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its convexity and differentiability based on its boundary region. The RP
problem is converted into two subproblems namely, lower and upper
approximation problem. The Kuhn-Tucker. Saddle point of rough programming
problem (RPP) is discussed. In addition, in the case of differentiability
assumption the solution of the RP problem is investigated. A numerical
example is given to illustrate the methodology.
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1. Introduction

Rough set theory has found in many interesting applications. The rough set approach seems to be of
fundamental importance to cognitive sciences, especially in the areas of machine learning, knowledge discovery
from databases, expert systems, inductive reasoning and pattern recognition. First of all, Pawlak et al. [15] and
Pawlak [16] introduced the concept of a rough set. There are many applications for the rough set theory as
artificial intelligence, expert systems, civil engineering [4], medical data analysis [5], data mining [5, 14, 17,

], Pattern recognition [14, 19], and decision theory [8, 9].
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According to the decision maker (DM) influence in the optimization process, multiobjective optimization
(MO) methods can be classified into four categories (Hwang and Masud [7]). Sasaki and Gen [20]) proposed a
hybridized genetic algorithm for solving multiple- objective nonlinear programming having fuzzy multiple
objective functions and constraints with generalized upper bounding structure. Wang and Chaing [23] applied
user preference enabling method to solve general constrained nonlinear MO problems. Kundu and Islam [12]
introduced an interactive method to design a high reliable and productivity system with minimum cost to solve
multi- objective optimization problem. Waliv et al. [22] studied the effect of capital investment and warehouses
space on profits as well as shortage cost through sensitivity analysis and compared the efficiency of fuzzy
nonlinear programming and intuitionistic fuzzy optimization techniques to obtain the solution. Ahmed [1]
proposed a method to solve MO problems with intuitionistic fuzzy parameters. Liu et al. [13] introduced a new
systematic method for determining an optimal operation scheme for minimizing octane number loss and
operational risks.

In this paper, the concept of rough function and its convexity and differentiability based on its boundary
region are introduced. In addition, a new kind of rough programming problem and its solutions is discussed
based on the notion of boundary region. Many researchers investigated the study of rough either in the objective
functions or constraints or the twice (Khalifa [9]; Khalifa et al. [10]; Garg et al. [6]; Khalifa et al. [11]; Zaher et
al. [25]; Zaher et al. [26]; Ammar and Emsimir [2]; and Ammar and Al- Asfar[3]).

This paper is organized as: Section 2, some preliminaries related to the rough function and its convexity
based on its boundary region are introduced. Section 3 concerns with the formulation of rough programming
problem, the related two problems, which one of them is called upper approximation problem (UAP) and the
second is the lower approximation problem LAP and surely and possible optimal solution. In Section 4, we
discuss the Kuhn-Tucker. Saddle point of rough programming (RP) problem. In section 5, we investigate the
solution of (RPP) in the cases of differentiability. In Section 6, a numerical example is given in the sake of the
paper for illustration. Finally, some concluding remarks are reported in Section 7.

2. Preliminaries

In this section, definition of rough function and its convexity based on its boundary region is introduced.

Definition 1. Let fR:R" > Randu, & € R,u < . Suppose that the universal set V(V = {f(x): f: R" >
R }). The set of functions {f;} c V is the lower approximation of & which is denoted by f%4(x) and is defined
as fL4(x) = {f(x) € V:|f;(x) — f*| < u}, and the set of functions {f;} c V is the upper approximation of f*
which is denoted by fUA(x) and is defined as fU4(x) = {f(x) € V:|f;(x) — f¥| < @}. The function fR is
called rough function if fL4(x) = fU4(x).

Definition 2. The boundary function of the rough function £ is F(x) = fU4(x) — f%4(x), where f-4(x), and
fUA(x) are the lower and upper approximations of £&; respectively.

Definition 3. A rough function £¥ is said to be convex if the boundary function F(x) is convex.

3. Problem statement
A rough programming (RP) problem in which the objective function is rough is formulated as

(RP) min fR(x)
Subject to

X= {x eER™h,.(x)<0,r= L_m}
Where, fR(x) is rough function with lower and upper approximations f-4(x), and fY4(x); respectively and
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L) < fR(x) < FU4(x), and X represents the crisp feasible region.
In order to solve the RP problem, let us solve the following boundary problem
(BP) minF(x) = f7400) — f+4(x)
Subject to

X={xeR%h(x)<0,r=1,2,..,m}.
Where, X is convex setand h,.(x),r = 1,2, ...m are convex and continuous functions.

