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1. Introduction

In [9] Nakajima introduced a new type of generalized derivation. Let A be an algebra and M be an A-
bimodule. Let a: A X A — M be a bilinear (biadditive) mapping. o is called a Hochschild 2-cocycle if

xa(y,z) —a(xy, z) + a(x,yz) — a(x,y)z = 0. (D)

A linear (additive) mapping 6: A — M is called a linear (additive) generalized derivation if there is a 2-
cocycle a such that

6(xy) =8(x)y +x6(y) + a(x,y) )
and 6 is called a linear(additive) generalized Jordan derivation if
5(x?) = 6(x)x + x86(x) + a(x, x) (3)
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The stability of functional equations was first introduced by S. M. Ulam [13] in 1940. He posed the stability of
group homomorphisms: Given a group G, a metric group (G, d) and a positive number &, does there exist a
8 > 0 such that if a function f: G; — G, satisfies the inequality d(f (xy), f(x)f(y)) < 6 for all x,y € G, then
there exists a homomorphism T: G; — G, such that d(f(x),T(x)) < ¢ for all x € G;. If this problem has a
solution, we say that the homomorphisms from G; to G, are stable or the functional equation f(xy) =
f(x)f(y) is stable.

In 1941, Hyers [6] gave a partial solution of Ulam's problem in the context of Banach spaces as the
following: Suppose that X,Y are Banach spaces and f: X — Y satisfies the following condition: there is e > 0
such that |l f(x +y) — f(x) — f(¥) lI< & for all x,y € X. Then there is an additive mapping T: X — Y such
that | f(x) —T(x) lI< ¢ forall x € X.

Let X and Y be Banach spaces with norms || || and |I. Il, respectively. Consider f: X — Y to be a mapping
such that f(tx) is continuous in t € R for each fixed x € X. Assume that there exist constants & > 0 and
p € [0, )\{1} such that

Il fx+y)—Ffx)—FfO) U< Ol x P +1y I?),
for all x,y € X. It was shown by Rassias [12] for p € [0,1) and Gajda [4] for p > 1 that there exists a uniqueR-

linear mapping T: X — X such that

Il x IIP,

I f(x)—T(x) I<

2
|2 — 2P|
forall x € X.

In 1992, a generalization of Rassias’ theorem was obtained by Gavruta [5].
Jun and Lee [/] proved the following: Let X and Y be Banach spaces. Denote by ¢: X\{0} x X\{0} —
[0, o) a function such that

Py) = ) 37(3™,3") <o

n=0

for all x,y € X\{0}.
Suppose that f: X — Y is a mapping satisfying

xX+y
2f () = @) +f),

for all x,y € X\{0}.
Then there exists a unique additive mapping T: X — Y such that

I £G0) = £(0) = T() I 3 ($(x, —x) — G(x, —3x)),

for all x € X\{0}.

There are many interesting papers to consider the stability of any structures [1,2,3,4,8,10,11]. The main
purpose of this paper is establishing the stability of a generalized Jordan derivations associated with Hochschild
2-cocycles of triangular algebras for the generalized Jensen-type functional equation

rf(E2) = f(x) + fO), (4)

T
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2. Main results

Theorem 1l.Lets > 1, and let f: A — M be a mapping satisfying f(sa) = sf(a) for all a € A. Let there
exist a function @: A X A X A — [0, ) such that lim,,_,e, L2279

pon = 0, and a Hochschild 2-cocycle a
such that

a+b
r

I Tlf( ) —f(Aa) = f(Ab) + f(c?) = f(c)c — cf (c) — a(c,0) I< @(a, b,c), ()

for all AeT'={z€eC:llzl=1} and all a,b,c € A. Then f is a generalized Jordan derivation.

