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Abstract

Performance measurement is always considered one of the most important tasks of managers.
Hence, management knowledge is measurement knowledge and if we cannot measure
something, we certainly cannot control it and consequently we cannot manage it. In this paper,
we examine data envelopment analysis models for improving inefficient units. In this study,
20 bank branches in Tehran were selected and mathematical models were presented for
estimating inputs with interval data.

The findings of this research highlight the importance of integrating advanced analytical tools
like DEA into management practices. By quantifying inefficiencies and offering clear
pathways for improvement, DEA empowers managers to make data-driven decisions that
enhance overall performance. This approach is particularly valuable in competitive
environments, such as the banking sector, where efficiency and service quality directly impact
customer satisfaction and profitability.
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1. Introduction

Since ancient times, especially after the
end of World War Il, senior decision-
making managers have realized that any
decision-making process lacking the
application  of  scientific  methods
inevitably involves personal biases.
Therefore, the use of scientific methods for
evaluating units is essential and
indispensable.

Understanding the performance of
subordinate units is the most critical
responsibility of a manager for making
appropriate decisions to guide them
effectively. The complexity  of
information, the vast volume of
performance data, the impacts of external
factors, the influence of competing units,
the limitations of wunits in making
appropriate decisions (for instance, due to
their governmental nature), sudden policy
changes due to reactive approaches to
severe problems (such as unemployment
and inflation), are among the challenges.
Without a scientific approach, managers
cannot  adequately  understand  the
performance of their units nor make
effective decisions to enhance efficiency
and productivity [1-3].

The aforementioned issue is often relevant
in both public and private economic
systems.

2. Literature Review:

1.1. Research on DEA with Uncertain
Data (Interval Data):

The foundational discussion of DEA with
uncertain data was conducted by Cooper
and colleagues. They introduced a method
to address situations where cost, price, or
other information is not precisely known,
but only upper and lower bounds of these
values are available. Using the concept of
confidence regions in DEA models, they
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developed a general framework for
handling interval data in DEA [4].

Lee and colleagues extended the idea of
DEA with uncertain data to the collective
DEA model. Antani et al. proposed a DEA
model that calculates interval efficiencies
for each DMU (Decision-Making Unit)
from  optimistic and  pessimistic
perspectives. Initially, their model was
applicable to precise data but was later
expanded to include interval and fuzzy
data. Wang and colleagues introduced
paired interval DEA models, addressing
some of the limitations in previous models.
Notably, Antani’s model could integrate a
combination of interval, precise, and fuzzy
data but was limited to a single input and a
single output [5,6].

2.1. Research on Inverse DEA:

One of the key issues in DEA is
estimation, first introduced by Wei and
colleagues. They explored scenarios
where, if the inputs of a DMU are
increased by a certain amount while
maintaining constant efficiency, what
level of outputs must be produced. The
model developed to answer this question is
referred to as the inverse DEA model [7].

In their approach, they assumed that
efficiency remains constant with increased
input levels and focused on estimating the
required outputs. They converted the
inverse  DEA problem into a multi-
objective linear programming (MOLP)
problem, demonstrating that in some
specific cases, the problem could be
simplified to a single-objective linear
programming model [8].

Wei and Yan’s inverse DEA model
estimated output levels while maintaining
constant efficiency with increasing inputs.
Jahanshahloo and colleagues extended
Yan’s model by discussing output
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estimation when input levels are increased
under the assumption of improved DMU
efficiency [9].

Foroughi and Hadi-Vanche proposed a
comprehensive model for input/output
estimation  problems.  Their  work
generalized the prior models by
considering not only increases but also
decreases in input/output levels. This
broader approach reflects scenarios where
units may seek adjustments in both
directions.  Foroughi and  Vanche
incorporated desired changes (increases or
decreases) in input/output levels into a
multi-objective  linear ~ programming
(MOLP) model to estimate outputs (or
inputs) [10].

Suppose there are n decision-making units
as {DMU :j=1....n}, each of which uses

m inputs to produce S outputs (the
decision-making units are homogeneous).
The input and output data values of the
decision-making units are in the form of
bounded bases, that is, the exact amount of
data is not available and instead the upper

and lower bounds of each data are
determined. So that for
(j=1---,n)DMU we have
(i=1---,m)x; <x; <x or in other
words X;: e[xu,”] i=1---,m;
j=1---,n and also y; <y, <y, orin

other words Y, e[y;,yﬂ; r=1---s;

j=1--n where y;, X; is the lower
i is the
upper bound of the intervals. Also, their
values are assumed to be constant and
strictly positive and always
Y < Vi X <X if we have
x = xIJ , then the i-th input of the j-th
deC|S|on -making unit has an exact and
certain value [11].

bound of the intervals and Yy, X

and
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Now the CCR model with interval data is
expressed as follows.

