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Keywords: subject to Dirichlet boundary condition, A is a positive real parameter and p is
p(x) ~Laplacian real continuous function on & with 1 < p(x) < p*(x), where p*(x) = ~2%L
Variational Method - - . . ) N-p(x)

and p(x) < N forall x € O, m: Q — [0, o) is a continuous function.

By using a variational method and Krasnoselskii's genus theory, we show the
existence and multiplicity of the solutions. For this purpose, we work on a
generalized variable exponent Lebesgue-Sobolev space.

Genus Theory
Sobolev Space

1. Introduction
In this paper, we study the following problem
{ —div (1 + |Vu|? ) Vu =m0 |ulP®2y,  inQ, (1)
u=0, on 01},
where Q is a bounded domain of RN with smooth enough boundary. Let A be a positive real parameter and p be

real continuous function on Q with 1 < p(x) < p*(x), where p*(x) = S pzf( )) and p(x) < N forallx €

m:Q — [0, o) is a continuous function.

In recent years, elliptic problems involving variable exponent have been studied in many papers. In [6], they
studied the eigenvalues of the p(x)-Laplacian Dirichlet problem:
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—div(|Vu|P®=2vy) = Au|P®)-2y, inQ,
B 2)
u=20, on 0Q.

In [6], the authors showed that A, the set of eigenvalues, is a nonempty infinite set such that sup A = +co.
Recently, Fan and Deng [4] studied the existence and multiplicity of positive solutions for the Neumann
boundary value problem involving the p(x)-Laplacian of the following form:

—div(|VulP@=2vu) + AulP®~2u = £(x,w), inQ,
3
|Vu[p-2 2% — ®, on 0Q. )
on
They, under appropriate assumptions on f, obtained that the problem has at least two positive solutions.
In [1], the authors studied the Kirchhoff type equation:
-M (Lf |V |PCO dx)A u = f(x,u) inQ
p(x) 79 p(x) T ’ (4)
u=0, on 04,

by using the Krasnoselskii's Genus theory. They showed the existence and multiplicity of the solutions of the
problem (4).

Here, we study the existence and multiplicity of the solutions for equation (1), using variational method and
Krasnoselskii's Genus theory.

2. Preliminaries
First, we recall some necessary definitions and propositions concerning the Lebesgue and Sobolev spaces.
Let Q be a bounded domain of RY . Set

C,Q)={pec@);plx)>1,vxenl
For any continuous function p: Q — (1, o),

p~i=infreqp(x)  and  p* = suprea p(x).

For p € C, (), the variable exponent Lebesgue space is defined by

LPX)(Q) = {u: Q - Ris a measurable function: f lu() |P@dx < +00}.
Q

Endowed with the norm:
p(x)

u(x)

[ulp) = inf {y > 0: f dx < 1},
Q

LP™) (1) would be a separable reflexive Banach space [2].
The modular of LP®)(Q) is defined by

Doy W) = f lu () P@dx.
9]

Proposition 1. [8] The space (Lp(x)(ﬂ), |u|p(x)) is separable, uniformly convex, reflexive and its conjugate
space is (LI®(Q), [ul 4 ), Where g(x) is the conjugate function of p(x), i.e.,
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1 1

P00 a0

For all u € LP™(Q), v € LIX)(Q), the Hblder's type inequality

f uv dx
Q
holds.

Proposition 2. [11] Suppose that u,,, u € LP®)((Q), then the following properties hold:
- +
Iulp(x) >1= |u|£(x) < pp(x)(u) < |u|5(x);
b h
Iulp(x) <l= |u|£(x) < pp(x)(u) < |u|5(x);
[ulpy) > L(respectively,= 1;< 1) & ppx(u) > 1(respectively, = 1; < 1);
|unlp) = O(respectively, > +0) & p, ) (u,) = 0(respectively, > +);
im0 Uy — Ulpry = 0 © limy0 Pp(xy (U —u) = 0.

1, VxeAqQ.

1 1
< (p__ + q__> |u|p(x)|vlq(x) < Zlulp(x)lvlq(x)

The Sobolev space WP (Q) is defined by

WP®(Q) = {u € LP®(Q): |Vu| € LPX(Q)},
is a separable and reflexive Banach spaces. For more details, we refer to [3].

Together the norm
lullipey = lullpey + [Vullper-
On WP (), we may consider the following equivalent norm

“u“p(x) = |Vu|p(x)'
Wol"’(") (Q) is defined as the closure of Cj° () with respect to the norm

[lu]| = inf{u > 0: f
Q

W, PP (@) = {u € PP (Q);ulaq = 0, |Vu| € PP (Q)}.
For more details, we refer to [2].

VU(X) p(x)

U

dx < 1}.

