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A R T I C L E  I N F O  A B S T R A C T 

In present paper, the stability of generalized Jordan derivations associated with 

Hochschild 2-cocycles of triangular algebras for the generalized Jensen-type 

functional equationis investigated. In fact, the main purpose of present paper is 

to prove the generalized Hyers-Ulam-Rassias stability of generalized Jordan 

derivation between algebra 𝒜 and an 𝒜-bimodule ℳ. 
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1. Introduction 

In [9] Nakajima introduced a new type of generalized derivation. Let 𝒜 be an algebra and ℳ be an 𝒜-

bimodule. Let 𝛼:𝒜 ×𝒜 →ℳ be a bilinear (biadditive) mapping. α is called a  Hochschild 2-cocycle if  

𝑥𝛼(𝑦, 𝑧) − 𝛼(𝑥𝑦, 𝑧) + 𝛼(𝑥, 𝑦𝑧) − 𝛼(𝑥, 𝑦)𝑧 = 0.                                                                                                (1) 

 A linear (additive) mapping δ:𝒜 →ℳ is called a linear (additive) generalized derivation if there is a 2-

cocycle α such that 

𝛿(𝑥𝑦) = 𝛿(𝑥)𝑦 + 𝑥𝛿(𝑦) + 𝛼(𝑥, 𝑦)                                                                                                                      (2) 

 and δ is called a linear(additive) generalized Jordan derivation if  

 𝛿(𝑥2) = 𝛿(𝑥)𝑥 + 𝑥𝛿(𝑥) + 𝛼(𝑥, 𝑥) (3) 
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The stability of functional equations was first introduced by S. M. Ulam [13] in 1940. He posed the stability of 

group homomorphisms: Given a group 𝐺1, a metric group (𝐺2, 𝑑) and a positive number 𝜀, does there exist a 

δ > 0 such that if a function 𝑓: 𝐺1 ⟶𝐺2 satisfies the inequality 𝑑(𝑓(𝑥𝑦), 𝑓(𝑥)𝑓(𝑦)) < 𝛿 for all 𝑥, 𝑦 ∈ 𝐺1 then 

there exists a homomorphism 𝑇: 𝐺1 ⟶𝐺2  such that 𝑑(𝑓(𝑥), 𝑇(𝑥)) < 𝜀 for all x ∈ G1 . If this problem has a 

solution, we say that the homomorphisms from G1  to G2  are stable or the functional equation 𝑓(𝑥𝑦) =

𝑓(𝑥)𝑓(𝑦) is stable. 

In 1941, Hyers [6] gave a partial solution of Ulam's problem in the context of Banach spaces as the 

following: Suppose that X, Y are Banach spaces and 𝑓: 𝑋 ⟶ 𝑌 satisfies the following condition: there is 𝜀 > 0 

such that ∥ 𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦) ∥< 𝜀 for all 𝑥, 𝑦 ∈ 𝑋. Then there is an additive mapping 𝑇: 𝑋 ⟶ 𝑌 such 

that ∥ 𝑓(𝑥) − 𝑇(𝑥) ∥< 𝜀 for all 𝑥 ∈ 𝑋. 

Let 𝑋 and 𝑌 be Banach spaces with norms ∥. ∥ and ∥. ∥, respectively. Consider 𝑓: 𝑋 ⟶ 𝑌 to be a mapping 

such that f(tx)  is continuous in 𝑡 ∈ 𝑅  for each fixed 𝑥 ∈ 𝑋 . Assume that there exist constants 𝜃 ≥ 0  and 

𝑝 ∈ [0,∞)\{1} such that 

 ∥ 𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦) ∥< 𝜃(∥ 𝑥 ∥𝑝 +∥ 𝑦 ∥𝑝), 

for all 𝑥, 𝑦 ∈ 𝑋. It was shown by Rassias [12] for p ∈ [0,1) and Gajda [4] for 𝑝 > 1 that there exists a unique𝑅-

linear mapping 𝑇:𝑋 ⟶ 𝑋 such that 

∥ 𝑓(𝑥) − 𝑇(𝑥) ∥≤
2𝜃

|2 − 2𝑝|
∥ 𝑥 ∥𝑝, 

for all 𝑥 ∈ 𝑋.  

In 1992, a generalization of Rassias’ theorem was obtained by Găvruta [5]. 