Max Zur[ylp,yr“p] (1)
> [ %]=
Zu,[ylp,y?p]—Zvi[x:p,xi]s

r=1

u,v, 20;r=1---sl---m

The above model is a nonlinear
programming model. Despotis and Smirlis
transformed the above nonlinear model
into a linear model by making some
changes.

To find the upper and lower bounds of the
unit under evaluation, models (2) and (3)
must be solved.

0" MaxZu Ve,

st. Zu Yy Zv, i <0, J—F
Zu Yr, - Zv,xIp <0,
Zvixi‘; =

u,v, 20;r=I,..,s;i=I,..m

(2)

p

o = Maxiu,y;

st. Zu Yy — Zv, J <0, J—R
Zu Yo — Zle,p <0,
ZV. -

ur,v|>0 r=I..,s;i=I,..m

(3)

p
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2.2 Estimating input levels in DEA with
interval data:

We intend to increase the output levels of
the unit under evaluation and look for
inputs that will produce this amount of
output (new outputs) in such a way that the
efficiency level of the unit under
evaluation remains constant or has the
desired improvement of the decision
maker or decision makers. The importance
of this issue is that sometimes managers
intend to make policies and plans for the
future of the organization or the unit under
their  management, and therefore,
according to the plan and decisions they
have, they predict the level of production
or output of the organization for a period
of time and they intend to estimate the
resources or inputs necessary for their
desired production so that they can
examine the practicality of their decisions.
Sometimes the manager is satisfied with
keeping the efficiency level constant and
his only goal is to increase the level of
output or production [13].

Suppose there are n decision-making units
in the form of {DMUJ-; j=1..,n}, each of

which uses m inputs to produce s outputs
(the decision-making units are
homogeneous). The input and output data
values of the decision-making units are in
bounded intervals, that is, the exact
amount of data is not available and instead
the upper and lower bounds of each data

are determined. So that for
(j=I---,n)DMU, we have
X <X < ,(i=1---,m) or in other
words X, e[xfj,xﬂ; r=I-m

j=1--n and also y; <y, <ygorin
other words Y, e[y;,yﬂ; r=1---,s:

j=1--n where y;, X; is the lower
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bound of the intervals and y;;,x; is the

upper bound of the intervals. And also,
their values are assumed to be constant and

strictly positive. yy; < i, % <X always

holds. As stated in the DEA section with
base data, a specific efficiency interval

such as [6*,6?9] can be calculated for
each ofthe (j =1,---,n) DMU decision-
making units. Where 0" is the lower
bound of DMU efficiency, which is
calculated by model (2), and 0’ is the
upper bound of DMU efficiency. 6 and

6" are calculated using input-driven CCR
envelope models with interval data. Since
the goal is to estimate inputs, input-driven
models are used.

Consider the p-th unit under evaluation,
i.e., DMU o It is assumed that the outputs

of this unit, or in other words, the lower
and upper bounds of the outputs of

DMU,, ie., (r=1,--,5)yg, Y, have
increased by  (r=1,---,s)Ay;, Ayy
respectively, and it is also assumed that
(r=1---,s)Ay,, Ay,  (note  that

Aypy, Ay, are the vectors of the amount of
change in the lower and upper bounds of
the input data DMU , respectively), so

the new output values of DMU , will be
L L L.
ﬂrp = yrp +Ayrp’r :1’“.’5
P =Ye +AYp:r =1---,s, or in other
words, the new output values will be in the
bounded interval i=1,---, m;[ﬂr:,ﬂ;’)] .
In this case, we intend to estimate the new
input values of DMU jassuming that the

efficiency remains constant and the
efficiency level improves to DMU . We

and
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assume that apz(alp,~--,aip,---,amp)
is the new input value of DMU o - Now, to

estimate the input levels of DMUp, we

write Model (4) (Model for estimating
inputs when output levels increase
assuming efficiency remains constant) in
Chapter 3 as follows.

