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1. Introduction

One of the first well-known fixed point theorems in metric space structure appeared explicitly in Banach’s
thesis in 1922 [/], where it was applied to obtain the existence of a solution to an integral equation. The theorem
is now popularly known as Banach fixed point theorem (or the contraction mapping principle). As a matter of
fact, Banach contraction principle [/] is a reformulation of the successive approximation techniques originally
used by some earlier mathematicians, namely Cauchy, Liouville, Picard, Lipschitz, and so on. The original idea
of fixed point theorem due to Banach has been developed and applied in different directions. In some
generalizations of the contraction mapping principle, the contractive inequality is weakened; see, for example,
[/, 14,17, 29], and in other, the topology of the ground space is weakened; for example, see [©, 12, 15, 16]. For
a comprehensive survey in this direction, the interested reader may consult Rhoades [2/], Smart [2/] or
Taskovic [~7].
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The real world is filled with uncertainty, vagueness and imprecision. The notions we meet in everyday life
are vague rather than precise. In recent time, researchers have developed keen interests in modelling vagueness
due to the fact that many practical problems within fields such as biology, economics, engineering,
environmental sciences, medical sciences, philosophy and so on, involve data containing various forms of
uncertainties. To handle the complexity of vagueness, one cannot successfully employ classical mathematical
methods due to the presence of different kinds of incomplete knowledge, typical of these mix-ups. Earlier in the
literature, there were four known theories for dealing with imperfect knowledge, namely, Probability Theory
(PT), Fuzzy Set Theory (FST) [20] and Rough Set Theory (RST) [~=]. All the aforementioned tools require pre-
assignment of some parameters; for example membership function in FST, probability density function in PT
and equivalent relation in RST. Such pre-specifications, viewed in the backdrop of incomplete knowledge, give
rise to everyday problems. With this concern, Molodstov [~ 1] initiated the concept of Soft Set Theory (SST)
with the aim of handling phenomena and notions of ambiguous, undefined and imprecise environments. Hence,
SST does not need the pre-specifications of a parameter; rather, it accommodates approximate descriptions of
objects. In other words, one can use any suitable parametrization tool with the help of words, sentences, real
numbers, mappings, and so on; thereby, making SST an adequate formalism for approximate reasoning.
Consequently, the arena of applications of mathematics gained tremendous developments as a result of the
introduction of soft set by Molodstov [71]. Recall that in classical mathematics, to describe any system or
object, we first construct its mathematical model and then attempt to obtain the exact solution. If the exact
solution is too complicated, then we define the notion of approximate solution. On the other hand, in soft set
theory, the initial description of an object takes an approximate nature with no restriction, and the notion of
exact solution is not essential. In [~ 1], Moldstov pointed out several directions for possible applications of soft
set, such as in smoothness of functions, game theory, Riemann-integration, operation research, probability and
so on. Presently, the concept of soft set is receiving more than a handful of extensions in different perspectives.

For example, see [, 9, 20, 22, 25] and the references therein. It is well-known that set-valued analysis has
enormous applications in control theory, game theory, biomathematics, qualitative physics, viability theory, and
so on. In this continuation, not long ago, Mohammed and Azam [2, 12, 26] studied the concept of soft set-

valued maps and introduced the notions of e-soft fixed points and E-soft fixed points of maps whose range set is
a family of soft sets. Applications in game theoretic approach and investigation of existence of solutions of
some integro-differential equations have been proposed in [12, 26]. Moreover, it is shown in [12] that every
fuzzy mapping is a particular kind of soft set-valued map. Since every fuzzy mapping has its corresponding
multifunction analogue (see [10, Theorem 2]), hence, the idea of e-soft fixed point theorems is a generalization
of the concept of fuzzy fixed points and fixed points of multi-valued maps.

The main focus of this article is twofold. First, the existence of common fixed points of soft set-valued
maps is investigated under new generalized contractive inequalities. The second direction deals with applying
some of the key results obtained herein to deduce their analogues in the setting of fuzzy set-valued and crisp
multi-valued mappings. Consequently, it is pointed out that our results unify, generalize and complement the
results established in[1, 2, 5, 17, 18, 26] and some references therein.

The paper is organized as follows: Section 2 gathers basic notions, definitions and results needed to
establish the main results. In Section 3, the main results of the manuscript are presented. Section 4 applies the
results of Section 3 to derive their fuzzy and classical set-valued versions. Finally, Section 5 contains the
summary of the paper.

2. Preliminaries

In this section, we collect some important notations, useful definitions and basic results coherent with the
literature. Throughout this paper, we denote by N, R, , R and X*, the sets of all positive integers, hon-negative
reals, real numbers, nonempty closed and bounded subsets of W, respectively. These preliminary concepts are
recorded from [1&, 26, 20, 21]. Let E be the parameter set, VS E and P(¥) represents the power set of an initial
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universe of discourse W. Molodstov [~ ] introduced the notion of soft sets with the following definition.

Definition 1. [71] A pair (F,V) is called a soft set over ¥ under E, where VS E and F is a mapping given by
F:V— P(¥).

In other words, a soft set over W is a parameterized family of subsets of W. For each e € E, F(e) is
considered as the set of e-approximate elements of (F, V).