The BP problem can be separated into the following two subproblems as:
(LA) minF(x) = fX4(x)
Subject to
X ={x € R®h,(x) <0,r =1, m},and
(UA) minF(x) = fU4(x)
Subject to
X={xeR%h(x)<0,r=1,2,..,m}.

Here, we assume that fU4(x) is convex function and £%4(x) is concave function.

The optimal solution of lower problem (LA)is denoted by fX4(x*) = max,cy f4(x), and the optimal
solution of upper approximation problem (UA) is denoted by

FUA() = min ey fU4(0).
Definition 4. The optimal solution of the RP problem is fR(x*) where fX4(x*) < fR(x*) < fU4(x*), where
St, and SY are the sets of the solutions of problems (LA) and (UA); respectively.
Definition 5. A solution x* € St n SY, F(x*) = 0 is called surely optimal solution of the RP problem.
Definition 6. A solution x* € S N SY, F(x*) # On is called possibly optimal solution of the RP problem.
Definition 7. A solution x* € St n SY is called nearly possibly optimal solution of the RP problem.

Lemma 1. If x* is the solution of the boundary problem (BP), then x* is the solution for the lower and upper
approximation problems.
Proof. Let x* be a solution of the BP, then

fUAGLT) — fHAG) < U400 — fFH4(x); v
Suppose that x* is not a solution for the (LAP)and(UA), then there exists an A € X such that fU4(x) <
FU4(x"), this implies that fU4(x) — fL4(x) < fU4(x*) — fLA(x), fL4(x*) < fX4(x) which leads to
fUAT) = fH4() > U = ).
ThusfU4(x) — fX4(x) < FU4(x*) — fL4(x*), contradicts that x* is a solution of BP. Therefore, x* is a

solution of the two problems (LA) and (UA).
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4. Rough Kuhn- Tucker Saddle point
Consider the rough problem

min fR(x)
Subject to (D)
X={xeR™“h.(x) <0,r =1, m},

FE () < fRx) < FUAW).

The rough Kuhn- Tucker saddle point for problem (1) takes the form
PRGN + Tt ehy ) + Vimaa (FAG) = FROED) + Vi (FRGED = FU4 ()
< FRED) + T W he () + Vi (FAG) = FRG)) + Vi (PR = £U4())
< FRE) + T GO+ Vs (FHA00 = FRGO) + Vi (FRGO = FU4 @) ), o
(1= Vme1 + Vma2) FROD) + Z1 b () + Vit fAOC) = Y f U4 (X7)
< (1= Vme1 +Vma2) FRCO + P 1 he () + Yiad fH4 () = Vi f V4 ()

< (1 = Yme1 + Vma2) FROO) + 271 v he () + Vo S 240 = Vi f VA ().

Theorem 1. If (x*,1,), where y; > 0,7 = 1,m + 2, and Y,7! ;" is a rough Kuhn- Tucker saddle point, then
x* is a solution of the RP problem.
Proof. Assume that (x*,y;),7 = 1,m + 2 is arough Kuhn- Tucker saddle point, then for y, > 0,y, € R™*2,

we get

(1= Ymsr + Vms2) FRED+ D 1oy () + msa fAG) = Vo f VA G

r=1

< (U= Viuer + Vs FRED + D V() + Viia fAAGD) = Vo f 4G

r=1

< (1= Vinor + 1) RO + D 11 GO + Vi G0 = Vi f U400,

r=1
From the first inequality, we have
(1= Vst + Vme2) FRO) + 2781 v (6) + Vit fY4 () = Vi f VA (X7)

< (1 ym+1 + ym+2) fR(x) + Zr 1yrh (x ) + ym+1fLA(x ) ym+2fUA(x )
Or

(L= Vo + Vs + 1= Vs + Vi) FRGD + D O = ¥y ()

r=1
+Vme1 — Vr*n+1)fLA(X*) — Ym+2 — V;Hz)fUA(X*) <0,
which implies to
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Umes = Vine) (FAG) = FROD) + Gimez = Vi) (FEG) = FAAGD) + D 0 = 1) e ) < 0.