M|na :(alp’“.’aip"“’amp)

(4)
;’1 (x4 <[ 0%, |ayii=1,m

n

z I:ylj ylj] [ rp!ﬂrl;il;rzly”',s
szo,j=1,~.n

Now suppose
Xi < X5 <X
0-<o <o"
Yo < Vg <Yy
B < By < By
Xp = X5+ pi (%7, %

9*=e“+a(eu—9“)

o) Vivj 0<pj <1
0< <1
Yo = Vi +0y (V5 — ) Vr Vi 0<qy <1
By =By +9; ('Brl; _ﬂrp) vr 0<4;, <1
By inserting this variable change into
model (4) and applying p;,4; = p;,
d;4; =0, .o, =a; changes, model
(5) is obtained.
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(5)

Mina, =(a1p,---,aip,---,amp)

Z’IX +Zpu( i IJ)

£0°aip+ai'p(c9°,90);i:|,...,m

S A5+ D0 (v5-v)

=t =1
(BB Yir =1

0<p; <Aji=l--mj=1--n
0<q,; <A;r=1-sj=1--n
O<aIp Salp,l=|,---,m

0<o, <lLr=I,

0<y, sl,|=l,~-,m
4;20;j=1,--,n

The above model is a linear programming
model. As you know, the values

L U

yIJ ,yu,ﬁ‘rp,ﬁrp,xu,xIJ and 6,0 are
given. Solving this model in practice is
difficult. Therefore, another solution is
used in practice to estimate the output
levels. This solution is that we estimate the
lower and upper bounds of the new
outputs, or in other words, we estimate as
I:(l G,

ooy | i=1..,m, that the

corresponding models are given in models
(6) and (7).

Minz_ljvxlia; (6)
st. Y AX +AX) <O el i=1..,m
j=1
DAY +AYe < By, r=1..5
j=1
4; 20, j=1..,n
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- m L
Mlnz_l:wiaip
st D AKX + A% <0 af, i=1..,m

ip = ip?
=

DAY T A S By T=18
j=1

(7)

3. Model Implementation

In this study, the data in question were
collected using the indicators introduced in
the previous section from 20 branch bank
branches in Tehran in 2015 and analyzed
using GAMS software. The results of this

1 >0 j=1..n analysis are presented below.
; 20, ey
The input and output indicators considered
for branches are shown in Figure 1.
Operating expenses > > New Customer Acquisition Rate
Deferred facilities > DMU > Revenues
(branch
Incentive payments »| bank) > Deposits
Electronic services > > ATM Net Productivity

Fig 1. Branch entry and exit indicators

Table 1. Branch efficiency values

[H*L : o° :| Name Branch [H*L : o° :| Name Branch
[1,1] 11 [1,1] 1
[0.68958,0.74113] 12 [0.47904,0.52987] 2
[0.67796,1] 13 [1,1] 3
[1,1] 14 [0.99629,1] 4
[0.841194,0.90133] 15 [0.93980,0.96094] 5
[L1] 16 [0.90702,1] 6
[0.88034,0.89934] 17 [1,1] 7
[0.81120,0.82897] 18 [11] 8
[L1] 19 [L1] 9
[0.93997.1] 20 [0.79352,0.90700] 10

We consider the second unit under
evaluation, which is an idle unit. The
estimated output of the new inputs is
expected to increase compared to the
previous inputs because it is assumed that
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the new outputs have increased and the
efficiency level is also constant. Therefore,
with increasing outputs, in order for the
efficiency level to remain constant, the
output of the new inputs must increase. In
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the graphs below, the trend of changes in
the upper bounds of each of the inputs can

expenses

Deferred facilities

Incentive payments

Electronic services

13600

13400

13200

13000¢

be observed in exchange for an increase in
the first output level.

New Customer Acquisition Rate

100
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501

25¢

0

31I00 3200 3300 3400 3500 3600 3700

New Customer Acquisition Rate
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19251
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New Customer Acquisition Rate

15000

14500

14000

13500

13000

31IDO 3200 3300 3400 3500 3600 3700

New Customer Acquisition Rate

31IOO 3200 3300 3400 3500 3600 3700

Fig 2. The trend of changes in the upper bounds of inputs in exchange for increasing outputs
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Similar to the above chart, we can analyze
the charts for the other indicators as well.

5. Conclusion:

The findings of this research highlight the
importance of integrating advanced
analytical tools like DEA into
management practices. By quantifying
inefficiencies and offering clear pathways
for improvement, DEA empowers
managers to make data-driven decisions
that enhance overall performance. This
approach is particularly valuable in
competitive environments, such as the
banking sector, where efficiency and
service quality directly impact customer
satisfaction and profitability.

Definite data values are not always
available, so assuming that the data is
interval-based, we calculated the
efficiency of each branch compared to
other branches. Considering the interval-
based nature of the available data, an
efficiency range was determined for each
branch as an upper and lower bound of
efficiency.
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