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1. Introduction

The first definition of a fuzzy graph was given by Kaufmann [5]. His definition was under Zadeh’s fuzzy
relation [13]. After that, Rosenfeld [9] introduced the fuzzy graph theory by considering fuzzy relations on
fuzzy sets. He established some relations concerning the properties of path graph, trees, and various graphs. The
generalization of a crisp graph is a fuzzy graph. Therefore, there are many similar properties between them.

Let G=(V, E) be a graph. We denote the distance between two vertices u and v of G by d(u,v) and defined
as the number of edges in the shortest path connecting u and v. The oldest and most studied distance-based
structure descriptor is the Wiener index introduced as early as in 1947 [11] and defined as the sum of the
distances between all vertex pairs of the underlying graph:

W(G)= > d(uv)

{uviev
In [10], the authors introduced two new degree-based graph polynomials, and established their relations to
the Wiener index and the degree distance. In this paper, we intend to define a polynomial similar to one of them
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for fuzzy graphs, and use it to obtain the Wiener index for fuzzy graphs. But before defining the Wiener index in
a fuzzy graph, we need to define the distance between two vertices in a fuzzy graph. In the research literature,
the distance between two vertices in fuzzy graphs is defined in such a way that, in a special case, it does not
correspond to the concept of distance in crisp graphs (see [2], [4], and [6]). Thus, in the special case, the Wiener
index of a crisp graph does not follow from the Wiener index of a fuzzy graph.

We define the distance between vertices in a fuzzy graph in such a way that the distance between two
vertices in a crisp graph can be obtained in a particular case. Based on this definition, it is easy to see that the
Wiener index in crisp graphs results from the Wiener index in fuzzy graphs. We will also see that using the
polynomial mentioned above and the new distance concept, the Wiener index can be calculated as a fuzzy
graph. Using a special lower triangular matrix, we calculate a generalized Wiener index in the fuzzy graph, and
finally, we calculate the Wiener index in the fuzzy graphs of certain binary operations on pairs of graphs, and
we will see that in a particular case, they are equal to crisp graphs.

2. Preliminaries

In this section, we collect some of the definitions and the results that will be required afterward. To begin
with, we go through a few essential definitions from [7].

Definition 1. A fuzzy subset of a non-empty set S isamap o:S —[0,1] which assigns to each element X in
S a degree of membership o(x)in [0,1] such that 0<o(x)<1.

If S represents a set, a fuzzy relation  on S is a fuzzy subset of SxS. If V is a nonempty set, then we
define the relation ~on V xV by for all (x,y),(u,v)eV xV, (x,y) ~ (u,v) if and only if x=u and y=vor
x=v and y=u. It is easy to show that ~ is an equivalence relation on V xV . For all x,y eV, let [(X,Y)]
denote the equivalence class of (X,y) with respect to ~. Then [(X,V)]={(x,y),(y,X)}. Let
& ={l(x,y)1Ix,y eV,x= y}. Often write £ for & when V is understood. Let Ec& . A graph is a pair
(V,E). The elements of V are the vertices of the graph and the elements of E as the edges. For X,y eV, we
let xydenote[(X,y)]. Clearly, we have xy = yx. We note that graph (V,E) has no loops or parallel edges.

Definition 2. A fuzzy graph G=(V,o, 1) is a triple consisting of a nonempty set V together with a pair of
functions o =0 :V —[0,1] and u:=u; : € —[0,1] such that for allx,y eV, u(xy)<o(X) Ao(y), where A
denote minimum.

The fuzzy set o is called the fuzzy vertex set of G and u the fuzzy edge set of G .

Definition 3. [7, pp.15] A path Pin a fuzzy graph G =(V,o, &) is a sequence of distinct vertices X,,%;,*-, X,
(except possibly x,and x, ) such that x(x,_,x;)>0 fori=1,---,n. Here nis called the length of the path. We call
Pacycleif x,=x,and n>3.

