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Abstract

The goal of this paper is to calculate the order reduction of the generalized mKdV equation
with constant-coefficients (¢gmKdV,.) and the generalized mKdV equation with variable-coefficients
(gmKdV,.) using the py-symmetry method. Moreover we obtain Lagrangian and p-conservation law

of the gm K dV,. equation and the gmKdV,. equation using the variational problem method.
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1 Introduction

Artial differential equations (PDEs) have been
P a most important subject of study in all areas
of mathematical physics, engineering sciences and
other technical arena. At present time, different
methods are being established to order reduction
and conservation law of nonlinear PDEs such as
the symmetries method [21], the direct method
[22], the general theorem [22] and the Noether
theorem [9].
The Korteweg-de Vries (KdV) equation is as:

U + aqutly + b1ty = 0,

where a; and by are real constants. The modified
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KdV (mKdV) equation
U + CLQ’U,QU;E + botzzs = 0,

where as and by are real constants, is one of the
most popular partial differential equations by Ko-
rteweg and de Vries in the 19" century as water
waves equations.

The KdV type equation can be shown as fol-
lows:

Up + AUy + DUz + c1ug = 0,

where a1, by and c¢; are real constants. The

mKdV type equation is as:

2
Ut + a2 Uy + botyzy + couy = 0,

where ao, by and co are real constants. Both of
them used to model water waves, plasma physics,
harmonic lattices, elastic rods and nonlinear long
dynamo waves observed in the Sun [10, 15].
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The generalized mKdV with
constant-coefficients (gmKdV,.) is as follows:

equation

ut+au2ux+bumx+cux+d(a:ux+u) =0, (1.1)

where a, b, ¢ and d are real constants. The
most of mathematical methods are related to
the partial differential equations with constant-
coefficient models [6, 7].

Recently, the study of the variable-coefficient
nonlinear equations has attracted much attention
[24] because most of real nonlinear physical equa-
tions possess variable-coefficients. The variable-
coefficient models can describe the true physical
systems in various fields, they bring more difficul-
ties to be solved analytically [26, 27]. Tt is also
important to study the nonlinear wave equations
with variable-coefficients.

We consider the generalized mKdV equation
with variable-coefficient (gmKdV,.) in the form:

us + Oé(t)u2uz + /B(t)u:m:x + 'Y(t)ux

+0(t)(xuy +u) =0, (1.2)

where «(t), 8(t),y(t) and 6(¢t) are arbitrary func-
tions of time ¢.

This equation is a generalization of the
variable-coefficient mKdV equation which is well
known as a model equation describing the propa-
gation of weakly nonlinear and weakly dispersive
waves in inhomogeneous media[11, 28]. Eq. (1.2)
is used as a mathematical model to study phys-
ical phenomena arising in several areas of inter-
est. For example, in the study of coastal waves in
ocean and liquid drops and bubbles, in the issues
of atmospheric blocking phenomenon and dipole
blocking [2, 25].

Many researchers studied the gmKdV,. equa-
tion and the gmK dV,. equation for obtaining so-
lutions, etc. But these equations are not inves-
tigated via the p-symmetry, Lagrangian and p-
conservation law.

In this article we calculate an order reduction
of the gm K dV,. and the gmKdV,,. equations us-
ing the p-symmetry method. Moreover we calcu-
late Lagrangian and p-conservation law of these
equations using the variational problem method.

The outline of this paper is as follows.
Firstly, u-symmetry and reduced equations for
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the gmKdV,. and the gmKdV,. equations are
provided. Secondly, lagrangian for the gmKdV,.
and the gmKdV,. equations are shown in po-
tential form. Finally, u-conservation law for the
gmKdV,. and the gmKdV,. equations are de-
scribed.

