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A R T I C L E  I N F O  A B S T R A C T 

    In this paper, we study the existence and multiplicity of nontrivial weak 

solutions for the following equation involving weight and variable exponents 

{−𝑑𝑖𝑣 (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ∇𝑢 = 𝜆𝑚(𝑥)|𝑢|𝑝(𝑥)−2𝑢,       𝑖𝑛 Ω,
𝑢 = 0,                                                                                𝑜𝑛 𝜕Ω,

 

where Ω is a bounded domain of ℝ𝑁 with smooth enough boundary which is 

subject to Dirichlet boundary condition, 𝜆 is a positive real parameter and 𝑝 is 

real continuous function on Ω̅ with  1 < 𝑝(𝑥) < 𝑝∗(𝑥), where  𝑝∗(𝑥) =
𝑁𝑝(𝑥)

𝑁−𝑝(𝑥)
 

and 𝑝(𝑥) < 𝑁 for all 𝑥 ∈ Ω̅ , 𝑚: Ω̅ → [0, ∞) is a continuous function. 

    By using a variational method and Krasnoselskii
,
s genus theory, we show the 

existence and multiplicity of the solutions. For this purpose, we work on a 

generalized variable exponent Lebesgue-Sobolev space. 
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1. Introduction 

   In this paper, we study the following problem 

{ −𝑑𝑖𝑣 (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ∇𝑢 = 𝜆𝑚(𝑥)|𝑢|𝑝(𝑥)−2𝑢,       𝑖𝑛 Ω,
𝑢 = 0,                                                                                𝑜𝑛 𝜕Ω,

                    (1) 

where Ω is a bounded domain of ℝ𝑁 with smooth enough boundary. Let 𝜆 be a positive real parameter and 𝑝 be 

real continuous function on Ω̅ with  1 < 𝑝(𝑥) < 𝑝∗(𝑥), where 𝑝∗(𝑥) =
𝑁𝑝(𝑥)

𝑁−𝑝(𝑥)
 and 𝑝(𝑥) < 𝑁 for all 𝑥 ∈ Ω̅ , 

𝑚: Ω̅ → [0, ∞) is a continuous function. 

   In recent years, elliptic problems involving variable exponent have been studied in many papers. In [6], they 

studied the eigenvalues of the 𝑝(𝑥)-Laplacian Dirichlet problem: 
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{
−𝑑𝑖𝑣(|∇𝑢|𝑝(𝑥)−2∇𝑢) = 𝜆|𝑢|𝑝(𝑥)−2𝑢,                   𝑖𝑛 Ω,

𝑢 = 0,                                                                         𝑜𝑛 𝜕Ω.
                  (2) 

   In [6], the authors showed that Λ, the set of eigenvalues, is a nonempty infinite set such that sup Λ = +∞. 

   Recently, Fan and Deng [4] studied the existence and multiplicity of positive solutions for the Neumann 

boundary value problem involving the 𝑝(𝑥)-Laplacian of the following form: 

{
−𝑑𝑖𝑣(|∇𝑢|𝑝(𝑥)−2∇𝑢) + 𝜆|𝑢|𝑝(𝑥)−2𝑢 = 𝑓(𝑥, 𝑢),                   𝑖𝑛 Ω,

|∇𝑢|𝑝(𝑥)−2 𝜕𝑢

𝜕𝜂
= 𝜑,                                                                    𝑜𝑛 𝜕Ω.

      (3) 

   They, under appropriate assumptions on 𝑓, obtained that the problem has at least two positive solutions. 

   In [1], the authors studied the Kirchhoff type equation: 

{
−𝑀 (

1

𝑝(𝑥)
∫ |∇𝑢|𝑝(𝑥)

Ω
𝑑𝑥) ∆𝑝(𝑥)𝑢 = 𝑓(𝑥, 𝑢),          𝑖𝑛 Ω,

𝑢 = 0,                                                                              𝑜𝑛 𝜕Ω,
      (4) 

by using the Krasnoselskii
,
s Genus theory. They showed the existence and multiplicity of the solutions of the 

problem (4).  

   Here, we study the existence and multiplicity of the solutions for equation (1), using variational method and 

Krasnoselskii
,
s Genus theory. 

 

2.  Preliminaries 
     First, we recall some necessary definitions and propositions concerning the Lebesgue and Sobolev spaces.  

  Let Ω  be a bounded domain of  ℝ𝑁 . Set                                                                      

𝐶+(Ω̅) ≔ {𝑝 ∈ 𝐶(Ω̅); 𝑝(𝑥) > 1, ∀ 𝑥 ∈ Ω̅ }. 