This inequality is true for all ¥, v, Vim+1, Ym+1 Ym+2o Ymaz. 1N the €ase, Vi1 = ¥Ym+1 @A Vg2 = Vmao » WE
have Y74, (vr — ¥) hpe(x*) < 0. Assume that y,. =y, r=1,2,...,i—1,i+1,..,mand y; =y; —1. Then,
h,.(x*) < 0. By repeating this for all i, we have h,.(x*) < 0 and hence x* is feasible point. Since y,- = 0 and
h,(x*) <0, we get Y75, ¥ h-(x*) < 0. Again and from the first inequality, where y,,41 = ¥Ym+1 aNd Y4z =

Yma+2, and by setting y,- we obtain 7%, v h,-(x*) = 0. Hence, X1, ¥, h,.(x*) = 0. Thus,
m
Umes = Vine) (FAGD) = FROD) + Gimez = Vi) (FEG) = FAAGD) + D 0 = 1) e ) < 0.

By taking, ¥m+1 = Yma1 — L, and Y42 = Yma2 — 1, We have
Wme1 = 1= Viman) (G = FRGEND) + Gz = 1= Vi) (FRGD) = fUAGEN) + By i b () < 0.
This leads to
(FHAGen) = FREN) + (PR = FUAGD) + By vy he (x7) < 0.

Since the inequality is valid for each y, > 0, then for y,. = 0, we get (fLA(x*) —fR(x*))+ (fR(x*) -
fUA(x*)) <0, and

UG = A <o. ()
Taking Ym+1 = Vma1 + 1, and ¥pms2 = Yma2 + 1, we have

W1 + 1= Vinan) (G = FRGD) + Gz + 1= Vi) (PR = FUAGE) + By i b () < 0.

Thus,

(FEAGen) = FREN) + (FRG) = FUAG) + By he () < 0.
Since the inequality is valid for each y, = 0, then for y, = 0, we have (fLA(x*) —fR(x*)) + (fR(x*) -
fUA(x*)) < 0,and

UG = e =z 0. ®3)

Hence from (2) and (3), we conclude that fX4(x*) = fR(x*) = fU4(x*) (i. e., x* is a surely optimal solution

for the RP problem.

From the second inequality we have,

(1 = Yimr1 + Vima2) FROD) + T 1 e (07) + Vo S 24 (7) = Y2 f V4 ()
< (1= Vi1 + Vma2) FROO) 4+ 20 ¥ he (0 + Vo n f A0 — Yimaa f V4 (0.
Since, Y7L, Vrh (x*) = 0. Then

(1= Yis +ym FR(™) = FR(x) ;
' ﬁrh () + Vs s (PG = FHA)) + Va2 (FUAR) = FUARD),

r=1



S. A. Eldalatpanah et al. / FOMJ 3(3) (2022) 48-58 53

RO = 7100 S fpp Sy 0 ey (1400 = F1460) + G5 (00 =
fUA().

For x* € SL nSY, we have f14(x) < fL4(x*) and fY4(x) = fU4(x*). Since ¥y, =1, and v =71 +
Vit oty thus 1 — i1 + Vimsz < 0 which implies to fR(x*) < fR(x), x € X. Hence, x* is a possible

optimal solution of rough problem. For x* € St,x* & SU , we obtain fX4(x*) > f%4(x) and

FRED = TR < ot — (fU4 () — FU4(x).

~Vm+1+Vme2)
Now, there are two cases:
Case 1: fUA(x*)—fU4(x) < 0; ; Vx € X, this implies that x* is a nearly possibly optimal solution.
Case 2: fUA(x*)—fU4(x) > 0.
Let x* be not nearly possible optimal solution of rough problem, then there is ¥ € X: fR(x) < fR(x*). Since
x* € St,x* & SY, so x* is not a solution for boundary problem (BP), i.e., there is X € X:
fUAG) = fH00) < fU40") = fHA0), A7) = 400 < fFU4() = UG,
0) If FUA(x*) < fUA(X), then fL4(x*) < fL4(X). This contradicts that x* € S*, and hence x* must be
a nearly possible optimal solution for the RP problem.
(i) If  fUAGx*) > fU4(x), then we may write fU4(x*) = fU4(x)+6,0 >0 . which implies to
frA(x*) = fL4(x) < 6,6 > 0. Then, we have two cases:
(@) fL(x*) > fL4(x) which is not considered, where x* € SE,
(b) fX4(x*) < fL4(x), which contradicts that x* € S*, and hence x* must be a nearly possible

optimal solution for the RP problem.

For x* € SY,x* ¢ SUL  we obtain fU4(x*) < fY4(x) and

FR(.*\ _ fR Vme+1 LA _ fLA(. %
FREY =R < g S (@ = 1H460),

So, there are two cases:

Case 3: fLA(x")—fL4(x) < 0; ; Vx € X, this implies that x* is a nearly possibly optimal solution.

Case 4: fLA(x*)—fL4(x) > 0.