Jun and Lee [7] proved the following: Let 𝑋 and 𝑌 be Banach spaces. Denote by 𝜑: 𝑋\{0} × 𝑋\{0} ⟶

[0,∞) a function such that  

�̃�(𝑥, 𝑦) = ∑ ‍

∞

𝑛=0

3−𝑛𝜑(3𝑛𝑥, 3𝑛𝑦) < ∞ 

 

for all 𝑥, 𝑦 ∈ 𝑋\{0}.  

Suppose that 𝑓: 𝑋 ⟶ 𝑌 is a mapping satisfying  

2𝑓(
𝑥 + 𝑦

2
) = 𝑓(𝑥) + 𝑓(𝑦), 

for all 𝑥, 𝑦 ∈ 𝑋\{0}.  

Then there exists a unique additive mapping 𝑇:𝑋 ⟶ 𝑌 such that  

 ∥ 𝑓(𝑥) − 𝑓(0) − 𝑇(𝑥) ∥≤
1

3
(�̃�(𝑥, −𝑥) − �̃�(𝑥, −3𝑥)), 

for all 𝑥 ∈ 𝑋\{0}. 

There are many interesting papers to consider the stability of any structures [1,2,3,4,8,10,11]. The main 

purpose of this paper is establishing the stability of a generalized Jordan derivations associated with Hochschild 

2-cocycles of triangular algebras for the generalized Jensen-type functional equation  

 

 𝑟𝑓(
𝑥+𝑦

𝑟
) = 𝑓(𝑥) + 𝑓(𝑦), (4) 
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2. Main results 

Theorem 1.Let 𝑠 > 1, and let 𝑓:𝒜 ⟶ℳ  be a mapping satisfying 𝑓(𝑠𝑎) = 𝑠𝑓(𝑎) for all 𝑎 ∈ 𝒜 . Let there 

exist a function 𝜑:𝒜 ×𝒜 ×𝒜 ⟶ [0,∞) such that 𝑙𝑖𝑚𝑛→∞
𝜑(𝑡𝑛𝑎,𝑡𝑛𝑏,𝑡𝑛𝑐)

𝑡𝑛
= 0, and a Hochschild 2-cocycle 𝛼 

such that 

 

 ∥ 𝑟𝜆𝑓 (
𝑎+𝑏

𝑟
) − 𝑓(𝜆𝑎) − 𝑓(𝜆𝑏) + 𝑓(𝑐2) − 𝑓(𝑐)𝑐 − 𝑐𝑓(𝑐) − 𝛼(𝑐, 𝑐) ∥≤ 𝜑(𝑎, 𝑏, 𝑐), (5) 

 

for all 𝜆 ∈ 𝑇1 = {𝑧 ∈ 𝐶: ∥ 𝑧 ∥= 1}  and all 𝑎, 𝑏, 𝑐 ∈ 𝒜 . Then 𝑓  is a generalized Jordan derivation.  

 

Proof. Clearly 𝑓(0) = 0 because 𝑓(0) = 𝑠𝑓(0). Putting 𝑎 = 𝑏 = 0 in (5), we have  

 

 ∥ 𝑓(𝑐2) − 𝑓(𝑐)𝑐 − 𝑐𝑓(𝑐) − 𝛼(𝑐, 𝑐) ∥=
1

𝑡2𝑛
∥ 𝑓(𝑡2𝑛𝑐2) − 𝑓(𝑡𝑛𝑐)𝑡𝑛𝑐 − 𝑡𝑛𝑥𝑓(𝑡𝑛𝑐) 

 ‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍−𝛼(𝑡𝑛𝑐, 𝑡𝑛𝑐) ∥≤
𝜑(0,0,𝑡2𝑛𝑐)

𝑡2𝑛
, (6) 

for all 𝑐 ∈ 𝒜. Since 
𝜑(0,0,𝑡2𝑛𝑐)

𝑡𝑛
⟶ 0 as 𝑛 ⟶ ∞, therefore (6) leads to  

 

 𝑓(𝑐2) = 𝑓(𝑐)𝑐 + 𝑐𝑓(𝑐) + 𝛼(𝑐, 𝑐), (7) 

 

 for all 𝑐 ∈ 𝒜. Now let 𝑐 = 0 in (5), then  

 

 ∥ 𝑟𝜆𝑓 (
𝑎+𝑏

𝑟
) − 𝑓(𝜆𝑎) − 𝑓(𝜆𝑏) ∥= 𝑡𝑛 ∥ 𝑟𝜆𝑓 (

𝑡𝑛𝑎+𝑡𝑛𝑏

𝑟
) − 𝑓(𝜆𝑡𝑛𝑎) − 𝑓(𝜆𝑡𝑛𝑏)) ∥‍‍‍ 

≤
𝜑(𝑡𝑛𝑎, 𝑡𝑛𝑏, 0)