 For any continuous function 𝑝: Ω → (1, ∞), 

𝑝− ≔ inf𝑥∈Ω 𝑝(𝑥) and        𝑝+ ≔ 𝑠𝑢𝑝𝑥∈Ω 𝑝(𝑥). 

 For 𝑝 ∈ 𝐶+(Ω̅), the variable exponent Lebesgue space is defined by 

𝐿𝑝(𝑥)(Ω) ≔ {𝑢: Ω → ℝ 𝑖𝑠 𝑎 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: ∫ |𝑢(𝑥)|𝑝(𝑥)𝑑𝑥 < +∞
Ω

}. 

      Endowed with the norm: 

|𝑢|𝑝(𝑥) ≔ 𝑖𝑛𝑓 {𝜇 > 0: ∫ |
𝑢(𝑥)

𝜇
|

𝑝(𝑥)

𝑑𝑥 ≤ 1
Ω

}, 

𝐿𝑝(𝑥)(Ω) would be a separable reflexive Banach space [2].  

    The modular of 𝐿𝑝(𝑥)(Ω) is defined by  

𝜌𝑝(𝑥)(𝑢) ≔ ∫ |𝑢(𝑥)|𝑝(𝑥)𝑑𝑥.
Ω

 

Proposition 1. [8] The space (𝐿𝑝(𝑥)(Ω), |𝑢|𝑝(𝑥)) is separable, uniformly convex, reflexive and its conjugate 

space is (𝐿𝑞(𝑥)(Ω), |𝑢|𝑞(𝑥)), where 𝑞(𝑥) is the conjugate function of 𝑝(𝑥), i.e., 
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1

𝑝(𝑥)
+

1

𝑞(𝑥)
= 1,     ∀𝑥 ∈ Ω. 

  

   For all 𝑢 ∈ 𝐿𝑝(𝑥)(Ω), 𝑣 ∈ 𝐿𝑞(𝑥)(Ω), the Hӧlder
,
s type inequality 

|∫ 𝑢𝑣 𝑑𝑥
Ω

| ≤ (
1

𝑝−
+

1

𝑞−
) |𝑢|𝑝(𝑥)|𝑣|𝑞(𝑥) ≤ 2|𝑢|𝑝(𝑥)|𝑣|𝑞(𝑥) 

holds.                                                                              

Proposition 2. [11] Suppose that 𝑢𝑛, 𝑢 ∈ 𝐿𝑝(𝑥)(Ω), then the following properties hold: 

|𝑢|𝑝(𝑥) > 1 ⇒ |𝑢|
𝑝(𝑥)
𝑝−

≤ 𝜌𝑝(𝑥)(𝑢) ≤ |𝑢|
𝑝(𝑥)
𝑝+

; 

|𝑢|𝑝(𝑥) < 1 ⇒ |𝑢|
𝑝(𝑥)
𝑝+

≤ 𝜌𝑝(𝑥)(𝑢) ≤ |𝑢|
𝑝(𝑥)
𝑝−

; 

|𝑢|𝑝(𝑥) > 1(𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦, = 1; < 1) ⟺ 𝜌𝑝(𝑥)(𝑢) > 1(𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦, = 1; < 1);            

|𝑢𝑛|𝑝(𝑥) → 0(𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦, → +∞) ⇔ 𝜌𝑝(𝑥)(𝑢𝑛) → 0(𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦, → +∞);       

 lim𝑛→∞|𝑢𝑛 − 𝑢|𝑝(𝑥) = 0 ⇔ lim𝑛→∞ 𝜌𝑝(𝑥)(𝑢𝑛 − 𝑢) = 0. 

   The Sobolev space 𝑊1,𝑝(𝑥)(Ω) is defined by                                            

                  

𝑊1,𝑝(𝑥)(Ω) ≔ {𝑢 ∈ 𝐿𝑝(𝑥)(Ω): |∇𝑢| ∈ 𝐿𝑝(𝑥)(Ω)}, 
 is a separable and reflexive Banach spaces. For more details, we refer to [3]. 

   Together the norm     

‖𝑢‖1,𝑝(𝑥) = ‖𝑢‖𝑝(𝑥) + ‖∇𝑢‖𝑝(𝑥). 

   On 𝑊1,𝑝(𝑥)(Ω), we may consider the following equivalent norm 

‖𝑢‖𝑝(𝑥) = |∇𝑢|𝑝(𝑥). 

