=1
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n
> N = 9B
j=1

gpr :o ~ (pr ro? \V/T (339)

Since )\ € Q, because of (3.35)-(3.39) and g, <

EES ﬁo e, ()\,ao, ﬁo) is a feasible solution to
problem (3.16), in which

2¢ if iet,

0 if 14t

Therefore,

Qo < O[:;a dO aé CY:,
Bo = By
This contradicts the assumption that (\*, &%, )
is a Pareto solution to problem (3.16), and the
proof of case (a) is Completed.
Case (b) If 1 S>> > 1, then there exists
at least one t, 1 <t < m, such that 4,0:* > 1.

Since Bfo is a positive fuzzy number, for all a €
[0, 1] the following inequality is obtained:

1
8L, — i, / L ()da > 0,
0

Bto+/1’t0/R da>0

Therefore,

1
2@0 - 77;:0/ Lil(a)da
0

1
+pz, / R~ Ya)da > 0. (3.40)
0
By (3.24) we have
1
F @8, ~ i, [ L7@)da
0
1
+i, [ R @)da) <23 A
n R 1
—(> " dymy) / LY (a)da
]:
O A / R (3.41)
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By (3.40), (3.41), and ¢;™ > 1, we get
1

25, ~ i, | L7\ (a)da
0

1 n
+MZ‘O/ R Y(a)da) < 22)\jytj
0

J=1

n_ 1
- g Syns) /O L (a)do

n 1
+0O Ajy) / R Y(a)da.  (3.42)
j=1 0
In other words,
> iy = B (3.43)
j=1

If

n

n 1
Fito = Z)\jytj - )\ﬂltj)/o L™ (a)da
j=1 j=1

g 4 / ~!(a)da,

ity =28y, [ 17 @k, [ R @,
then there exists a € > 0 that satisfies
(3.44)
Now, define &, ~ &* and

(BYo + 26,00, o) LR 0f T =1,

Bro =
(ﬂrov nrov MTO)L*R Zf r 7£ i

Considering (3.44), the following inequality is ob-
tained:
K2+ 2 < K.

Since ¢; = 1, then

n n 1
23 Ay — (3 Agmey) /0 LY (@)da
=1 j=1

O A ) [ A e > 25,

S. Ghobadi /IJIM Vol. 10, No. 2 (2018) 165-180

1 1
, / L (a)da + f, / RY()do
0 0

1
12 = o7 (285, + €) — 11, /O L (a)da

1
—i—ufg/ R Ya)da
0

In other words,

n A~
Z )‘jgtj = @I/Bto-

(3.45)

On the other hand, because Bfo = Uto We get

1 1
2yt0_77to/ Ll(a)da+ﬂt0/ Ril(a)doz
0 0
1 1
<2851, /0 LY (a)dort i, /0 R\ (a)da

1
285, + ) — 1, /0 L (a)da

1
1, /0 R7!

In other words,

Gto < Bro- (3.46)
By (3.20) and (3.46) (jro < B, & Byo for r # t),
it is clear that
Yro < 57"07 r=1,...,s. (3.47)
By Egs. (3.23), (3.24), and (3.45) we have
Z N < 07 ar, <
0;a;, ~ 0745, Vi, (3.48)
> Ny = ¢ Bro, (3.49)

4% Q%
T0

=

o,
i M s
I

Qy>

Sor :o ~ ‘pr Arm VT, T 7é l. (350)
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Since A € Q, because of (3.47)-(3.50) and 7, <
al o~ a, € A, (5\,&0,30) is a feasible solution to
problem (3.16), in which

2¢ if r=t,

0 if r#£t,
d(&io, @) =0,  i=1,...,m.
Therefore,
Bo 'z BasBo# By and  ao =~ &

This contradicts the assumption that (\*, &%, 5)
is a Pareto solution to problem (3.16), and the
proof of case (b) is completed.

So, both cases lead to contradiction. Therefore,
pd* = pk, and the proof is completed. O

Remark 3.1 It is easy to see that Theorem
3.1 will remain wvalid if one replaces the ob-
jective function of fuzzy MOLP (3.16) with

“min(&e, -+ Gmo)”-

To illustrate the using of the methodology that
extended, the following numerical example with
real data is considered to show the accuracy of
the proposed method.

Example 3.1 The data from the work of by
Ghobadi and Jahangiri ( Research work done at
Khomeinishahr Azad University, Isfahan, Iran
2010), could be used to demonstrate the ap-
plication of the method proposed in this paper.
There are 14 educational departments in this dis-
trict; D1, Da,...,D14. Fach educational depart-
ment(DMU) uses two inputs to produce two out-
puts. The considered inputs and outputs, denoted
by #': 2% and §'; G, are as follows, respectively:

L+ Facilities,

2 . Amount of the attention paid to the depart-
ment by the university; and

L+ Satisfaction of the students,

2 . Satisfaction of the professors and staff.