Example 1. [70] Suppose the following:

Y- is the universal set of all students at a certain university,

E- is the set of parameters, given as:

E = {intelligent, hardworking, dull, hardworking and intelligent}.

Assume that they are one hundred students at the university W given as

W ="{1,J2.J3JaJ5 " J10o}, and E ={ey, ez 3,4},
where
* e, = intelligent, e, = hardworking,
* e3= dull, e,= hardworking and intelligent.

Then F: E — P(W) defined by F(e;) = {J1,J2, "' J1o} Means that jq,j,,:-J1o are intelligent , F(ey) =
{J11,J12,*** J30} Means that j;1, J12,*** J3¢ are hardworking, F(e3) = @ means that there is no dull student in the
university in question, F(es) = {J15,Jg1} means that the students j;5 and jg; are both intelligent and
hardworking. Then we can view the soft set (F,E) describing the “kind of students” as the following
approxirgtibns= {(intelligent students, {J;, 5, J10}), (hardworking students,

{1112, J30D)-
(dull, @), (intelligent and hardworking students, {};5, js1 1) }-

Mohammed and Azam [1] initiated the concepts of soft-valued maps and e-soft fixed points through the
following preliminaries.

Let (W, 0) be a metric space and X* be the set of all nonempty closed and bounded subsets of ¥. Denote by
[P(P)]E, the family of soft sets over W. Then consider two soft sets (F,V) and (G,A), (a,b) € V XA. Assume

that F(a), G(b) € X*. For € > 0, define N¢(¢, F(a)), Sg{'b) (F,G) and ES respectively, as follows:

(Fa,Gp)’
N8(e,F(a)) ={J eW¥:0(,¥) <e€ for some ¢ € F(a)}

B g,y = (€ > 0:F(a) S N8(€,G(b)), G(b) S N°(e,F(a))},
and
,b .
S5 (F,G) = infEE, .,
Define a distance function Sg%: [P(¥)]f x [P(¥)]E — R, by

Sgx(F,G) = sup Sgl('b)(F,G),where

(a,b)EVXA

V xA= {(a,b) €V XA:F(a),G(b) € X*}.

Remark 1. Note that in terms of the Hausdorff metric X, the distance function Sg(’b)(F, G) reduces to:

S5 (F,G) = R(F(a),G(b)) = maX{ sup 0(J,G(b)), sup (¢, F (a))}-
EF(a) 2eG(b)

J

Similarly, Sgx (F, G) corresponds to the notion of g.,-metric for fuzzy sets.

Definition 2. [12] A mapping T:¥ — [P(¥)]£ is called a soft set-valued map. A pointu € ¥ is called an e-
soft fixed point of T if u € (Tw)(e), for some e € E. This is also written as u € Tu, for short. If DomT) = E
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and u € (Tu)(e) forall e € E, then u is said to be an E-soft fixed point of T.
We shall denote the set of all E-soft fixed points of a soft set-valued map T by Ep;x(r). Here, the domain of
T, denoted as DomT, is given by
DomT = {j e ¥:(T))(e) €S ¥,e € E}.

Analogously, we define the image of T, imT as imT = {£|3j € W: ¢ € (Tj)(e),e € E}.

Notice that if T:W¥ — [P(W)]E is a soft set-valued map, then (T, E) is a soft set over ¥, for all j € W.
Throughout this paper, if T: ¥ — [P(W¥)]F is a soft set-valued map, then the set (T7)(e) shall also be written as
(T,.)). For simplicity, a soft set (F, E) in [P(¥)]¥ shall be indicated as F € [P(W¥)]f(to mean F: E — P(¥)).

Example 2. Let¥ = {6,7,8} and E = {1,2}. Define T: ¥ — [P(¥)]¥ as follows:

({68}, if e=1
(Tes) = {{7,8}, if e=2.

Then T is a soft set-valued map.

Notice that 6 € (T,6) fore = 1and 7 € (T.7) for e = 2; hence, 6 and 7 are e-soft fixed points of T. But,
7¢ (T,7)and 6 & (T.6) fore = 1 and e = 2, respectively. If follows that 6 and 7 are not E-soft fixed points of
T. On the other hand, 8 € (T,8) for all e € E; thus, the set of all E-soft fixed points of T is given by Ep;y ) =
{8}. The map T can be represented as in Figure 1. Notice that in Figure 1, the dots represent other subsets of W.

[P@N1*
P

o

Figure 1. Graphical representation of the soft set-valued map in Example 2.

3. Main Results

We start this section by presenting some auxiliary results as follows.

Lemma 1. Let (¥, 0) be a metric space and F € [P(¥)]E. Then, forany j,# € ¥ and a()),a(¥) € E,

pED (), F) < 00, €) + p2LD (&, F).