2 Background

In 2001, Muriel and Romero introduced a new
method to order reduction of ordinary differ-
ential equations (ODEs), and they called it
as A-symmetries method to order reduction of
ODEs. In 2004, Gaeta and Morando ex-
panded A-symmetries method of ODEs to u-
symmetries method of the partial differential
equations (PDEs) frame with p independent vari-
ables = (x!,...,2P) and ¢ dependent variables
u = (ul,...,u?), where yu = \;dx’ is a horizontal
one-form on first order jet space (J(I)M,T(',M)
and also p is a compatible, i.e. D;A\; — D;\; = 0.

In 2006, Muriel, Romero and Olver have ex-
panded the concept of variational problem and
conservation law in the case of symmetries to the
case of A-symmetries of ODEs. They have pre-
sented an adapted formulation of the Nother’s
theorem for A-symmetry of ODEs. In 2007, Ci-
cogna and Gaeta have generalized the results
obtained by Muriel, Romero and Olver in the
case of A-symmetries for ODEs to the case of
u-symmetries for PDEs, and in the case of u-
symmetry of the Lagrangian, the conservation
law is referred as p-conservation law.

3 p-symmetry
conservation law

and e

In this section, the foundational results of u-
prolongation, p-symmetry and p-conservation
law are briefly introduced.

Let pt = A;dz’ be horizontal one-form on first
order jet space (JWM, 7w, M) and compatible
[12], i.e. DjAj — DjA; = 0, where Dj; is total
derivative z¢ and )\; : JOM — R.

pu-symmetry:

Suppose A(z,u*)) = 0 is a scalar PDEs of order
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k for u = u(z',...,2P), i.e. involving p indepen-
dent variables z = (z1, ..., 2P) and one dependent
variable. Let X = £'0,: + 0, be a vector field
on M. We define

k
Y=X+) U,0,
J=1

on k-th order jet space J*M as p-prolongation
of X if its coeflicient satisfies the u-prolongation
formula

‘1{]71' = (DZ + )\Z')\I’J — ’LLJ’m(DZ' + )\l)gm , (33)

where Uy = . Let S ¢ J® M be the solution
manifold for A. If Y : § — TS, we say that X
is a p-symmetry for A.

0 in (3.3), then it can be assumed
that ordinary prolongation is as O-prolongation

if p =

in p-prolongation and ordinary symmetry is as
0-symmetry in p-symmetry framework.
symmetry of exponential type:
We consider an equation A such that p = \;dz’ is
a horizontal 1-form and compatible on SA. Sup-
pose V = exp( [ p)X is an exponential vector
field, where X is a vector field on M. Then V is
a general symmetry for A if and only if X is a
p-symmetry for A.
order reduction of PDEs:
In paper [12], an order reduction of PDEs under
p-symmetries is shown as the following theorem.

Theorem 3.1. Let A be a scalar PDE of order
k for u = u(z',...,2P). Let X = 51(822-) + go(a%)
be a vector field on M, with characteristic QQ =
0 —w;€, and let Y be the u-prolong of order k
of X. If X is a u-symmetry for A, then Y :
Sx — TSy, where Sx € JXM is the solution
manifold for the system Ax made of A and of

Ej:=D;Q =0 for all J with| J|=0,1,...,k—1.

p-symmetry of given equations (PDE):
In order to determine p-symmetry of a given
equation A of order n, the same way as for ordi-
nary symmetries is considered that a generic vec-
tor field X acting in M, and its p-prolongation
Y of order n for a generic u = \;dz’, acting
in JOWM. Then applies Y to A, and restricts
the obtained expression to the solution manifold
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Sa C© JWM. The equation A, resulting by re-
quiring this is zero is the determining equation
for p-symmetries of A; this is an equation for
&7, and \;. If we require \; are functions on
JE) M, all the dependences on u will be explicit,
and one obtains a system of determining equa-
tion. This system should be complemented with
the compatibility conditions between the A;. If
we determine a priori the form p, we are left with
a system of linear equation for &, 7, ; similarly,
if we fix a vector field X and try to find the p for
which it is a p-symmetry of the given equation
A, we have a system of quasilinear equation for
the )\z [12]
p~conservation law:

A conservation law is a relation DivP :=
P D;P" = 0, where P = (P!,--- PP) is a
p—dimensional vector. Let p = A\;dz* be a hori-
zontal one-form and compatibility condition, i.e,
Di)\j = Dj\;. A p-conservation law is a relation
as

(D; + X\i)P' =0,

where P’ is a vector and the M —vector P! is
called a p-conserved vector.