Definition 4. (See [7, Definition 3.3.1]) Let G=(V,o, 1) be a fuzzy graph. The degree x eV is denoted by
dg (x)and defined as dg (x) =Y u(xy).

yev

Definition 5. [8, Definition 3.1] Let G=(V,o, 1) be a fuzzy graph. The size of G is denoted by S(G) and
defined as D" u(xy).

xye&
Definition 6. [4, Definition 3.1] A fuzzy star graph F(S,)=(V, UV,,o,u) consists of two vertex sets
V ={v;}andV, ={u,,u,,...,u,}such that z(v,u;) >0for 2<i<nand z(u;u)=0for 2< j,k<nandj=Kk.

In 1989, Bhutani [1], introduced the concept of a complete fuzzy graph as follows. A complete fuzzy graph
is a fuzzy graph G=(V,o,u)such that u(uv)=o(u) Ac(v)for allu,veV . In this paper, we present a new
definition of complete fuzzy graph.

Definition 7. Let G=(V,o, 1) be a fuzzy graph. We say that G is a complete fuzzy graph (CFG) in which
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0< u(uv) =k <min{o(v);veV}, forall u,veV.

Definition 8. Let G, =(V,,0,,4,) and G, =(V,,0,, 1,) be two fuzzy graphs such thatV, "V, =¢. Sum of two
fuzzy graphs G, and G, is denoted by G, vG, =(V,o0,u) suchthatV =V, UV,,

w(uv) u,vev,
(o (v) vewy _
U(V)—{JZ(U) L ovew uuv) =4 (W) ,  uvev,
k , UeV,Vvev,

where k = min{o; (u), o, (v)} for everyu e V,andv eV, .

Definition 9. Let G, =(V,,0,, ) and G, =(V,,0,, &,) be two fuzzy graphs. The Cartesian product of graphs G,
and G, is denoted by G, xG, =(V,o, 1) is a fuzzy graph such thatV =V, xV,, a((u,v)) =0o,() v o,(v), where
v is denoted maximum and

ww) , ifu=u
HuV)(U V) = (uu)  ifv=v
0 , o.w
We have dg,q, (U,v) =dg (u)+dg (V).

Definition 10. Let G, =(V,,0,,4) and G,=(V,,0,,4,) be two fuzzy graphs. The composition
G,0G, =(V,o, 1) isafuzzy graph such that V =V, xV,, a((u,v)) =o,(u) v o,(v) for everyu eV,, veV, and
(W), if u=u,we&(G,)
AUV V) = (uu),  uu € &(G,) ,
0, o.w

We have dg ¢ (u,v) =2d; (u)+dg, (V).

3. Main results

In this section, we will introduce a lower triangular matrix and prove an important theorem by using this
matrix which we will use to compute the generalized Wiener index in a fuzzy graph. Furthermore, we present
two polynomials of a fuzzy graph and get some applications. Let

10 0 0 0 0 O
11 0 0 0 0O
13 1 0 00O
A=1 7 6 1 0 0 O :
115 25 10 1 0 O
131 9 65 15 1 0
where entry a; of lower triangle of Ais as follows:
1 , J=lorj=i
8 =18y Iy o I<]<i
0 , oW

In the next lemma, the inverse of matrix Ais presented.
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Lemma 1. The inverse of the matrix Ais as follows:

1 0 0 0 0 O
-1 1 0 0 0 0 O
2 -3 1 0 0 0 O
B:= A71 =| -6 11 -6 1 0 0 0 1
24 50 3% -10 1 0 O
-120 274 -225 8 -15 1 O
where entry b, of lower triangle of A™is as follows:
1 . j=i
A R G (e L B
D By — =Dy L 1< <
0 , o.w

Proof. Suppose that AB=C =[c;],.,- We compute c; for all i, j separately. We first consider the special
case i=j=1

C, = zalkbkl = a11b11 =1.
k=1
The case i = jwill prove similarly; that is, c;,= 1. Now consider the case i >1 and j=1.