Proof. By definition of p2t”(,), we have

pex’ O, F) = inf 0G,m)
-

< relp(fa)[e(l.f) +o(,1)]

< inf 0(J,®) + rei}gl(fa)g(f,r)

T€F(a)

=00, %) +pp (6, F).O
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Lemma 2. Let (¥,0) be a metric space, j,# € ¥ and F € [P(¥)]E. If {j} is a subset of F(a(})) for any
a()) € E, then for each G € [P(¥)]¥, there exists a(#) € E such that

plEl)((D(/' G) < mefFa(n Gacp))’

a())

Proof. By definition of p ', we have

pex 0,6) = ,inf 00, )

< sup info(j,¥)
JEF(a),£€G(b)

me(F a()Ga@)’ 0

Lemma 3. Let (¥, 0) be a metric space and F € [P(¥)]E. Then p2d)(j, F) = 0 if and only if {j} € F(a())),
forany a(j) € E.

Lemma 4. Let (¥,0) be a metric space and F € [P(¥)]E. For any j € ¥ and a(}) € E, if there exists £ € ¥
such that £ € F(a())), then ped’ (J, F) < (), ).

Proof. By Lemma 2, for any j, € € W and a(), a(£) € E, we have p° (), F) < 0(, ) + pol? (¢, F).

If £ € F(a), then by Lemma 3, p2” (¢, F) = 0. Hence, p2d’(J,F) < (), #).0

Lemma 5. Let (¥, ) be a metric space and T: ¥ — [P(¥)]F be a soft set-valued map. Assume that for some
Jo €E¥ and a(jy) = e € E, (T,)o) is a nonempty compact subset of ¥. Then, there exists j; € ¥ such that
J1 € (Tejo)-

The following Lemma is a direct consequence of the definition of the distance function S(“ b)( ).

Lemma 6. Let (¥, ) be a metric space and F, G € [P(¥)]E. Assume that F(a) and G (b) are nonempty closed
and bounded subsets of ¥, for some a, b € E. Then, for each j € F(a), and all £ € G(b),

00,6) <SSP (F,6) and 0(J, G) < (), £).

In what follows, we present the first main result of this section.

Theorem 1. Let (¥, 0) be a complete metric space and M, T: ¥ — [P(¥)] be soft set-valued maps. Assume
that for each j,¢ € ¥, there exist a(j),a(¥) € E with a(j) € DomMj and a(¥) € DomT+¥ such that M;,T¢ €
X*. If

infES 2, M) + Lped (6, TE) (1)

(M 0 Tae) <bup
+lspgy ) (6 M)) + Lupg’ 0, T€) + 1500, )

where ¥'2_. I; <1 and I3 = I,. Then, there exists u € W such that u € Mu: = (Mu)(a(u)) and u € Tu: =
(Tu)(a(u)), for some a(u) € E.

Proof. Let j, € W; then, by hypothesis, there exists a(jy) € E with a(j,) € DomM), such that Mj, is a
nonempty closed and bounded subset of ¥. Choose j; € Mj,; then for this j; € ¥, we can find a(j,) € E with
a(j,) € DomTj; such that Tj; €X* . Then, there exists j, €e¥ such that j,€Tj; and
001,J2) < infE(QMan),Ta(m). On same steps, there exist j; € ¥ and a(j,) € DomMj, such that j; € Mj, and

002,J3) < infE(QT GoMaty)” Proceeding recursively, one generates a sequence {J,, }nen in ¥ such that
a(jq1)"a(jz

J2n+1 € Mjan, Jons2 € Tizns1s
and

0Uan+1,J2n+2) < INfES )

Ma(ypp) Ta(]2n+1))
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©)

0Uzn+2,J2n+3) < Inf E(Ma(}zn+1) Ta(an+2))’
Takingn = 0in (2) and using (10) together with Lemma 6, in that order, we have

<
Q(]l']Z) — ll‘lf (Ma(]()) Ta(11))

< l1anO)(Io:Mxo) + lzpa(h)(h;Th) + lzpa(h)(IpM]o)

+105¢” G0, T11) + 1s0(0,J1)
< LeGoi) +100G172) + 13001 )1) (4)
+14000,J2) + 15000,J1)
< Lo0UeJ1) +12001,J2)
+1[0Uo,J1) + 0U1,J2)1 + a0 (o, J1)
L+, +l
(%) 0Uo,J1) = ko, J1)
2 4
L+l +s

where k = (1 p ) Notice that ¥7_, [; <1 implies [, + 1, + 15 <1—1, — 5. So, for [; = 1,, we have
4

_lZ_
0<k<1.
Again, take n = 0 in (3), and using Lemma 6, accordingly, we get

eU2.J3) = lnfE(Ma(]ﬂ Ta(s2))
< Lpt9Y Gy M) + LpEd? (3, Tr) + Lped? (2, Myy)
+l4pa(h)(]1'T]2) +150(1,J2)

< LoUuJ2) +L002J3) + 13002,J2)

+1,001,J3) + l5001,J2) (5)
< Leo(1J2) +1:001,J3)

+l4[001,2) +002,73)] + Le(1,J2)
<

(ll1+ll—4+ls) 9(11'12)

L1+l +ls

= (m) eUo.J1) = k*eUo,J1)-
Letting n = 1 in (4), and using Lemma 6, we have
<
0UsJa) < me(Mauz>Ta(13>)

< l1pa(]2)(]2'M]2) + lzpa(13)03'TJ3) + lzpa(JS)(]&MJz)
+apgg? 02, TJ5) + 15002.3)
< L0G2J3) + 1003,J4) + 130(3,J3)
+1,001,J3) + l5001,J2) (6)
Lie(G2,J3) + 1002,J4)
+l4[002,J3) +003,74)] + La0U2,J3)