The following theorem about the existence of
M —vector P' and ji-conservation law can be seen
in [9]:

Theorem 3.2. Consider the n—th order La-
grangian £ = L(z,u™), and vector field X, then
X is a p-symmetry for L, i.e. Y[L] = 0 if and
only if there exists M—uvector P' satisfying the
p-conservation law (D; + \;)P* = 0.

Using the other theorems in [9] and Theorem
3.2, the M—vector P’ is obtained for first and
second order Lagrangian, as the following:

e For first order Lagrangian L(z,t,u, uy,us)
and the vector field X = ¢ (9/0u) is a p-
symmetry for £, then the M —vector P’ :=
¢ (0L/0u;), is a p-conserved vector.

e For second order Lagrangian £ and the vec-
tor field X = ¢ (0/0u) is a p-symmetry for
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L, then the M —vector

i oL oL
P = ‘Paui +((D]+>‘J)90)87ij
oL
D — A4
QO jauij’ (3 )

is a p-conserved vector.

4 order reduction of the
gmKdV,. equation and the
gmKdV,. equation using the
u-symmetry method

In this section, we want to compute order reduc-
tion of the gmKdV,. equation in subsection (4.1)
and order reduction of the gmKdV,,. equation in
subsection (4.2) using the py-symmetry method.

4.1 order reduction of the gmKdV,

equation using the p-symmetry
method

The generalized mKdV equation with constant-
coefficients (gmKdV,.) can be shown as follows:

U + au’uy + bugys + cug + d(zu, +u) =0,

where a, b, ¢ and d are real constants and this
equation a scalar PDE of order 3 for u = u(x,t).
Let u = Aidx 4+ Aodt be a horizontal one-form and
with the compatibility condition DA = Dg\9
when u; + au?uy + buges + cug + d(xuy +u) = 0.
Suppose X = &0, + 70: + 0, is a vector field
on M. In order to compute p-prolongation Y of
order 3 of X, we can use of (3.3); therefore, pu-
prolongation Y of X is as

Y= X+U%9,, + V0, + V"9, +..

+\Ilttt8uttt ,
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where coefficients Y are as the following

U = (Dy+ M) —ug(Dy + M1)€
—ur(Dy + A)T,
v = (D + A2) — ug (Dt 4+ A2)&
—ug (D + Xo)T,
U = (Dp 4+ AM)Y® — Uy (Dy + M1)€
—Ugt(Dy + M)T,
U = (Dy+ M) U® — 1y (Dy + No)E
—Ugt(Dy + A2)T
U = (D4 Ao) W — g (D + No)E
—u(Dy + o) T, (4.5)
W = (Dy + M)W — tgge (De + M)
—Ugqt(De + M1)T,
T = (D4 X2) U™ — Uy (Dy 4 A2)€
—Uget(Dy + A2)T,
U = (Dy+ M) W™ — ugn(Dy + A2)€
—Ugst(Dy + X2)T,
U = (Dy 4+ X2) U — wyy (Dy + A2)€

—Ugt(Dy + A2)T .