Let x* be not nearly possible optimal solution of rough problem, then there is X € X: fR(x) < fR(x*). Since

x* € SU,x* ¢ ST, so x* is not a solution for boundary problem (BP), i.e., there is x € X:

fUAG) = fH00) < U4 ) = A0 ), fU4G0) — fUA) < MG ) — FU40).

(i)  If fLA(x ) < fUA(x*), then FU4(x) < fLA(x*). This contradicts that x* € SV, and hence x* must be
a nearly possible optimal solution for the RP problem.

(iv) If fLAGx ) > fUA(x*), then we may write fL4(x*) = fX4(x)+ 6,0 >0 . which implies to
fUA(x) — fU4(x) < 6,0 > 0. Then, we have two cases:

(€) fE(x*) > fL4(x*) which is not considered, where x* € SY,
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(d) FY4(x*) < fU4(x), which contradicts that x* € SU, and hence x* must be a nearly possible
optimal solution for the RP problem.
5. Rough function differentiability
A rough function fR(x) is said to be differentiable if its boundary F(x) = fU4(x)— fL4(x) is
differentiable. Then
* 8 * * * * *
F(x) = F(x') = = F)(x —x) +9(x", y(x — x9)llx = 27|,
or equivalently
ral ol * § z * * * * *
FRO) = FRG) = o fROD =2 + 9(x" v (o — %) llx — x|,
where
1191_% 9(x*, 8(x —x*)) = 0.

The rough Kuhn- Tucker conditions for the RP problem take the form

2 rGery 4 gy, WG + Vi 5 (4G - F R(";)) + g (FRG) = 46),
and

Vb (x) = 0,7 =Tm;
Vier (FHAG) = FR(x) = 0;
Vimsz (FRG) = FUAGE)) = 0;
¥ =0r=1m+2.
Let Y75ty = 1. Then,
(1= Viner + ¥ns2) 35 SR + Vian 3 FAAG) = Vi 35 f 4G + Ty 2 by () = 0,01

ifR(x*) n %ﬁfm(x*) o Ymi2 ifUA(x*) p__ Ty 6, (x*) = 0
6x (1~Vm41+Vmae2) 6 (1~Vm41+Vmez) 6x (1~Vms1+Vma2) 67 ’

Ireivr S b (x* —
T i r Yao x*)=0,r=1m
(1_Vm+1+7m+2) ox r( )

Ym+1 )/:LA(X*) =0;

(1~Vm41+Vmez

y‘;;l+2 A%
. — fUA(x);
(1 ~Vms1 T Vm+2)

Y =20,r=1m+ 2.

Theorem 2. Let fR(x), fU4(x), and h(x) are convex and differentiable functions at x*, and let fX4(x) be
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concave and differentiable at x* € X . Suppose that fU4(x*)>0 and fX4(x*) > 0. If (x*,y;), where y >

0,r = 1,m + 2 is a solution of the Kuhn- Ticker conditions, then x* is a solution for the RP problem.

Proof. Let (x*,% )be a solution of the rough Kuhn- Tucker conditions. Since, fX(x) is a convex and
differentiable at x*, we get fR(x) — fR(x*) > %fR(x*)(x — x*). Since,

100 = S ) — G e RO - G and £
fE4(x), and h,.(x), are differentiable, then
FUAGE) = FUAG) = 2 FUAG) (= x) + 9(x "y (x = x)llx = 27l
FAQ) = fA) = o A —x7) +0(x", ¥ (x = x)llx = x°l,
) = by () = oy () — )+ 0",y (e~ x))llx — 'l
Then,

FRO) = fRGx) 2

@_)%)fnm(fm(x) — U —9(x" y(x — x)llx — x*||) — Jm(fm(x) —fHAx) -
I(x*,y (e —x)llx —x*||) — @_%%(hr(x) —h(x) = 9(x",y(x —x9)llx —x|).

Since limy_,o 9(x*, 6(x —x*)) = 0. Then

FRO) = fRGx) 2 @%(f”(x) — FUAG) = B (FH () — HA(x)) —

~Yma1+Ymsz) (1~Vm41+Vma+2)

Irta vy (hr(X) _ hr(x*))

(1_77?1+1+V;n+2)

From the Kuhn- Tucker conditions

Y vr

—ar=ttr__ph (x*)=0,r =1,m;
(1~Vm+1+Vme2) r(7)

Vr*n+1 LA %
: — ) =0;

(1 = Vms1 + Ym+2)
Vr*n+2 UA . %
: : x*)=0;