L+l +l
= (11 14—15) Uz2J3)

L+l +l
(ﬁ) (o J1) = ’CSQ(]O:h)-

1-1,—1,

IA

IA

By continuing in this fashion for all n € N, we have

0UnMnt1) < k"0(Jo, J1)- (7)
On similar arguments as above, one can see that 0 < k™ < 1. Furthermore, for m,n € N, with m > n, by
triangle inequality,

Q(]n']m) < Q(]n']n+1) + Q(]n+1']n+2) +oeet Q(Jm—ll]m)

< (1™ + K™ 4+ ™0 (0,1)
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<2 0(jo,)1) — Oasn — o,

This proves that {j, },en IS @ Cauchy sequence in W. By completeness of W, there exists u € W such that
Jp—>uasn — oo,

Now, applying lemmas 4, 5 and 6, in that order, we obtain

P28 (u, Mu) < 01, Janer) + P (Jpnpn, M)

<o j2n+1) + me(Ma(u) Ta(2n))

< 0(U Jans1) + LPES? (u, Mu) + L™ (an, Txon)
Hsppd?™ (Jon, Mu) + Lol (W, Tizn) + ls0(W, J2n)
< 0(U J2n) + LS (U, Mu) + 1,0 Uzns J2ns)

+ 3D Uzn, MU) + L40(t, Jan 1) + l50( Jon). ®)
Notice that by Lemma 6, for u € ¥, we get
P> Uzn Mu) < 0(zn,w) + Py (u, Mu).
Therefore, becomes
P (W Mw) < 0(Jan) + lippy (4, MU) + 10U2n J2ns1)
+13[002n 1) + ppy (u, Mu)] ©)
a0 (W, j2n) + ls0 (W J2n)-
Letting n — oo in (9), gives
p20 (u, Mu) < (I + L)pat (u, Mu).
The above expression implies that (1 — [, — I3)pfy(u, Mu) < 0. Hence, by Lemma 6, u € Mu. On similar
steps, one can show that p2U* (u, Tu) = 0. Consequently, u € Tu. O

Example 3. Let¥ = {0,1,2,3,4,5} and for all j,# € ¥, defined 0: ¥ X ¥ — R, by
0, if j=4

=, if j#€and) ¢ € (12}
S, if j#4¢and), £ € {(45)
Q(]’g)=<ﬁ, if j#{andj,? € {1,5}
—, if j#¢and),£€ (13}
%, if j#++{andy,? € {1,4}
X, if y#¢andj, €€ {235}

KS

Then (¥, o) is a complete metric space. Let E = [0,1] and a(j) = e € E for j € W. Then, consider two soft set-
valued maps M, T: ¥ — [P(¥)]£ defined by
{{0}, if ]=0ar1dOSe<1—10
(M,)):= M) = !{1}, if j€{1,234}and -<e<z
l{1,2,3,4}, if j=5and c<e<1,
and
{{0}, if ]=0andOSe<%
(T,)):=T) = !{1}, if j€{1,234}and -<e<z
l{2,3,4}, if j=5and c<e<1.



8 M.S. Shagari et al. / FOMJ 2(3) (2021) 1-16

Then, consider the following cases:

« Forj=1and ¢ =35, we have ‘“fE(Ma<1> o) = =, peV,mM1) = 0, PEO(5,T5) = 2, PO (5,M1) =
ﬁ, PE‘I)ED(L T5) = R and o(1,5) = — Therefore, by taklng L=L=L=Ilg=0andl, = 5, we have
. 0 _1_1 a(5)
lnfE(Ma(l) Ta) — 16~ 3 Pex (5,T5)

< 1,P2M 1, M1)+l2 PES)(5,T5) + 1,PA5) (5, M1)
+1,PED (1,T5) + 150(1,5).

1

« Forj=5and £ =1, we have infE? PP (5,M5) =<, PP (1,T1) = 0, PE(1,M5) =

(Mags)Ta)
0, PE‘I)ES)(S T =— and 9(5 == Therefore, byputtingl, =l; =1, =l;=0and ; = % we have

infE —pE(S)(S M5)

(M as)yTa@)
< 1,PE) (s, 1\/15)+z2 PED(1,T1) + 1,PA (1, M5)
+1,PE5)(5,T1) + 150(5,1).

1

° = - 2
Forj = 2and ¢ = 5, we have lnfE(Ma(z) Ta(S))

1—14, PE‘I)EZ)(Z T5) =0and o(2,5) = 1 Therefore, by taklng L=L=L=L=0andl5 = %, we have

= P2 (2,M2) = — PP (5,T5) = —, Pi™ (5,M2) =

1
infE (M a@Tas) Q(Z >)

<1,PP 2, Mz)+z2 “(5)(5 T5) + I3PeC) (5, M2)
+1,PEP (2,T5) + 150(2,5).