It is well known that

Proposition 3. (Sobolev Embedding [5]) For p,q € C,(Q) such that 1 < g(x) < p* (x) forall x € Q, there is
a continuous compact embedding

WP (@) & 199 (@)
is continuous and compact. Therefore, there is a constant ¢, > 0 such that

”u”q(x) < collu]l.
Proposition 4. (Poincare Inequality [12]) There is a constant ¢ > 0 such that
|u|p(x) =< Cllvu”p(x), forallu € VVOl'p(x)(Q)_
Remark 5. From proposition 4, ||Vl and ||ull4, are equivalent norms on Wol'p(x)(ﬂ).

Definition 6. Let E be a real Banach space.
Set R := {A c E —{0}; A is compact and symmetric}. Let A € R and we define the genus of A as follows:
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y(4) =inf{m > 1; 3f € C(A,R™\ {0}); f is odd}.

And y(A4) = oo if does not exist such a map f. y(@) = 0 by definition. For more details, we refer to [7].
Theorem 7. [7] Let Q ¢ RVbe a symmetric and bounded subset and 9Q as it's boundary. Assume that 0 € Q,
theny(0Q) = N
Corollary 8. [7] The genus of unit sphere S¥~1 of the space R" is N.

3. Main results
Before the proceed the results, we need some notions:

Definition 9. u € W;"?*)(Q) is called a Weak solution for (1) if
f (1 + |Vul? ) Vqu dx = Af m(x) |u|P@ 2y dx

forall v e W,"?™(q).
The energy functional associated with problem (1) can obtained by

m (x)

J =, o [(1 +vu®) g (1+|Vul? ) ] dx —Afﬂ |u|p(x) dx

forall u € W;"?™)(Q). It is well defined, C* functional and for all u,v € W,"?™(Q)

J (w),v) = j (1 + |Vul? ) Vqu dx — 1 f m(x) |u|P® =2y dx.

Therefore, critical points of this energy functional are week solutions for the problem (1).
We consider O ¢ R¥(N > 3) as a bounded domain with smooth boundary and p € C, () such that

1<p” <plx) <p* <p*(x), ©)
and p(x) < N forany x € Q.
(H)ym:Q - [0, ), m € L®(Q).

Proposition 10. [8] The functional A: W,"?®)(Q) - R defined by A = fﬂ L |Vu|p(x)dx is

convex. The mapping A’: W," PO Q) > ( WP (Q)) is a strictly monotone, bounded homeomorphism and of
(S4) type, namely u,, = u (weakly) and limy, o, (A (uy), up — u) < 0 implies u, — u (strongly).

Definition 11. The functional J satisfies the Palais-Smale condition at the level ¢ € R (“(PS). condition” for
short) if for every sequence {u,} c Wol'p(x) (Q) satisfying

J(u,) = ¢ and ],(un) -0 asn— o,
has a convergence subsequence.

Theorem 12. [7] Let] € C1 (WP, R) and satisfies the (PS), condition. We assume the following conditions:
i.  Jisbounded from below and even;
ii.  ThereisacompactsetT € R such that y(T) = k and sup,.crJ(x) < J(0).

Then problem (1) has at least k pairs of distinct critical points and their corresponding critical values are less
than j(0).

Theorem 13. If (5) and (H) hold. Then there are at least k pairs of distinct critical point (1).
(Hy) For 1 < p < +o0, we have (a + b)? < 2P~ 1(aP + bP).

Lemma 14. We assume that (5) and (H) hold. Then J is coercive on Wol‘p(x) () and bounded from below.
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Proof. For any u € Wl'p(x)(ﬂ) by (H,), we have
J(u )_fﬂ ()[(1+|Vu| )2 —(1+|Vu| ) ] dx_/lfﬂ m(x)lulp(x)dx
> —f |Vu|P(x) dx — —f (]_ + |Vu|p(x) 2) dx A”Z‘#J‘ |u|p(x) dx
= _+f |Vu|P(x) dx ___f dx ___f |Vu|p(x)—2 dx — ” ”oof |u|p(x) dx
P~ Ja P Ja p p~ Jg

- L ) gy — £ (x)-2 llm"oo (x) cial
—p+fQ|Vu|pxdx p_fQ|Vu|p" dx — A——= [ [ulP™) dx — -

C > 0and |Q| denote the Lebesgue measure of Q.
If ppoy () = [, [u|P@dx, by Proposition 4, we have some cases:
i If pp(x)(u) > 1,

mileo
&nuup* ~K
p

1 _cC .
](u)Zp—+IIuII” —p—_llullp -

Since (5), so J is coercive and bounded from below.
ii. If pp(x)(u) <1,

1 1 - llml o -
J@) 2 Sl =2l = A=l — K.
Since (5), so J is coercive and bounded from below. i

Lemma 15. The functional J satisfies the (PS). condition.
Proof. We proceed by two steps:

Stepl. We prove that {u,} is bounded in Wol'p(x)(ﬂ). Let {u,} c VI/;)”’(")(Q) be a (PS). sequence. By
contradiction we assume that, passing eventually to a subsequence, ||u,|| = 4o as n — +oco. We choose 6,

0<b< p% .By definition 11 and (H,), for large enough n ,
C+ ”un” Zl(un) - 9(]’(11”) un)
=f [(1+|Vun| Y5 (14 Va2 ]d —Af U [P