G, = Z aikbkl = ailbll + zaikbkl =1+ Z (a(i—l)(k—l) + ka(ifnk)((_l)kil(k ADES
k=1 k=2 k=2

1+ Z(_l)kil(k “D0ag g + Z(_l)kilk(k —D0a; =
k=2

k=2

n-1 n-1
1+ (D ke gy + . (D) Tkl oy, + ()" nla, ), =
k=1 k=2

n-1
1+ (=D"ay + D (=D + (-1 Mkl +0=0.
k=2
Nowletl < i < j.
c; = .a,b; =a,0+a,0+...+a,0+0by,,; +...+0b; =0.
k=1
Finally we consider the case 1 < j < i.

n
c; =Y ab; =2,0+8,0+...+8,,0+ab, +a

iy (.0 +
k=1

i
80y -+ &by 0D,y +..+ 00, =D ah, =
Py

i i i
Z(a(i—l)(k—l) + ka(i—l)k)bkj = Za(i—l)(k—l)bkj + zka(i—l)kbkj =
k=] k=j k=]

i-1

i-1
z a‘(i—l)kb(kﬂ)j +Zka(i—1)kbkj + Ia‘(i—l)ibij =

k=j-1 k=]
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Z gk (bk(j ) kbk)"'zka(. 1)k

k=j-1
i—1
> by Z kay;_yy by +Zka(, B
k=j-1 k=j-1
i—1 i—
kZ i ayB(j-n — (T =Dy —kaaa-mbkj +k2kau-1>kbkj =
] y y
i-1 i-jel
Ai_g)k k(J—l) z iy k(j -2) Z a(i—j+1)kbk1: Cijirn =0
K=j-1 K=j-2 k=1

Therefore, AB = C = Iy, and B = A™L,
Lemma 2. Let {b,}and{t,} be two sequences of real numbers and

f(x)=> bx",
n=1
where X is a positive real number. Then

z ) thxtt Zaijj’lf”’(x),

j=1
where a,is the entry in the kthrow and the jth column in matrix A, K is a positive integer, and fVis j* order
derivative of f. In particular,

m k
Sbth=>"a,f().
n=1 j=1

Proof. We proceed by induction on k,with the case k =1being trivial. Let i >1and the theorem is true for
k =i.By the induction hypothesis

ant; X0 —Zi:aijxj‘lf“)(x).
multiplying the preceding equation by x gives "

Zm:bnt;x‘" =Zi:aijxjf(j’(x).
By differentiating the preceding equation vvnlitlh respect tjglx , We obtain

antHl Xt -1 Z jaijxjflf (j)(x) +Zaijxj f (j+1) (X)
j=1 j=1

=a, f (X)Z jaijxj—l f (j)(x) + Z_laijxj f (j+1)(x) + aiixi f (i+1)(x)

i—2 =
i - i S o
=,y f (X)z J3; XD (x) + zai(j—l)xjilf D(x)+ AiayiX T 9 (x)

j=2 j=2
i . . . .
=i,y f (X)Z(jaij & XD (x) + Ay X | @9 (x)
=2
i+1

= 8,y X T (X).
=

By the above Lemma, we will calculate the generalized Wiener index in a fuzzy graph (See Theorem 2). For
another application of the above lemmas, suppose that {b, }and{t,} are two sequences of real numbers and

f(x)= zmlbnx‘“ ,
n=1

where X is a positive real number. In addition, Let X =(f'(0), f"(),..., f“ (1))and
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Y=(Obt, bt Y bth).
n=1 n=1 n=1

Then X = AY.

Now, we present two polynomials of the fuzzy graph and get some applications.
Definition 11. Let G =(V, o, u) be a fuzzy graph and let the sequence

(d;,d,,-++,d,) = (dg (v),dg (V,),--+,dg (v,))
be fuzzy degree sequence of G such that d, >d, >...>d,. We define its fuzzy degree polynomial by:

S (X) = Zn:xdi.

Lemma 3. Let (d,,d,,...,d, ) be the fuzzy degree sequence of fuzzy graph G =(V, o, &) such that d, >1.
Then

11 n 1
[ =Ss ()dx= Zl;d—

0 X
Proof. The proof of this fact is straightforward.
By the definition, if G =(V,o, ) be a fuzzy graph, then we have S, (1)=|V| = n; and S'; (1)= 2S(G).