« Forj =5and £ = 2, we have infE? = = PV (5,M5) = 3, Pey” (2,T2) = =, Py (2, M5) =

(Mas)Ta)
0, PE“)ES)(S, T2) = E and o(5,2) = Z' Therefore, by putting l; =1, = I3 = l4 =0andls = Z’ we have
; Q 1 < 1
1nfE(Ma(5) Ta) = 16 = 9(5,2)
< 1,P)(5,M5) + 1,PE (2, T2) + 1,P5P (2, M5)
+LPE (5,T2) + 1s0(5,2).

1

« Forj=3and £ =5, we have infE® = Pox) (3,M3) = —, Pey” (5,T5) =<, Py (5,M3) =

(MazyTacs) —
ﬁ' P;)Eg)(B,TS) =0and (3,5 = Z' Therefore, by taklng L=L=1= l4 =0andl; = Z’ we have
infE?2 - i l
1nfE(Ma(3) Tas) = <-0(3,5)
< 1,PX(3,M3) + I,P ““‘)(5 T5) + 1,P25) (5, M3)
+1,P23)(3,T5) + 150(3,5).
* Forj=5and ¢ = 3, we have 1nfEE-’Ma(5) Taw) = L

0, PE'1,§5)(5 T3) = i and 9(5 3) = l Therefore, by putting [, =1, =l; =1l =0and [; = % we have

1 _1 a(5)
infE (Ma(s)Ta(z)) P (5,M5)

= Pex”) (5,M5) ==, PtV (3,T3) = -, Py (3, M5) =
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< 1,PE(5,M5) + 1,PAP (3,T3) + 1,P5) (3, M5)
+1,PES (5,T3) + 150(5,3).

1 1

« Forj =4and £ =35, we have infE? PP (4,M4) = = PRI (5,T5) = 2, P® (5,M4) =

(MagayTacs)
— Pa(4)(4 T5) = 0and 9(4 5) == Therefore, by taklng L=L=1= l4 =0andl; = 5, we have

(Ma(4) Tas) 9(4 %)
< 1,PEY (4, M4) +l2 “(5)(5 T5) + 13PEC) (5, M4)
+1,PEP (4,T5) + 150(4,5).

infE

1

« Forj = 5and £ = 4, we have infE? =, Pey)(5,M5) = 2, P (4,T4) = —, Pey (4, M5) =

(Mags)Ta)
0, P;f)(s, T4) = ﬁ and 9(5,4) == Therefore, by setting l, = I3 =1, = l5 =0andl; = 5, we have

infE? ! “(5)(5 M5)

(MagsyTaw) — 16—
< 1,P3) (s, M5) + 12 “(4)(4 T4) + 1,PEY (4, M5)

+1,PE)(5,T4) + 150(5,4).
Thus, all the conditions of Theorem 1 are satisfied. Consequently, one can see that 0 and 1 are the common e-
soft fixed points of M and T in .
Corollary 1. Let (¥, 0) be a complete metric space and M, T: ¥ — [P(¥)]¥ be soft set-valued maps. Assume
that for each j,¢ € ¥, there exist a(y),a(¥) € E with a(j) € DomMj and a(¥) € DomT+¥ such that M;,T¢ €
X*. If
St (M1, T2) < Lipp 0, M) + Lopgy (6,T2) (10)
+lapgy (M) + Lpg’ 0, T8) + 150, €)
forall j,£ € W, where ¥?_; I; < 1and I3 = I,. Then, there exists u € ¥ such that u € Mu N Tu.

Proof. Since Sgx(M),T¢) = Sup(a(l)'a(*’))EEXEme(Ma(,).Ta(f))’ therefore, Theorem 1 can be applied to obtain

u € Wsuchthatu € MunTu. O

Corollary 2. Let (¥,0) be a complete metric space and T: ¥ — [P(¥)]F be a soft set-valued map. Assume
that for each j € ¥, there exists a(y) € E with a(j) € DomM) such that T € X*. If there exists y € (0,1) such
that Sgx (M), T€) < yo(y,¢) for all j,£ € W, then, there exists u € W such that u € Mu N Tu.

Proof. PutM =T,l; =1, =13 =1, and [ = y in Corollary 1. [J
Corollary 3. Let (¥,0) be a complete metric space and T: ¥ — [P(¥)]F be a soft set-valued map. Assume
that for each j € ¥, there exists a(j) € DomT;j such that Ty € X*. If for all ,£ € ¥,

infEG 1) < UPey 0T + Lpgy (6,70 +lapgy ) (6T + L’ 0,70 + 1500, €)

where ¥'2_, [; < 1and I3 = I, (I; = 0), then there exists u € ¥ such that u € Tu.

Proof. Put M = T in Theorem 1. O

The following is the main result of Mohammed and Azam [1¢, Theorem 12] with f = Iy, the identity mapping
onV¥.