- 9f (1+ IVunIZ) = |V |2 dx + /wf M) [up [P® dx

M|l
= —+f |Vt [P dx — —_f (1 + |Vu, [P®=2)dx — A | l_l f |u,, [P dx
P Ja P Ja p qQ

—9f |V, [P dx+/19||m||00f |1, |PX) dx
Q Q

1 1
> (o= 0) [ 190 dx = Altmlls (5=~ 0) [ Tual?®
p Q p Q
C C
——_J |Vun|p(")‘2dx——_f dx
p Jg p Ja

1 1
= (e =0) [ 1vual® ax— 2l (== 0) [l ax
p Q p Q

— L_J |V, [P ~2dx — %
p b

Q
C > 0and |Q| denote the Lebesgue measure of Q.
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Thus, the last inequality together with Proposition 4 and Remark 5, imply that

€+ lnll = (55 = 0) llunll”” = Allmlles (5= = 0) ln P = llun P2 = €.

Dividing the above inequality by ||un||P+, taking into account (5) holds and passing to the limit as n — +oo,
we obtion a contradiction. It follows that {u,,} is bounded in Wol'p(x) ().
Step 2. We prove that {u,} has a convergent subsequence in Wol'p(x)(ﬂ). It follows from proposition 3 and

reflexivity of W,"*™(Q), we may assume that
R : 1,p(x) ; s(x) ;
u, =~ u in W, Q), u,-»u in L), u,(x) » u(x), a.e. inQ, (6)

where 1 < s(x) < p*(x).

By Holder inequality and (6), we have

f |un|p(x)_2un(un —u)dx SJ |un|p(x)_1|un — uldx
QO Q

< [P b lup —ulpy =0 @ n— +oo.
p(x)-1

Thus,
limy,,1co |, [ty [PO~20,, (u,, — u)dx = 0. (7

From Definition 11,

(]’(un):un - u) - 0.
Thus,
p(x
2

U Cundottn =) = fy (L 1Vl 7 Vatg (Vi — V) dix

—Af m(0)|u, [P 2w, (u, — u) dx - 0.
Q
We can deduce from (7) that

p(x)-2

Jo L+ 1Vup|?) 2 Vu,(Vu, — Vu) dx - 0. (8)

So by (8) and [13, Proposition 3.1] the sequence {u,,} converges strongly to u in Wol’”(x) (). Therefore, J
satisfies the (PS), condition.
O

Proof of Theorem 13. We notice that Wol"’+(0) c WP (Q). Let us consider (e,)%; a schauder basis for
Wol'p+(0) [9]and X = span{ey,e,, ..., e}, the subspace of I/I/()l’l"+ (Q) generated by ey, e,, ..., ). Clearly X;,

is subspace of W,"?* (). Notice that X,, c LP®)(Q) because X;, C Wol"”+ (Q) c LP@(Q). Thus, the norms
|lull and [|ull,(x) are equivalent on Xy, since X is a finite dimension space [9].
Letu € X;; |lull < 1, from (H)

1 p(x) p(x)-2
Jw = [, m[(l +Vul) 2 =+ |Vul?) 2 | dx =21, %lulp(") dx
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(x)—2

1 j4¢3) p -
<L fy [ ™ = @ ) | - a2 ) ax

We consider some cases:
a. If|Vu| > 1, by (Hy)

1 p(x)-1 lImle
](u)S—_f 2 2 |Vu|P® dx—/1—+f [u[P@ dx
P Ja . P a
< aqllull?” = agllullP” = lJull” [a — agllullP” "],

rpt-p
_ z
Considering T = Sf = {u € Xi; llull = 1}, JW) <P [ay —ayry? P |, Vu € T. Then
+_ +_p—
PP . PP
supr/(u) < azT —apnP TP =—a, 2

Consider r; € (0,1) small enough in whichr,? < 1anda; < a,

< 0=J(0).

b. If [Vu| <1

1 p(x) ml| e
Jw) <— 2 2 dx— Au [u|P@ dx < a, — a2||u||p+.
p Jo p* Jq

. . . pt
Consider r; € (0,1) small enough in which r1p+ <landa; < ay r12 :

Considering T = Sk = {u € Xi; |lull = 7}, J(w) < ay — ayry?”, Yu € T. Then
+ +

+

P
= —QZT <0 =](0)
Since X;, and R¥ are isomorphic so S¥ and S*~* are hemomorphic so y(Sf) = k.

7P »
supr/(uw) < a, > an

J is even, so by theorem 12, | has least k pairs of different critical points. O
Corollary 16. If (5) holds. Then there are infinitely many solution for (1).

Proof. Since k is arbitrary, so there are infinitely many critical points of J. o

4. Conclusion

In this paper we proved multiplicity existence of solutions for the problem (1), provided the parameter A be
positive, p a real continuous function on & and m: Q — [0, ) is a continuous function. In fact, using the Krasnoselskii's

Genus theory we showed multiplicity solutions for problem (1).
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