(1= Ym+1 + Vma2) f

Then, the inequality
FR(X) — FR(x") = —miz __fUAGey  Ymr  _glacyy __ Zemi¥i o) s valid for
(1_7’7*n+1+y1*n+2) (1_V;1+1+V;n+2) (1_V;n+1+yr*n+z)

eachy = 0,r = 1,m + 2, and for y,;* = 0, we have

~ ~ " )/:n+2 )/T*n+1
R =16 = (1= Vmer + Yr’;L+2)fUA(x) B (A= Vmer + Vr’;wz)fLA(x).
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If ¥y i1; Vinso > 0, then from the Kuhn- Tucker conditions we obtain fR(x*) = fX4(x*) and  fR(x*) =
fU4(x*). Then x* is surely optimal solution of the RP problem.

If x* € SL N SY, then fFU4(x*) < fUA(x); ¥ x € X anfLA(x*) > fLA(x); Vx € Xd, and then we get

ZR _ FR(* Yim+2 UA(A*\ _ Ym+1 LA ..

f (X) f (X ) = (1_1’1*n+1+V1*n+2)f (x ) (1_V1fn+1+7:n+2)f (X )
In addition, from the Kuhn- Tucker conditionf R (x) — fR(x*) = 0s , this leads to fR(x*) < fR(x), i. e., x* is
possibly optimal solution.

If x* € SL,x* & SY, then fL4(x*) = fL4(x); Vx € X, and we have

FR(+Y — FR(x*) > Ym+2 UA( %y Ym+1 LA %
f () f ) = (1_Y;1+1+Y;1+2)f ) (1_V;n+1+yr*n+2)f ), and
7R _ FR(x*) > Ym+2 UA
RO = PR 2 e U ).
From the assumption that fU4(x*) > 0, and x* is not solution for the BP problem, _Ymi2 0.

(1~Vm41t¥ma2) -
Hence, fR(x) — FR(x*) = 0 leads to fR(x*) < fR(x); Vx € X. Then x*is nearly possibly optimal solution for
the RP problem.

If x* € SY,x* & SE, then FU4(x*) < FU4(x); vx € X and we have

FRG) - FR") = (ly’*"—”f‘“‘(x*) - L)f“‘(x*),

~Ym+1+tVmsz) (1~Vm41+Vmaez

From Kuhn-Tucker conditions, we have

FR) = fR() 2 o fH ).

_yr*n+1+y1*n+2)
From the assumption that f4(x*) > 0, and x* is not solution for the BP problem, —™1__ = 0.
(1_7’m+1+7m+2)

Thus, fR(x) — fR(x*) = 0, which implies to fR(x*) < fR(x); Vx € X. Then x* is nearly possibly optimal

solution for the RP problem.

6. Numerical example
Consider the following rough function

fRx): X >R withf!(x) = x; +x, fU4>%) = gxf — 2x2 — 10x, + 100, and consider the following RP
problem as

(RP) min fR(x)
Subject to

X = {(xl,xz) € Rz:xl +x2 < 10, 35 < X1 < 6, Xy < 6,x1 +x2 > 1}
The lower and upper approximation problems are

(LA) min fX4(x) = x; + x,



S. A. Eldalatpanah et al. / FOMJ 3(3) (2022) 48-58 57

Subject to

x € X, and
1
min X) =—X] — LX{ — X
(UA) in fU4(x) 313 2x% — 10x, + 100

Subject to

x € X.

Then, the RP problem is
(BP)  minF(x) = fU4(x) — fH(x)

Subject to
x € X.

The solution of the LA problem is S“ = {(5,5)}, and the solution of the UA problemis SU = {(1 —2)(6,4) +
A(4,6),0 <A1 <1}.Then

1. There is no surely optimal; solution (Definition 3).

2. The possible optimal solution is (5,5), where (5,5) € S* n SY and F(5,5) # 0 (Definition 4),
3. The nearly possibly solution is {(1 — 1)(6,4) + A(4,6),0 < A < 1}U{(5, 5)} (Definition 5).

7. Concluding Remarks

In this paper, we have introduced the concept of rough function and its convexity and differentiability based on
its boundary region. Also, a new kind of rough programming problem and its solutions have discussed
according to the notion of boundary region. The result shows the proposed method has its advantage in flexible
decision-making corresponding to favorite priorities of alternatives. This study may be extended to additional
fuzzy-like structures, such as Interval-valued fuzzy set, Pythagorean fuzzy set, Spherical fuzzy set, Intuitionistic
fuzzy set, Picture fuzzy set, Neutrosophic set, etc., in future work.

Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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