By applying Y to Eq. (1.1) and substituting

2 (ut + av’uy + cuy + d(zu, + u)),

for Uy, , we obtain the following system ! !:

—3bry, =0, —3b7yy =0, —bTyyy =0,

—3b&, =0, =66y, =0, —b&yuu =0,
—3b(\M T+ 1) =0,

: (4.6)
—3b(Tpe + TA1z + 2017 + A37) = 0.
For any choice of the type
A1 = De[f(z,1)] + g(z),
A2 = Dy[f(z,t)] + h(?), (4.7)

where f(x,t), g(x) and h(t) are arbitrary func-
tions and A; and A9 satisfy to the compatibility
condition, i.e. Di;A\; = D, A9 on solutions to Eq.
(1.1). For instance, two cases are studied to ob-
tain in p-symmetry of Eq. (1.1) as follows:

11 using Maple



Kh. Goodarzi, /IJIM Vol. 14, No. 4 (2022) 433-444

e When g(z) = 0 and h(t) = d in the functions
of (4.7), then by substituting the functions

M =Dy f(x,t), Ada =Dy f(z,t)+d
into the system of (4.6) and solving them, we
obtain

¢ = F(x,t), T=0, w =0,

where f(x,t) = —In(F(x,t)) and F(z,t) is
an arbitrary positive function. Then

= F(x,t)0,

is p-symmetry of Eq. (1.1) and corresponds
to an ordinary symmetry

V =exp (I(sz(x’ t)dZE + (th(x7t)
+d)dt)>X

of exponential type. In this case, using The-
orem 3.1, reduction of Eq. (1.1) is

Q = o—8uy—Tuy

= —F(z,t)uy (4.8)

o When g(z) = 0 and h(f) = 0 in the functions
of (4.7), then by substituting the functions

)\1 = Dxf(l’,t) ) >\2 = th($7t)7

into the system of (4.6) and solving them, we
obtain

£=0,

where f(x,t) = —In(F(x,t)) and F(x,t) is
an arbitrary positive function. Then

T:F(Jj,t), @:07

X = 681 +T8t+(,08u
= F(a:,t)@t,

is p-symmetry of Eq. (1.1) and corresponds
to an ordinary symmetry

V:exp( / Dy f(z,t)dx +Dy f(z, t)dt))X

of exponential type. In this case, using The-
orem 3.1, reduction of Eq. (1.1) is

Q = QO—fo—Tut

= —F(z,t)u, (4.9)
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4.2 order reduction of the gmKdV,.
equation using the p-symmetry
method

The generalized mKdV equation with variable-
coefficients (gmKdV,.) can be shown as follows:

up + a(t)uPug + B()Ugzs + V() Uy
+0(t)(zuy +u) =0,

where a(t), 5(t),
tions of time ¢ and its a scalar PDE of order
3 for u = wu(x,t). Let p = Aidx + Aodt be a
horizontal one-form and with the compatibility
condition DAy = DzA\y when u; + oz(t)u2ugC +
B(t)uzzs + v(t)ug + 0(t)(xuy + u) = 0. Suppose
X = €0, + 70 + 90, is a vector field on M. In
order to compute p-prolongation Y of order 3 of
X, we can use of (3.3); therefore, u-prolongation
Y of X is as

v(t) and 4(t) are arbitrary func-

Y=X + U*0,, +V'0y, + ¥**0,,, + ... + U9,

ttt )

where coefficients Y are as of (4.5). By applying
Y to Eq. (1.1) and substituting

S (1 a0, 90+ (1) e+ ).
for ., , we obtain the following system '%:
_3/8(t)7-u =0,-38(t )Tuu =0,
_GB(t)guu = (t)éuuu -
—36(t )(/\17 + 7) =
(4.10)

_36(t)(7'acm + TAI:E —+ 2)‘17—;5 + A%T) —0.

Let A1 and Ay are functions of (4.7) and satisfy
to the compatibility condition, i.e. DiA\1 = D,Ao
on solutions to Eq. (1.2). For instance, two cases
are studied to obtain in p-symmetry of Eq. (1.2)
as follows:

e When g(z) = 0 and h(t) = §(¢) in the func-
tions of (4.7), also «a(t), S(t) and ~v(t) are
arbitrary functions, then by substituting the
functions

>\1 — D:Ef(xvt) ;

21 using Maple

A2 = Dyf(x,t) +6(t)
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into the system of (4.10) and solving them,
we obtain