Theorem 1. Let G, =(V,,0,, ) and G, =(V,,0,, 1,) be two fuzzy graphs such that |V, |=n,and |V, |=n,. Then,

1) Sg,ue, (X) =S, (X) + Sg, (X);

2) g0, (X) = XK Se, (X) + X Se, (%);

3) Sg 6, (X) = Sg, (X) x Sg, (X).
Proof. We prove these assertions directly.

1) Sg (=D, x oo () = Zxdc'l © 4 > x‘e ) = Se, (X) +Sg, (%)

VeV WV, VeV, VeV,
d (v) dg, (v)+kn dg, (v)+kn,
— Gy vG: — Gy 2 G h
o0 (0= 3 ) T 5 e
2) VeV, UV, veV, veV,

= X8 (X)+ XS (X).

SGlez(x)z z o, (@D) _ z  Jou (@40, )

3) (a,b)eVyxV, (a,b)eVyxV,
3 dgy(a) _ O, (®) e, (2) de, )
= D xR = X Y xS =8 (X) x S, (X).
aevy, bev, aeVy beV,

Let G=(V,o, 1) be a connected fuzzy graph. Rosenfeld [19] has defined x —length of any u—v path P as the
sum of reciprocals of arc weights in P and distance between u and v called the . — distance denoted by
d,(u,v), as the the smallest x—length of P. When G is a crisp graph, Rosenfeld's definition of distance
between uandyv is not the length of the shortest path. Here we introduce a new definition for distance between
two vertices uandyv in a fuzzy graphG .

Definition 12. Suppose that r is the length of the shortest path between two vertices u,veV. The distance
between two vertices uandv of G is denoted by d(u,Vv) and is defined as

d(u,v)= min{iy(uiuiﬂ);uo =u,---,U, =V}

By our definition, if x(uv)=1 forall u,veV,then d(u,v) is the length of the shortest path as in the crisp graph.
In what follows, when G is a fuzzy graph we consider d(u,Vv) according to the above equation.
We define Wiener index in the connected fuzzy graph G =(V,o, 1) as
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W(G)= > d(u,v).

{uvicv
We also define generalized Wiener index in the connected fuzzy graph as follows

WG)= > d(u,v).

{uvicv
Example 1. Let F(S,)be a fuzzy star graph of ordern. Then W (F (S, ))=(n-1)S(F(S,)).
Definition 13. Let G =(V, o, 1) be a fuzzy graph. We define the polynomial 7 (G, X) as:
TG, x)= >, x'UV.

{uviev

Assume that V| =n, by the above definition we have:
n
T(G)) =(2] and 7'(G,1) =W (G).

Example 2. Let G =(V, o, ) be a CFG of order n (See definition 7). Then

n

T(G,x)= Z X :( jxk.
{uviev 2

Theorem 2. Let G=(V,o, 1) be a connected fuzzy graph. Then

k .
W (G) =Zaij“)(G,1).
j=1
Proof. It follows from Lemma 2.
Theorem 3. Let G,=(V,,0,,4)and G, =(V,,o,,u,)be two connected fuzzy graphs such that |V, |= p, and
V,| = p,. Also assume that d(u,v) > 2k for every u,veV,oru,veV,. Then we have

T(G1VGZ,X)= Z Xuq(u,v)+((glj_ql)xzk+ Z X;le(u,v)

we(Gy) ueé(G,)
u,vevy u,vev,

p
+(( ZZJ_qZ)sz + Xk pl pz

Proof. By the definition, we have
TG, vG,x)= D> xaelPo Z gl [y

{uvicv, v, uvel(Gy) uve€(Gy)
u,vev; u,vev,
n Z X,uGz(u,v) + Z X2k + z Xk
uveé(G,) uveé(G,) uev,
u,vev, u,vev, VeV,
, P :
— Z Xl—’sl(u V) + (( 21 _ ql)XZk + Z Xyez(u V)
uves(Gy) uvel(G,)

u,vevy u,vev,

p
+(( ;j—qz)ka +Xp,p,.

From the above theorem, we can compute the Wiener index in the fuzzy graph G, v G,.