Suppose that L(z) = R(z) = 1 —z and all the in-
puts and outputs are symmetric triangular fuzzy
number. The data of input, output, and the ER-
measure for all DMUs are shown in the table 1.
It can be seen that D3 is an ER-efficient DMU.
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Suppose that the decision maker determined the
variations rate of increase input-output levels for
D3 as follows:

(9.7,1.0) < &' < (11.0,1.0),
(8.5,1.0) < #* < (10.5,1.0),
(12.4,1.0) < §* < (16.7,1.0),
(16.0,1.0) < 7* < (19.5,1.0).

In order to propose pattern to the decision maker
to increase input-output levels for this DMU,
provided that the efficiency score remains un-
changed, fuzzy MOLP (3.16) is considered and
using the weight-sum method [8] the following
Pareto solutions are generated:

(a3,d5, 51, B3) =
(14.4,1.0), (19.5,1.0)),

0)
)
((9.7,1.0), (10.5, 1.0),
(16.5,1.0), (19.5,1.0)).

((9.7,1.0),(9.9,1.0

9

(0417027 71752)

According to Theorem 3.1, it is obvious that:
Therefore, the above Pareto solutions offer the
two patterns to the decision maker to take better
decision in order to extend Ds. That is to say
that the decision maker can take necessary ac-
tions by choosing a suitable strategy for spread-
ing D3. Note that, according to Theorem 3.1 the
ER-measure for the two patterns are equal one.O
The rest of the paper in this section will focus on
converse version of Theorem 3.1. In other words,
the following theorem is converse version of The-
orem 3.1. Notice that, unlike Theorem 3.1, The-

orem 3.2 holds in general case without assuming
the efficiency DMUS,,.

Theorem 3.2 Suppose that (X*, 0%, ") is an op-
timal solution to problem (3.13). Let (A, & =

(60750770)[/—]%760 = (Bmﬁoaﬁo)L—R) be a feasi—
ble solution to the problem (3.16). If

ef f(@os By) = ef f(For Go),

then (X,EO,EO) must be a Pareto solution to
problem (3.16).
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Table 1: The data and ER-measure under VRS assumption.

Inputs Outputs

Dy (3.9,1.0) (7.8,1.0) (11.8,1.0) (14.0,1.0) 0.90
D, (5.4,1.0) (7.8,1.0) (12.2,1.0) (10.0,1.0) 0.70
D (9.7,1.0) (8.5,1.0) (12.4,1.0) (16.0,1.0) 1.00
Dy (5.5,1.0) (7.1,1.0) (11.3,1.0) (14.4,1.0) 1.00
Ds (3.6,1.0) (9.1,1.0) (12.5,1.0) (13.1,1.0) 0.85
Dg (4.2,1.0) (6.7,1.0) (9.6,1.0) (14.5,1.0) 1.00
D; (5.1,1.0) (7.8,1.0) (12.3,1.0) (14.5,1.0) 0.99
Ds (3.9,1.0) (8.4,1.0) (13.2,1.0) (10.4,1.0) 1.00
Dy (5.6,1.0) (8.3,1.0) (12.3,1.0) (12.7,1.0) 0.69
D1o (2.7,1.0) (8.1,1.0) (12.3,1.0) (14.1,1.0) 1.00
Dy, (2.0,1.0) (8.8,1.0) (11.6,1.0) (12.8,1.0) 1.00
D1y (5.5,1.0) (7.5,1.0) (12.5,1.0) (14.4,1.0) 1.00
Dis (5.6,1.0) (9.6,1.0) (13.0,1.0) (14.4,1.0) 1.00
Dy (10.0,1.0) (10.0,1.0) (12.2,1.0) (14.4,1.0) 0.60

Proof. If (), EO,EO) is not a Pareto solu- implies
tion to problem (3.16), then there exists an- n
other feasible solution of problem (3.16), (A, &, = Z NiZij < 0Fdio, i=1,...,m, (3.52)
(am Vo, ’YO)L R /80 = (ﬁoa To, MO)L R) such that I~ .
Qio < Gip and Bro = Bm for all 4, r and there ex- Z j\jg}rj = gp;iﬁm, r=1,...,s, (3.53)
ist at least one % in Wthh aw < @y, or at least one j=
r such that 57«0 - ﬁm Without loss of generality, AEQ. (3.54)

we assume that ato ~ Guo. Therefore
1
2&150 —l/to/ L_l(Oé)dOé
0
1 —
e / RN a)da > 24y,
0
B 1
—ﬁm/ L™ Y(a)da
0
B 1
_'JAYto/ R_l
0
Because 0 < 0] <1, we have
1
HZ(QGto — Vto/ Lfl(a)da
0
1
—i—’ytO/ Rfl(a)da) > 0 (2d,
0
1
— D0 / LY (a)da
—i-%o/ Rt a)da).  (3.51)