EZF($7t)7 7-:0? 90:07

where f(x,t) = —In(F(x,t)) and F(z,t) is
an arbitrary positive function. Then

X = €0, + 70, + @0y = F(x,1)0, ,

is p-symmetry of Eq. (1.2) and corresponds
to an ordinary symmetry

V =exp (f Daf(a,t)ds + (Def (2, 1)
+5(t))dt)x,

of exponential type. In this case, using The-
orem 3.1, reduction of Eq. (1.2) is

Q= —8&uy —Tuy

= —F(z,t)ug. (4.11)

When g(x) = 0 and h(t) = 1/t in the func-
tions of (4.7), also a(t) = c1/t2, (t) = cat?,
~v(t) = c3 and §(t) = c4/t where ¢, co, c3
and ¢4 are arbitrary constants, then by sub-
stituting the functions

A= Dxf(.%',t) , Ay = th(.%',t) + 1/t

into the system of (4.10) and solving them,
we obtain

€= TF(a,t),7 = Fla,t),p = ;F(a,1)

where f(z,t) = —In(F(x,t)) and F(z,t) is
an arbitrary positive function. Then

X = F(z,1) (%81 +0+ %m),

is p-symmetry of Eq. (1.2) and corresponds
to an ordinary symmetry

V =exp (fDxf(x, t)dx 4+ (D f (z,t)
—i—l/t)dt)X,

of exponential type. In this case, using The-
orem 3.1, reduction of Eq. (1.2) is

Q = —8us — Tuy
:F(x,t)<%—%u$—ut). (4.12)
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5 Lagrangian of the g¢gmKdV,.
and the ¢gmKdV,. equations in
potential form using the vari-
ational problem method

In this section, we show that the gmKdV,. equa-
tion and the gmKdV,. equation do not admit
a variational problem since they are of odd or-
der, but the gm K dV,. equation and the gm K dV,,.
equation in potential form admitting a variational
problem. We obtain Lagrangian of the gmKdV,.
equation in subsection (5.1) and Lagrangian of
the gmKdV,,. equation in subsection (5.2).

In the book [22], a system admits a variational
formulation if and only if its Frechet derivative is
self-adjoint. In fact, we have the following theo-
rem.

Theorem 5.1. Let A = 0 be a system of differen-
tial equation. Then A is the Euler-Lagrange ex-
pression for some variational problem £ = [ Ldz,
i.e. A = FE(L), if and only if the Frechet deriva-
tive Dp is self-adjoint: D\ = Da. In this case, a
Lagrangian for A can be explicitly constructed us-
ing the homotopy formula L{u] = fol w.A[AuldA.

5.1 Lagrangian of the gmKdV,. equa-
tion in potential form

We consider the gmKdV,. as

2
A, Ut + au ug + buggy

+euy + d(xugy + u) = 0. (5.13)

The Frechet derivative of Ay, is

Day,,. = Dt + 2auu, + ng’;
+<au2 +c+ l‘d)Dx +d.

Obviously, it does not admit a variational prob-
lem since D*AKucc # DAy, - But the well-known
differential substitution uv = v, yields the related
transformed the gmKdV,. as the following

. 2
Achc D Upt + AU Uzz + bVpraz + CUzg

+d(zvze +vy) = 0. (5.14)
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This equation is called ”the gm K dV,. in potential
form” and its Frechet derivative is

DAK'UCC = DﬁDt + (2av$v$$ + d) DJ?
+<av§ +c+md>Dg + bD;l-

which is self-adjoint: D~ = Day,, . By The-
orem 5.1, the gmKdV,. in potential form Ag,,,
has a Lagrangian of the form

1
L] = /OU.AKvCC[)\v]d)\

1
= -5 (vxvt — b2, + cv? + (1/6)av

—Hcdvg) -+ DivP.
Hence, Lagrangian of the gmKdV,. in potential

form Agy,., up to Div-equivalence is

1
L 0] = =5 (veve = b2, + o2

+(1/6)avt + xdvg). (5.15)