Corollary 3. [17] Let (¥,0) be a complete metric space and T:¥ — [P(¥)]f be a soft set-valued map.
Assume that for each j € ¥, there exists a(j) € DomTj such that T; € X*. If there exists [ € (0,1) such that

Sg((f)ﬂ(f’)) (T;, T¢) <1d(y,?)
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forall j, ¢ € W, then there exists u € W such that u € Tu.
Proof. Take l; =1, =13 =1, =0and l5 = L in Corollary 2. OJ

Theorem 2. Let (¥, o) be a complete metric space and M, T: ¥ — [P(¥)]E be soft set-valued maps. Assume
that for each j,¢ € ¥, there exists a(j) € DomM; and a(¥) € DomTell such that Mj, Tell € X*. If there exist
y € (0,1) such that

. ‘
me(QMa(,),Ta([)) < ymax{o(,?), pg)((f)(,’ M)), pg}({ )(& ),

pgg)u.Teu)+pg§f)(f.Mn}

2
Then, there exists u € ¥ such that u € Mu N Tu.
Proof. For j, € ¥, by hypothesis, there exists a(j,) € Domj, such that Mj, € W*. Let j; € Mj, and on same

steps, J, € TJq; then, 0(J1,J,) < infE? Hence, using (16) and Lemma 6 in that order, we have

Ma(yo)Tagy))
. Q
001,J2) < me(Ma(]o)'Ta(h))
< ymax{e(o 1) Pex™ Uor Mjo), Py > Gu, T,

pgg{")(Jo,T11)+p§§{1)(11,MJo)}

2
< ymax{0(Jo,J1), €U0, J1), 0U1,J2)

Q(Jo.Jz)+9(11.J1)}
2

(11)

Ju+e(1,
< ymax{e(Jo,J1), 9(11;]2);%}

< ymax{e(Jo,J1), 0U1,J2)}-
If max{e(jo, 1), 0(1,J2)} = €(J1,J2), then

001,J2) <veUvJ2) <e(1,J2)
is a contradiction. It follows that

0(U1.J2) <v0(Uo,J1)- (12)
Similarly, for j; € W, by assumption, there exists a(j;) € DomMj, such that Mj; € W*. Take j, € M},, for this
J2, there exists a(j,) € TJ, such that Tj, € ¥*. Choose j; € TJ, so that 0(J,,J3) < infE> Therefore,

Ma(11)Ta(s2))’
(16) and Lemma 6 yield:

< infE?®
902'13) = lnfE(Ma(]l)'Ta(]z))

< ymax{o(jy, 1), ey U1, Mj1), pE3? (2, TJ2),

< pgg{”(Jl,TJz)+p§§{2)(Jz,Mh)}

= 2
< ymax{0(J1,J2),0U1,J2), U2, J3),

9(11.13)+Q(Jz.12)}
2

J2)+ )
< ymax{e(iy,J2), 0z, Js), L2270z

< ymax{0(J1,J2),0(2,J3)}-

If max{0(1,J2),002,J3)} = 0(U2,J3), then 0z, J3) < ve(U2,J3) < (2 J3)yields a contradiction. Hence,

0U2J3) <ve(U1.J2) < v*eUo.1)-
By continuing recursively, we generate a sequence {J, }nen Such that j,,.1 € Mj,, and jo, 42 € Tjaneq SUCh
that
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Q(]n;]n+1) < lnfE(Ma(]n 1. Ta@n))
< ymax{eUn-1,Jn), pE(]n 1)(/71 v Mjn-1), pE(]n)(]n’ Tin)

pSUn-v¢; 1T1n)+p“(’")(1n,M1n-1)}
- .
By Lemma 6, the inequality (13) reduces to
0UnJn+1) S ymax{eUn—1,Jn) 0Un-1,Jn), 0UnsJn+1)»

Q(]n—1'1n+1)+9(]n'1n)}
2

< ymax{0(n-1,Jn) 0UnsJn+1)s

Q(]n—l']n)+9(1n'1n+1)}
2

< ymax{Q(Un-1,Jn), @UnsJn+1)}:
If max{e(n-1,Jn) 0UnJn+1)} = 0UnsJn+1) »  then o0Un,jn+1) < v0Unijn+1) < 0Un Jns+1) dives a

contradiction. Therefore,

(13)

0UnsJn+1) < ¥0Un-1,Jn)
<¥20(Un-2.Jn-1)
< V3Q(]n—3']n—2)

<v"00o0,J1)-

From here, one can follow the steps in Theorem 2 to conclude that {j,, },en IS @ Cauchy sequence in ¥; and
the completeness of W implies that there exists u € W such that j,, — uasn — oo.

Now, assume that u € Mu. Then, by applying lemmas 4, 5 and 6, accordingly, one gets

peld(w, M) < 0, Jans1) + PaYT Uane 1, M)
< o(Wjamsr) T 1nfE(Ma(u) Ta(am)
< 0(W Jansr) + ymax{o(u, J2n), Dot (u, M), paY™™ Gom, Tian),

E(u) (u, T]Zn)"'pa(]zn) (]anMu)}

2
(14)
0(U, Jan+1) + ymax{e(W, J2n), Pgx ) (u, M), 0(zn Jams 1),

IA

Q(u‘12n+1)+PEX J2n) (Jzn»Mu)}
2

0(U, Jan+1) + ymax{e(W, J2n), Pgx ) (u, M), 0(zn Jams 1),

0 J2n+1)+0Uzn W) +Ppg” (u,Mu>}
. .

IA

Letting n — oo in (14), yields
pg)((u) (u, Mu) < ymax{pg)((u) (u, Mu), pg)((u) (u, Mu)}
< ypix” (w Mu) < pig” (u, Mu),
This is a contradiction. Therefore, u € Mu. On similar arguments, one can show that u € Tu. Consequently,

u€EMunTu. O
Corollary 4. Let (¥, 0) be a complete metric space and M,T: ¥ — [P(¥)]£ be soft set-valued maps. Assume

that for each j,¢ € ¥, there exist a(j) € DomMj and a(¥) € DomTell such that Mj, T¢ € X*. If there exists
y € (0,1) such that
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o) £
SEB(M), TE) < ymax{o(,€),pel (4, M)), pe (6, T ),

t4
pal)) (J.Tt’)+p§§()(t’,M1)}

2
then, there exists u € W such that u € Mu N Tu.