𝑡𝑛
, 

for all 𝑎, 𝑏 ∈ 𝒜. Since 
𝜑(𝑡𝑛𝑎,𝑡𝑛𝑏,0)

𝑡𝑛
⟶ 0 as 𝑛 ⟶ ∞, we obtain  

 

 𝑟𝜆𝑓 (
𝑎+𝑏

𝑟
) = 𝑓(𝜆𝑎) + 𝑓(𝜆𝑏), (8) 

 

which substituting 𝜆 = 1 we have  

 

 𝑟𝑓 (
𝑎+𝑏

𝑟
) = 𝑓(𝑎) + 𝑓(𝑏), (9) 

 

for all 𝑎, 𝑏 ∈ 𝒜. Thus the mapping f satisfies in (4).  

It is not difficult to prove that f is additive. Clearly 𝑓 is additive and 𝑅-linear. By putting 𝑏 = 0 in (9) we 

obtain  

 𝑟𝑓 (
𝑎

𝑟
) = 𝑓(𝑎), (10) 

 for all 𝑎 ∈ 𝒜. Now substituting 𝑏 = 0 in (8) and using (10) formula we find  

 

 𝑓(𝜆𝑎) = 𝜆𝑓(𝑎), (11) 

 

 for all 𝑎 ∈ 𝒜 and 𝜆 ∈ 𝑇1. Hence 𝑓 is 𝐶-linear.  

 

Theorem 2.Suppose 𝑟 > 1, and 𝑔:𝒜 ⟶ℳ  be a mapping with 𝑔(0) = 0 for which there exists a function 

𝜑:𝒜 ×𝒜 ×𝒜 ⟶ [0,∞) such that  
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 𝛷(𝑎, 𝑏, 𝑐) = ∑ ‍∞
𝑛=0

𝜑(𝑡𝑛𝑎,𝑡𝑛𝑏,𝑡𝑛𝑐)

𝑡𝑛
< ∞ (12) 

 

 ∥ 𝑟𝜆𝑔 (
𝑎+𝑏

𝑟
) − 𝑔(𝜆𝑎) − 𝑔(𝜆𝑏) + 𝑔(𝑐2) − 𝑔(𝑐)𝑐 − 𝑐𝑔(𝑐) − 𝛼(𝑐, 𝑐) ∥≤ 𝛷(𝑎, 𝑏, 𝑐), (13) 

 

for all 𝜆 ∈ 𝑇1 and all 𝑎, 𝑏, 𝑐 ∈ 𝒜. 

Then there exists a unique generalized Jordan derivation 𝑓:𝒜 ⟶ℳ such that  

 ∥ 𝑔(𝑎) − 𝑓(𝑎) ∥≤ 𝛷(𝑎, 0,0), (14) 

for all 𝑎 ∈ 𝒜.  

Proof. Putting 𝜆 = 1 and 𝑏 = 𝑐 = 0 in (13) leads to  

∥ 𝑔(𝑎) −
𝑔(𝑎)

𝑟
∥≤

𝛷(𝑟𝑎,0,0)

𝑟
, (15) 

Therefore by induction on 𝑛, we obtain  

 ∥ 𝑔(𝑎) − 𝑔(𝑎)𝑟𝑛 ∥≤ ∑ ‍𝑛
𝑘=1

𝛷(𝑟𝑘𝑎,0,0)

𝑟𝑘
, (16) 

for all 𝑎 ∈ 𝒜.  

Now we replace a by 𝑟𝑚𝑎 in (16), hence we find  

 

 ∥ 𝑔(𝑎) −
𝑔(𝑟𝑛+𝑚𝑎)

𝑟𝑛+𝑚
∥≤

1

𝑟𝑚
∑ ‍𝑛+𝑚
𝑘=𝑚 𝛷(𝑟𝑘𝑎, 0,0), ∀𝑎 ∈ 𝒜. (17) 

 

 Thus {
𝑔(𝑟𝑛𝑎)

𝑟𝑛
}
𝑛=1

∞

 is a Cauchy sequence. Put  

 𝑓(𝑥) = 𝑙𝑖𝑚
𝑛→∞

𝑔(𝑟𝑛𝑥)