5.2 Lagrangian of the gmKdV,. equa-
tion in potential form

We consider the gmKdV,,. as

Aku,. T ut + a(t)u2u$ + /B(t)uatsc:c

+y(t)ug +6(t)(vuy +u) =0.  (5.16)

The Frechet derivative of Ak, is

Day,,. = Dt + 20(t)uu, + B(t) D3

+ (a(t)u2 +(t) + xé(t))Dx + 6(t).
Obviously, it does not admit a variational prob-
lem since D}, # Day,, - But the well-known

differential substitution u = v, yields the related
transformed the gmKdV,. as the following

AKch DUzt + Oé(t)v;%vmc + B(t)vazxmc

+Y(t)Vgg + 0(t) (2Vge +v5) = 0. (5.17)

This equation is called ”the gm K dV,,. in potential
form” and its Frechet derivative is

Dasga,. = DaDi + (20(t)v020 + (1)) D

+(a(®v2 + (1) +26(1)) D2 + B(1) D}
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which is self-adjoint: D = Da,,, . By The-
orem 5.1, the gmKdV,,. in potential form A Kvpe

has a Lagrangian of the form

1
Lv] = /OU.AKUM[)\U]d)\
= 5 (vave = B(0)02, + (07

+ (1/6)a(t)vd + +:C(5(t)vg) + DivP.

Hence, Lagrangian of the gmKdV,. in potential
form Ag,,., up to Div-equivalence is

Lo, 10] = =5 (vrve = B(E)02, +(t)0?

H(1/6)a(t)vt + m(t)vg). (5.18)

6 p-conservation laws of the
gmKdV,. equation in potential
form

In this
conservation law for the gmKdV,. equation in

section, we want to compute u-

potential form Ag, . in subsection (6.1) and us-
ing it, we compute p-conservation law for the
gmKdV,. equation A, in subsection (6.2).

6.1 p-conservation laws of the gmKdV,,
equation in potential forms

We consider the second order Lagrangian (5.15),
ie.
1 2 2
TN [v] = —5 (vzvt —bvz, + cvz
+(1/6)av + xdv%),

for the gmKdV,. equation in potential form

Vgt + CL’U%’UQCJ; + bva::cxw + CUgy
+  d(zvge + vz)

AKUCC

(6.19)

Suppose X = 0, is a vector field for La,, [v].
Let 4 = Aidx + Xodt be a horizontal one-form
and with the compatibility condition DA\ =
DzXo when Ag,,.. = 0. In order to compute p-
prolongation of order 2 of X, we can use of (3.3),
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we have,

Y = ¢, + V%0, + Vo, + ¥**9,
+\I/It8vmt + \I,ttavt“

where coefficients Y are as the following:

U* = (Dy+M)e, V' = (Di+ o),
T = (Dy + A\) T, U = (Dy + \g) %,
U = (D4 \p)Uh (6.20)

Thus, the p-prolongation Y acts on the La ., [v],
and substituting ( — b2, + cv? + (1/6)avi +
xdv%)/—vx for v;, we obtain the system as the

following:

by = 0, (—1/6)ap, =0,
—(1/2)b(pe + A1) = 0,
(—1/4)a(pe + A1p) =0,
b( A1 + 2A 100 + 2¢040) =0,
b(2A19x + M + ra + M) =0,
(—1/2)(xdpy + @1 + cA1p + Ao + cp,
+xzdA1p) =0.