(15)

Proof. The proof follows as in Corollary 3. [J

Corollary 5. Let (¥,0) be a complete metric space and T:¥ — [P(¥)]f be a soft set-valued mapping.

Assume that for each j € ¥, there exists a(j) € DomTj such that Tj € X*. If there exist y € (0,1) such that

. ?
B roey < YMaXeU, 0P 0. T ey (4T,

a a 1 6
pe (), r0)+ped) (m)} (16)

2
Then, there exists u € ¥ such that u € Tu.

Proof. Put M = T in Theorem 2. O

4. Consequences in fuzzy set-valued and multivalued maps

In this section, we apply the e-soft fixed point results of the previous section to derive some fixed point
theorems in the framework of fuzzy set-valued and multivalued mappings. To this end, we recall a few
preliminaries that will be used hereafter.

Let (W, 0) be a metric space and X* be the family of nonempty closed and bounded subsets of W. For
V,A€ X*, the Hausdorff -Pompeiu metric & on X* induced by o is defined as
X(V,A) = max{supo(j,A),supo(¥,V)}
where 0(J, V) = infeyo5?). tea
A fuzzy set in W is a function with domain W and values in [0,1] = 1. If Vis a fuzzy set inWandj € ¥,
then the function value V() is called the degree of membership of j in V. The a-level set of V, denoted by [V],,
is defined as follows:
[Vle ={ €¥:V() = a},ifa € (0,1],

[Vl ={ € ¥:V() > 0}.
Here, M represents the closure of a nonfuzzy set M. We shall denote the collection of all fuzzy sets in ¥ by I*.
If there exists an a € [0,1] such that [V],,[A], € W7, then define

Pa(V,4) = inf{e(j, £):) € [V]a, £ € [Ala},
Da(V,4) = R([V]a [A]a),

p(V,A) = suppe(V,A),

000 (V,A) =%upD, (V,A).
Definition 3. Let ¥ b€ an arbitrary set and Y a metric space. A mapping V: ¥ — IV is called a fuzzy set-valued
map. A fuzzy set-valued map V is a fuzzy subset of ¥ x Y with membership function V(;)(€). The function
value V(;)(?) is the grade of membership of £ in V(j).

Definition 4. Let V,A:¥ — ¥ be fuzzy set-valued maps. A pointu € ¥ is called fuzzy fixed point of V if
u € [Vu],. The point u is called a common fuzzy fixed point of Vand A ifu € [Vu], N [A u],.
Now, we deduce some consequences of our results.
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Corollary 6. [, Theorem 5] Let (¥, 0) be a complete metric space and V,A: ¥ — I¥ be fuzzy set-valued maps.
Assume that for each j € ¥, there exists a(j) € (0,1] such that [Vj] (), [A J]a()) € X7, and
R([VI]agy [ tlae) < L0, [Vilayy)) + Lo, [A Clac))

+130(, [A lacey) + Lo, [Vi]a) + 1500, f)
for all j,£ €W, with ¥>_, [; <1(;=0)and l; =1, or I3 =1,. Then there exists u € ¥ such that

ue [vu]a(u) n [A u]a(u)-

Proof. Leta*(y),a"(¥) € E witha*(j) = a(j) and a*(¥) = a(¥), for all j,£ € ¥. Consider two soft set-valued
maps Oy, A,: ¥ — [P(W)]E, respectively defined by
Oy((a* () ={t e ¥:(V))(t) 2 a (D} = [V/]a()
and
An(2(@ (D) ={t e¥:(a)(t) 2 a’ (D)} = [A £]ace)
Then,
00, Vilag) = inf{e(, 41): 41 € [Vi]a())}
= inf{e(, 41): 1 € Oy (a”()))}
= pix” (0,09 (@ (1)),

0@, [A L]y = inf{o(¥,q2): q2 € [A L] g}
= inf{e(£,42): 42 € Ax (£(a" ()}
= poO (6, AL ((a (0)))).
Similarly,
00, [A Clacey) = P U, Au (B(@ ().

(4, [V)1agy) = Pax” (8,09 (£(a* (D))
Therefore,
infE (oo @ onanca @y = SV agy (4 Clae)
< LoU [Vilagy) + Lo [A Claw) + 1300, [A €ace)
L et [Wlagy) + 1500, D)
= Lpe 0, 090(@ (D)) + Lps (6, AL (0)))
+lapp” 0,0,0(@ 0)))
+Lpe O (8,090 (@ (D) + 500, 9).