Feasibility of (A, &, 3o) for fuzzy MOLP (3.16),

Considering i = t and by (3.52), the following
inequality is obtained:

n n 1
2> N — (O Ajvy) / LY (a)da
j=1 j=1 0
L 1
+0O) ) /
=1 0

1 1
. -1 . ~1
nto/o L (a)da+uto/0 R (a)da). (3.55)

R (a)da < 6} (264,—

Inequalities (3.5
n n 1
22 )\jl‘tj — (Z )\thj)/ L_l(a)doe
o = 0
Z )\j'VtJ / R

1 1
Voo / LY (a)da +7,, / RY(a)da). (3.56)
0 0

In other words

1) and (3.55) imply that

a)da < 0 (2a,—

(3.57)
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By inequality (3.56), there exists positive scalar
0 < k; < 1 such that

n n 1
2 Z )\ja;tj — (Z )\thj) / Ifl(a)doz

i=1 i=1 0
Z Ss) / “(a)da <

In other words

Z)\ xt]

By Egs. (3.52), (3.53), (3.59), iy < vy and

Bro = 5”, for all 7, r, we have

Ot ktato (359)

Z;\ji"z'j < 0 o
=1
(3.60)

(3.61)

(3.62)

,nand r=1,...,s, defining

o* if it

Foreach:=1,...

k07 if

i=t,

ﬁ*

Pr

According to Eqgs.
(A = A
(@1, ...
(3.15)(considering &* = &, and 5* = j, in prob-
lem (3.15)). The value of the objective function
of fuzzy LP (3.15) at this feasible point is equal

to %(ZZM# 0; + ét)/% > o1 @r. Therefore,

ef (@0, Bo) = pi* < Mzt
%Zrzl Pr

m (i 9*)
i=1"1 ~ o~
1 = eff(xoayo)'
Zr 1P
This contradicts the assumption and completes
the proof.O

(31.54), and (3.60)-(3.62),
)‘7 )‘TL+1 = 079 = (61""79771)795 =
,ps)) is a feasible solution to problem

<
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4 Conclusion

In this paper, we have provided a technique to
treat the fuzzy data in the problem of simulta-
neous estimation of input-output levels in the
framework of inverse DEA. In this technique,
the fuzzy DEA model is transferred to a mathe-
matical programming model, using the weighted
signed distance of fuzzy data. The sufficient con-
ditions, in the problem of simultaneous estima-
tion of input-output levels in the presence of fuzzy
data, were provided not only for the ER-efficient
DMUs, but also for the given necessary conditions
in general case without assuming the efficiency of
DMU. It should be noted that there are various
approaches/methods in the literature of DEA for
solving fuzzy DEA models. Some approaches are
as follows:

1) Some of the proposed approaches transform
a fuzzy DEA model to a category of ordinary
DEA models, see e.g. [25]. It is not an appropri-
ate computational point of view because in this
method, to approximate the membership func-
tion of the efficiency measure, multiple LP prob-
lems must be solved.

2) Some of the proposed methods develop an or-
dinary DEA model to a fuzzy DEA model, using
some ranking methods. This method changes the
number of the constraints of the model, see e.g.
[29]; therefore, this approach increases the com-
putational complexity.

3) Some of the proposed methods develop a fuzzy
DEA model in which to evaluate a DMU, a non-
linear multiple-objective mathematical program-
ming problem needs to be solved, see e.g. [23].
This method is not appropriate from a computa-
tional point of view.

4) A number of suggested methods develop a pos-
sibility approach to treat the fuzzy DEA models,
see e.g. [28]. This approach is almost useless with
regard to any RTS assumption of product tech-
nology.

Moreover, Soleimani-damaneh et al. [33] re-
viewed some of the existing fuzzy DEA mod-
els and showed that many of the current mod-
els/methods are suffering from theoretical and
computational problems. However, the approach
used in the present study does not have the above
mentioned pitfalls. In this method, unlike other
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proposed methods, at first the fuzzy DEA model
is transferred to a mathematical programming
model, while the number of constraints and the
computational complexity will not increase. Also,
this technique can be applied under any RTS as-
sumption of technology. The results obtained are
theoretically significant since they provide some
of theoretical extensions of inverse DEA theory in
the presence of fuzzy data, which can expand the
application area of inverse DEA. Future works
can be based on ratio-based (polynomial-time)
approaches which are able to solve the proposed
models from a computational view. In addition,
analyzing other helpful ranking functions which
are available in fuzzy mathematics to denazify the
provided problem can be experimented theoreti-
cally.
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