(6.21)

Suppose ¢ = F(z,t), where F(z,t) is an arbitrary
positive function satisfying £a,., [v] =0, then a

special solution of the system (6.21) is given by

Fy(z,t) Fy(z,t)

M= - o =— ,
F(x,t) F(x,t)

where A1 and A9 are satisfying to D A\; = D).
Hence,

(6.22)

X = F(z,t)0,

is a p-symmetry for La,., [v], then, using Theo-
rem 3.2, there exists M —vector P’ satisfying the
p-conservation law (D; + A\;)P* = 0. Then, by of
(3.4), the M —vector P’ is as

—1
pl - - <3Ut + 2avi + 6bvzzz + Gcvg
p? — _%F(aj,t),

and (D + A)P! + (Dy + X\2)P%2 = 0, or corre-
sponds to Dy P! + D;P?> + \{P' + \P? = 0, is
a p-conservation law for second order Lagrangian
£AK1;CC [U}
lowing corollary:

Therefore we have obtained the fol-
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Corollary 6.1. pu-conservation law for the
gmKdV,. equation in potential form A, =
E(Lag,,,) is as

D,P' + D;P? + \\P' + \oP? =0, (6.24)

where P and P? are the M —vector P* of (6.23).

Remark 6.1. p-conservation law for the
gmKdV,. equation in potential form Ak, , sal-
isfying to the Noether’s Theorem for p-symmetry,
i.e.
(Di + )\Z)Pl = (Dz + /\1)P1 + (Dt + )\2)P2
= F(z,t) (vxt + av2vgg + bUrrrs
+Uzy + d(TVz0 + vz)>
- QE(ﬁAKUCC )
6.2 p-conservation laws of the gmKdV,,
equation
We consider the gmKdV,. equation in potential

form

2
AK’UCC = Uzt + AU Vyy + bvacac:cx + CUzs

+d(2vz0 + vg) = 0,
or equivalently
D, (vt +(1/3)av? +-bvggy +cvg+ xdng): 0,
v+ (1/3)avd + bvggs + vy + 2dv, = Fi(2),

where F)(t) is an arbitrary function. If we sub-
stitute

Fi(t) — (1/3)av3 — bvggy — cvy — xdvg

for v; and substitute u for v, in the M —vector P?
of (6.23), then, we obtain M —vectors P! and P?
as the following

1
Pl = 6 <3F1 (t) + au® + 3bugy + 3cu

+3:Udu> F(a,t), (6.25)
pP? = —gF(a;,t) .

Therefore we have obtained the following corol-
lary:
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Corollary 6.2. p-conservation law for the
gmKdV,. equation is as

D.P' + D;P?> + \\P' + \,P? =0,  (6.26)

where P! and P? are the M—vector P' of (6.25).

Remark 6.2. The gmKdV,. equation satisfying
to the characteristic form, i.e.
(Di + \)P? = (Dy + A1) P! + (D + \o) P?
= F(z,t)(us + auug + bugey + cuy
+d(zuy + u))
= QAKu,, -

7 p-conservation laws of the
gmKdV,. equation in potential
form

In this section,
conservation law for the gmKdV,. equation in
potential form Ag,,. in subsection (7.1) and us-
ing it, we compute p-conservation law for the
gmKdV,. equation A, in subsection (7.2).

we want to compute p-

7.1 p-comservation laws of the gmKdV,,
equation in potential forms

We consider the second order Lagrangian (5.18),
ie.

1
£ g0, 0] = =5 (veve = B2, + ()02
+(1/6)a(t)v + wd()e?),
for the gmKdV,. equation in potential form

AK’U _= ’Uxt + Oé(t)vivxx + 5(t)vzﬂtl‘$
+Y(t) vz + 0(t) (2Vze + V)

= E(La,,). (7.27)

Suppose X = 0, is a vector field for La,, [v].
Let u = Aidx 4+ Aodt be a horizontal one-form and
with the compatibility condition DA = Dg\9
when Ag,,, = 0. In order to compute pu-
prolongation of order 2 of X, we can use of (3.3),
we have,

Y = ¢d, + V%0, + ¥, + ¥**9,
_i_\I/a:tavm + \I,ttavt“
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where coefficients Y are as of (6.20). Thus, the
p-prolongation Y acts on the La ., [v], and sub-

stituting ( — B2, + ()02 + (1/6)a(t)vd +
:U(S(t)Ug) /—v,, for vy, we obtain the system as the
following;:

Bt)pow =0, (=1/6)a(t)py = 0,
—(1/2)B(t)(¢x + A1) =0,
(—=1/4)a(t)(pz + A1) =0,

5(t)(A1v90+ 2A1§0v+ 29%1;) - 07
/B(t)(z)‘lcpx + Mz + Pzz + )‘%90) =0,

(7.28)

(—=1/2)(26(t)pr + @1 + () A1 + A2

+7(t) sz + 23(t) A1) = 0.