Consequently, Theorem 12 can be applied to find u € W such that u € By, N A,y = [Vl gy N [A U] gD

Definition 5. [11] Let ¥ be a reference set and V be a fuzzy set in ¥. Then, V is called an approximate quantity
if and only if its a-level set is a compact convex subset of ¥ for each a € [0,1] and sup,eyV(j) = 1. The set of
all approximate quantities in ¥ is denoted by .

Corollary 7. [-] Let (¥, 0) be a complete metric space and V,A:¥ — W be fuzzy set-valued maps. Assume
that for all j,¢ € ¥,
2(V(),A (£)) < Lip(, V() + Lp(£,4 (£) + 13p(,A (£))
+Lp(£, V() + 1500, ?)
where ¥'2_, I; < 1 (l; = 0) and either [; = [, or I3 = ,. Then, there exists u € W such that {u} ¢ V(u) and

{u} ca (w).

Proof. For j € ¥, let Oyj,A,j € [P(¥)]E. Then, following the proof of Corollary 6, one deduces that
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[V)]1 = ©gy(1) € Wand [ )], = Ayy(1) €W,
for some a*(j) =1 € E. Now, by Lemma 5, there exists j; € ¥ such that {j;} € 0y,(1) = [Vj]; and j, € ¥
such that {j,} < A4, (1) = [A j];. By definition of infE(QVa’Ab) for soft sets and o.,-metric for fuzzy sets, for all
7, € ¥, we have

infE(Qv](l),Af(l)) = R([VJ]a@) [A €lace)

< 0 (V(),A (£)).
Hence,

infEG | xy < PGV + Lp(6a () + 13p(,8 (£) (17)

+p (L, V() + 150, D). (18)

Since [V)]; € [V)]g) for each a € [0,1], thus

0, [V1lagy) < 00, [Vi11) = Pix(, Oy (1))
Thatis, p(J, V() < pix(, Oy (1))). Similarly, p(,a (1)) < pix (U, A4 ((1))). Therefore,

ifE 4y < UPEx 0, 09, (1) + Lpky (8 Axe (1) + Lsphx (. Au (E(1))

+apix (£,0v( (1)) + lse U, ©).
Consequently, Theorem 2 can be applied to obtain u € ¥ such that {u} c {Vu} and {u} ca (v). O

Corollary 8. [] Let (¥, 0) be a complete metric space and V,A: ¥ — X* be multivalued mappings. Assume
that for all j, ¢ € ¥,
R(V),a8) < Lo(, V) + Lo(t,af)+1300,A%)

+1ho(4,V)) + 1500, %)
where ¥?_, [; < 1and either [; = I, or I = L,. Then there exists u € ¥ such that u € Vu na u.

Proof. For j,# € ¥, let E = {a*(j), a*(£)} and consider two soft set-valued maps 0, A\: ¥ — [P(¥)]E, defined
by

(V) if e=a’()
0.0) = {lp, if e=a(®).

Yy, if e=a"
Ae() = {A}, i; e= a*((g.
Then,
00, V)) = inf{e(, )iy € Vj}
= inf{g(] 11):11 € 0.()}
= ppx” 0,00).

o(f,A ) =inf{o(£f,1): 1, EA £}
= inf{@(i’ rp):13 € Ae())}
= P (. A0)).
similarly, 0(j,a £) = p2.2’ (1, A®), and o(£, V) = 2 (£, 0)). Therefore, for all J, £ € ¥,
infE(Q@a*(])l Ay = RV D)
<LeG, V) +ho(tAat) +1300,47%)
+l0(2, VJ) + 159(1 ?)
= Lop 0,0)) + Loy (6,00) + Lsp (0, A2)
+Lapgy " (£,0)) + 1500, ©).

Consequently, Theorem 2 can be applied to obtain u € W such thatu € Qu N Au =Vu na u.
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Corollary 9. [10, Theorem 12] Let (¥, ¢) be a complete metric space and T: ¥ — X* be a multivalued map.
Assume that there exists y € (0,1) such that for all j,# € ¥, we have

R(T), TY) < ymax{e(,?),00,T)), (¢, T?),
~100, &) +0(&,T))].

Then, there exists u € W such that u € Tu.

Proof. By using Corollary 8, the proof follows the idea of Corollary 9. (1

5. Conclusion

In this research, a novel type of multi-valued map whose range set is a family of soft sets has studied.
Specifically, a few fixed point theorems which are generalizations of some known fixed point results of single-
valued and set-valued mappings in the corresponding literature have presented. Some of these special cases have
highlighted and discussed. Moreover, nontrivial examples have constructed to validate the assumptions of the
obtained results. It is known that the notion of cut sets in the study of fuzzy fixed point theorems is one of the
elegant ways of connecting fixed point results of contractive multi-valued mappings with fuzzy set-valued
maps. Hence, the missing of this concept in fixed point theory of soft set-valued maps is an enormous limitation.
Along this line, it is important to point out that the ideas of this paper, being established in the framework of
metric space is fundamental. Hence, it can be improved upon when examined in the setting of quasi or pseudo
metric spaces. In addition, the soft set-valued component can be examined in other hybrid models such as fuzzy
soft sets, N-soft sets, intuitionistic fuzzy soft sets, rough sets, and so on. From application viewpoint, the new
contractions in this work can be employed to analyses solvability criteria of some classes of differential and
integral inclusions of either integer or non-integer type.

Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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