Proof. Clearly f(0) = 0 because f(0) = sf(0). Putting a = b = 0 in (5), we have

I f(c?) = fle)e —cf(c) —a(c,c) lI= tzin I f(E2"c?) — f(E"O)t™c — txf (tc)

0,0,£2™
_a(tnci tnc) ”S %I (6)

©(0,0,t2™¢c)

for all ¢ € A. Since o — 0 asn — oo, therefore (6) leads to

f(c®) = f(e)c +cf(c) + a(c,0), (7)
forall ¢ € A. Now let ¢ = 0 in (5), then

a+b
r

t"a+t™b

I raf (22) = F(Aa) — £@b) l1= ™ 1 raf
- @(t"a,t"™b,0)
<=

— 0 asn — oo, we obtain

) — F(At"a) — F(AL™D)) I

r

. t"a,t™b,0
for all a, b € A. Since £ %700

a+b

raf (22) = f(Aa) + f(Ab), ®)

which substituting 4 = 1 we have

rf () = f(@) + f(b), (©)

r

forall a, b € A. Thus the mapping f satisfies in (4).
It is not difficult to prove that f is additive. Clearly f is additive and R-linear. By putting b = 0 in (9) we
obtain

rf (3) = f(@), (10)
for all a € A. Now substituting b = 0 in (8) and using (10) formula we find

f(Aa) = Af (@), (11)
forall a € A and A € T1. Hence f is C-linear. O

Theorem 2.Suppose r > 1, and g: A — M be a mapping with g(0) = 0 for which there exists a function
@: A XA XA — [0,00) such that
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®(a,b,c) = Y OM < (12)

I 7Ag (“22) = g(Aa) — g@b) + g(c?) = g(c)c — cg(c) — a(c,c) I< @(a, b,c), (13)

forallA e T*and all a, b, c € A.
Then there exists a unique generalized Jordan derivation f: A — M such that
I g(a) — f(a) I< @(a,0,0), (14)
forall a € A.
Proof. PuttingA =1and b = ¢ = 0 in (13) leads to

" g(a) g(a) "< <1>(ra,0,0)’ (15)

T

Therefore by induction on n, we obtain

k
I g(a@) — g(ayr™ I< i, 222 (16)

foralla € A.
Now we replace a by r™a in (16), hence we find

Ilg(a)——a)ll_ I ) (rka,0,0), Va € A. (17)

Thus {g(r”a)} _ is a Cauchy sequence. Put
n=

rn
f(x) = lim g(r—:x). (18)
n-o T

Since A is complete, f(x) in (18) exists for all x € A. It is easy to obtain the (14) formula from (16). Now
since

I7f (%77) = f(@) = f®) I1= lim S rg (™~ (a+ b)) — g(r"a) = g(rb) |
< lim r%(p(r”a, r"b,0) =0
n—oo
for all a, b € A thus we have

+b
rf (22) = f(@ + f(b)
foralla,b € A.
Hence, f is a Jensen type function. For a € T we have

Il af (@) — f(aa) lI= lim Tin Il ag(r™a) — g(ar™a) I< lim Tinqo(rna, r"*a,0) =0
n—oo n—-oo
Then f(aa) = af (a) for a € T* therefore f is C-linear. Also

1
Il g(c?) — g(c)c — cg(c) — a(c,c) lI= llm || g(r ") — g(rtortc —rteg(rc) — =z a(r™c,rc) |l
. 1
< I1210101771([)(0,0,1‘ C)
=0,

forall c € A.
Thus f is a unique generalized Jordan derivation satisfied (14). O
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Theorem 3.Let g: A — M is a mapping with g(0) = 0 for which there exist constants 8 > 0 and p € (0,1)
such that

Il rAg (—) — g(Aa) — g(Ab) + g(c?) — g(c)c —cg(c) — a(c,c) IS AUl a P +1 b 1P +Il ¢ IIP), (19)
a:b 2

forall@ e T*and all a, b, c € A.

Then there exists a unique generalized Jordan derivation f: A — M such that

I f(@) - g(@) IS —== l alP. (20)

forall a € A.
Proof. It is easy to prove by defining the function ¢: A X A X A — R by

(a,b,c) — 0(llallP +I b I+l c IIP)
Now, applying Theorem 2, one can find (20) inequality.C]
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