Suppose ¢ = F(z,t), where F'(z,t) is an arbitrary
positive function satisfying La ., [v] =0, then a
special solution of the system (7.28) is given by

Fp(z,t) _ Fy(x,1)
Fz,t)' ">~ F(z,t)’

where A1 and A9 are satisfying to D;A1 = Dy \s.
Hence,

A= -

(7.29)

X = F(z,t)0,

is a y-symmetry for La,, [v], then, using Theo-
rem 3.2, there exists M —vector P! satisfying the
p-conservation law (D; + A;)P* = 0. Then, by of
(3.4), the M —vector P is as

-1
Pl = ?<3vt+2a(t)vz+6ﬁ(t)vmx
+ 67(t)vx—|—6m6(t)vz)F(m,t), (7.30)
P = —%F(x,t),

and (Dy + A\)Pt + (D; + A2)P? = 0, or corre-
sponds to D, P! + D;P?> + \{ P! + \yP? = 0, is
a p-conservation law for second order Lagrangian
LAgy,,.[v]. Therefore we have obtained the fol-
lowing corollary:

law for the
gmKdVy. equation in potential form Agy,. =
E(Lag,,,) is as

Corollary 7.1. p-conservation

D,P' + DP? + \\P' + \oP? =0, (7.31)
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where P! and P? are the M—vector P' of (7.50).

Remark 7.1. p-conservation law for the
gmKdV,. equation in potential form Ay, , sat-
isfying to the Noether’s Theorem for u-symmetry,
i.e.
(Di + \)P? = (Dy + A1) P! + (D + \o) P?
= F(z,t)(ver + ()00 + B()Vezes

5 (Daz + () @02z +v2)) )
= QE(EAK'UUC) .

7.2 p-comservation laws of the gmKdV,,
equation

We consider the gmKdV,. equation in potential
form

Ak = Vgt + a(t) 02050 + B(t)Vagan
+7()vae + 0(t) (222 + va) = 0,

or equivalently

D, (vt + %a(t)vi + B(t) gz + Y(t)vg
+(5(t):m)z) =0,

vy + éa(t)vf; + B(t)vaze + y(t) vz
+0(t)xvy = Fi(t),

where Fj(t) is an arbitrary function. If we sub-
stitute

Fit)~ 50(0)03 ~8(t)viwe —(1)0e — 5(0)ar

for v; and substitute u for v, in the M —vector P*
of (7.30), then, we obtain M —vectors P! and P>
as the following

pl o= —%<3F1(t)+a(t)u3+3ﬁ(t)um

F3y(t)u + 3w5(t)u>F(a;, 1),

pP? = —%F(x,t). (7.32)
Therefore we have obtained the following corol-

lary:
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Corollary 7.2. pu-conservation law for the
gmKdV,. equation is as

D,P' + DP? + \\P' + \oP? =0, (7.33)

where P! and P? are the M—vector P' of (7.32).

Remark 7.2. The gmKdV,. equation satisfying
to the characteristic form, i.e.

(D; + X\i)P? = (Dy + A1) Pt + (Dy + o) P?
= F(z,t)(us + a(t)u’uy + B(t)upes
+y(t)ug + 5(t)(xuy + u))
= QAKu,,-

8 Conclusion

In this paper, we provided p-symmetry and
reduced equations for the gmKdV.. and the
gmKdV,. equations and lagrangian for the
gmKdV,. and the gm K dV,,. equations are shown
in potential form. Finally, we described u-
conservation law for the gmKdV.. and the

gmKdV,. equations.
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