TG VG X)= 3 e (WX 2k(( ';j )X
wes(G,)

u,veV;

DI A () ZK(( sz )X ke Ip,p,.

uvel(G,)
u,vev,

So,
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P,
2
Corollary 1. When G,and G, are two connected crisp graphs, we have S(G,)=q,, S(G,)=0q,and k =1.
Therefore,

T'(Gl VGz’l) :W(G1 VGz) :S(Gl)‘*‘S(Gz)‘*'Zk(( 21]4‘( j_ql _q2)+kp1p2'

P P
W(G, vG,)= 2[ 21]4-2[ 22J+ PP, — (0, +0,)-

The above result coincides with [12, Theorem 2].
Theorem 4. Let G, =(V,,0,,1) and G, =(V,,0,,,) be two connected fuzzy graphs such that |V, |= p,and

V,| = p,. Then
T(G, xG,,X) = p7Tg, (X) + p, 7, (X) + 275, (X) 15, (X)
Proof. It is easy to prove that
dGle2 ((u,v), (u',v)) = del (u,u’)+ dG2 (v,Vv").
So, by the definition we have
T (G, xG,,X) = > A CRCRD)
(u,v),(u’,v’)}glev2
— Z XdGl (u,u")+dg, (v,v') _ Z XdGZ (v,v)
{(uv),(u' V)3V =, u=u’
{v.vieVy
+ Z XdGl(u,u') i Z del(u,u’)ﬂiGZ (v,v) _ plT(GZ,X)
v=V' u=u’ vV

{u,u'}gv1
+p,7 (G, X) +2 D Xl Y e )
{uuevy {v.vicV,
=p,7 (G,,x)+ p,7 (G, X) + 27 (G, x) x 7T (G,, X).
From the above theorem we have

T'(G,xG, 1) =W (G, xG,) = pW(G,) + pZW<Gl)+2w<Gl)(‘;2j

+2W (Gz){ Fz)lj = p1W (Gz) + pzw (Gl) +W(Gl)( pz2 - pz) +W(G2)(p12 - pl)

= plz\N(Gz) + pzz\N(Gl)-
By [12, Theorem 1], if G,and G, are two connected graphs, then
W(G, xG,) = pAW (G,) + p2W (G)).
So, we can see that our result is true in the crisp graphs.
Remark 1. Let G, =(V,,0,,4) and G, =(V,,0,,4,) be two connected fuzzy graphs. By our definition of

distance between two vertices in a fuzzy graph G, we have
dg (u,u), ifv=v {uucVv,
oo, (UV)U',V)) =1dg (v,V) , ifu=u"{v,v}cV,.
dg (u,u’), ow
Theorem 5. Let G, =(V,,0,, 1) be a connected fuzzy graph and G, =(V,,o,, 1,)be a fuzzy graph such that
M, (uv) > 0for every u,vin V,. Then
W(GloGz) = p22W (Gl) + plS (Gz)-
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Proof. By our definition, we have

T(G,0G,,X) = Z N OO Z yla ) z A
{V), (" v)}eV =V, v=V' u=u’
{uulevy {vviev,
42 z Xdc,l(u,u’) _ Z XdGl(u,u’) " z NG (w')
{uuevy, {vviey, v=V' u=u’
{u,u”}gv1 W'GE(GZ)
+2 > x4,

{u,u ’}ng AV, v’}gV2

So,
T'(G,0G,,1) =W(G,0G,) = pW(G,) + p,S(G,) + 2( F;Z jw (G) = p22VV (G)+ pS(Gy).

Example 3. Let F(S,) be a fuzzy star graphs and let G=(V,o, ) be a CFG of order nand vertex degrees k.
Then

W (F(S,)0G) =n?(p—1)S(F(S,)) + pk@.

4. Conclusion

In this paper, the distance between two vertices in a fuzzy graph is defined in a different way. Also, some
new degree-based fuzzy graph polynomials are introduced. By utilizing a special lower triangular matrix, the
Wiener index and the generalized Wiener index of a fuzzy graph are computed, which coincide with the Wiener
index and the generalized Wiener index in the crisp graph. The result is used to compute the Wiener index of the
sum, products, and composition of two fuzzy graphs. It seems that by defining other suitable polynomials, it is
possible to calculate other topological indices such as the Zagreb index in the fuzzy graph.

Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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