𝑟𝑛
. (18) 

Since 𝒜 is complete, 𝑓(𝑥) in (18) exists for all 𝑥 ∈ 𝒜. It is easy to obtain the (14) formula from (16). Now 

since  

 

 ∥ 𝑟𝑓 (
𝑎+𝑏

𝑟
) − 𝑓(𝑎) − 𝑓(𝑏) ∥= 𝑙𝑖𝑚

𝑛→∞

1

𝑟𝑛
∥ 𝑟𝑔(𝑟𝑛−1(𝑎 + 𝑏)) − 𝑔(𝑟𝑛𝑎) − 𝑔(𝑟𝑛𝑏) ∥ 

 ‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍‍≤ 𝑙𝑖𝑚
𝑛→∞

1

𝑟𝑛
𝜑(𝑟𝑛𝑎, 𝑟𝑛𝑏, 0) = 0 

for all 𝑎, 𝑏 ∈ 𝒜 thus we have  

 

 𝑟𝑓 (
𝑎+𝑏

𝑟
) = 𝑓(𝑎) + 𝑓(𝑏) 

for all 𝑎, 𝑏 ∈ 𝒜.  

Hence, 𝑓 is a Jensen type function. For 𝛼 ∈ 𝑇1 we have  

 

 ∥ 𝛼𝑓(𝑎) − 𝑓(𝛼𝑎) ∥= 𝑙𝑖𝑚
𝑛→∞

1

𝑟𝑛
∥ 𝛼𝑔(𝑟𝑛𝑎) − 𝑔(𝛼𝑟𝑛𝑎) ∥≤ 𝑙𝑖𝑚

𝑛→∞

1

𝑟𝑛
𝜑(𝑟𝑛𝑎, 𝑟𝑛𝑎, 0) = 0 

Then 𝑓(𝛼𝑎) = 𝛼𝑓(𝑎) for 𝛼 ∈ 𝑇1 therefore 𝑓 is 𝐶-linear. Also  

∥ 𝑔(𝑐2) − 𝑔(𝑐)𝑐 − 𝑐𝑔(𝑐) − 𝛼(𝑐, 𝑐) ∥= 𝑙𝑖𝑚
𝑛→∞

∥
1

𝑟2𝑛
𝑔(𝑟2𝑛𝑐2) − 𝑔(𝑟𝑛𝑐)𝑟𝑛𝑐 − 𝑟𝑛𝑐𝑔(𝑟𝑛𝑐) −

1

𝑟2𝑛
𝛼(𝑟𝑛𝑐, 𝑟𝑛𝑐) ∥

≤ lim
n→∞

1

𝑟2𝑛
φ(0,0, rnc) 

 = 0, 

for all c ∈ 𝒜.  

Thus f is a unique generalized Jordan derivation satisfied (14).  
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Theorem 3.Let 𝑔:𝒜 ⟶ℳ is a mapping with 𝑔(0) = 0 for which there exist constants 𝜃 ≥ 0 and 𝑝 ∈ (0,1) 

such that  

 

∥ 𝑟𝜆𝑔 (
𝑎+𝑏

𝑟
) − 𝑔(𝜆𝑎) − 𝑔(𝜆𝑏) + 𝑔(𝑐2) − 𝑔(𝑐)𝑐 − 𝑐𝑔(𝑐) − 𝛼(𝑐, 𝑐) ∥≤ 𝜆(∥ 𝑎 ∥𝑝 +∥ 𝑏 ∥𝑝 +∥ 𝑐 ∥𝑝), (19) 

for all 𝜃 ∈ 𝑇1 and all 𝑎, 𝑏, 𝑐 ∈ 𝒜. 

Then there exists a unique generalized Jordan derivation 𝑓:𝒜 ⟶ℳ such that  

 ∥ 𝑓(𝑎) − 𝑔(𝑎) ∥≤
𝜃

1−𝑟𝑝−1
∥ 𝑎 ∥𝑝. (20) 

for all 𝑎 ∈ 𝒜.  

Proof. It is easy to prove by defining the function 𝜑:𝒜 ×𝒜 ×𝒜 ⟶ 𝑅 by 

(𝑎, 𝑏, 𝑐) ⟼ 𝜃(∥ 𝑎 ∥𝑝 +∥ 𝑏 ∥𝑝 +∥ 𝑐 ∥𝑝) 

Now, applying Theorem 2, one can find (20) inequality. 
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