 𝑊0
1,𝑝(𝑥)

(Ω) is defined as the closure of  𝐶0
∞(Ω) with respect to the norm  

 

‖𝑢‖ = inf {𝜇 > 0: ∫ |
∇𝑢(𝑥)

𝜇
|

𝑝(𝑥)

𝑑𝑥 ≤ 1
Ω

}. 

It is well known that 

𝑊0
1,𝑝(𝑥)

(Ω) ≔ {𝑢 ∈ 𝐿𝑝(𝑥)(Ω); 𝑢|𝜕Ω = 0, |∇𝑢| ∈ 𝐿𝑝(𝑥)(Ω)}. 

   For more details, we refer to [2]. 

Proposition 3. (Sobolev Embedding [5]) For 𝑝, 𝑞 ∈ 𝐶+(Ω̅) such that 1 < 𝑞(𝑥) < 𝑝∗ (𝑥)  for all 𝑥 ∈ Ω̅, there is 

a continuous compact embedding  

𝑊0
1,𝑝(𝑥)

(Ω) ↪ 𝐿𝑞(𝑥)(Ω) 

is continuous and compact. Therefore, there is a constant 𝑐0 > 0 such that  

‖𝑢‖𝑞(𝑥) ≤ 𝑐0‖𝑢‖. 

Proposition 4. (Poincare Inequality [12]) There is a constant  𝑐 > 0 such that 

|𝑢|𝑝(𝑥) ≤ 𝑐‖∇𝑢‖𝑝(𝑥), for all 𝑢 ∈  𝑊0
1,𝑝(𝑥)

(Ω). 

Remark 5. From proposition 4, ‖∇𝑢‖𝑝(𝑥) and ‖𝑢‖1,𝑝(𝑥) are equivalent norms on 𝑊0
1,𝑝(𝑥)

(Ω). 

Definition 6. Let 𝐸 be a real Banach space.  

   Set 𝑅 ≔ {𝐴 ⊂ 𝐸 − {0}; 𝐴 𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑎𝑛𝑑 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐}. Let  𝐴 ∈ 𝑅 and we define the genus of 𝐴 as follows: 
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𝛾(𝐴) ≔ inf{𝑚 ≥ 1; ∃𝑓 ∈ 𝐶(𝐴, ℝ𝑚 ⧵ {0}); 𝑓 𝑖𝑠 𝑜𝑑𝑑}. 

   And 𝛾(𝐴) = ∞ if does not exist such a map 𝑓. 𝛾(∅) = 0 by definition. For more details, we refer to [7]. 

Theorem 7. [7] Let Ω ⊂ ℝ𝑁be a symmetric and bounded subset and 𝜕Ω as it
,
s boundary. Assume that 0 ∈ Ω, 

then 𝛾(𝜕Ω) = 𝑁. 

Corollary 8. [7] The genus of unit sphere 𝑆𝑁−1 of the space ℝ𝑁 is 𝑁. 

 

3. Main results  
   Before the proceed the results, we need some notions: 

Definition 9. 𝑢 ∈  𝑊0
1,𝑝(𝑥)

(Ω) is called a weak solution for (1) if 

∫  (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ∇𝑢∇𝑣 𝑑𝑥
Ω

= 𝜆 ∫ 𝑚(𝑥)|𝑢|𝑝(𝑥)−2𝑢𝑣 𝑑𝑥
Ω

 

for all 𝑣 ∈  𝑊0
1,𝑝(𝑥)

(Ω). 

   The energy functional associated with problem (1) can obtained by 

 

𝐽(𝑢) = ∫  
1

𝑝(𝑥)
[(1 + |∇𝑢|2)

𝑝(𝑥)

2 − (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ]  𝑑𝑥
Ω

− 𝜆 ∫
𝑚(𝑥)

𝑝(𝑥)
|𝑢|𝑝(𝑥) 𝑑𝑥

Ω
 

for all 𝑢 ∈  𝑊0
1,𝑝(𝑥)

(Ω). It is well defined, 𝐶1 functional and for all 𝑢, 𝑣 ∈  𝑊0
1,𝑝(𝑥)

(Ω) 

〈𝐽´(𝑢), 𝑣〉 = ∫  (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ∇𝑢∇𝑣 𝑑𝑥
Ω

− 𝜆 ∫ 𝑚(𝑥)|𝑢|𝑝(𝑥)−2𝑢𝑣 𝑑𝑥.
Ω

 

   Therefore, critical points of this energy functional are week solutions for the problem (1). 

   We consider Ω ⊂ ℝ𝑁(𝑁 > 3) as a bounded domain with smooth boundary and 𝑝 ∈ 𝐶+(Ω) such that 

  1 < 𝑝− ≤ 𝑝(𝑥) ≤ 𝑝+ < 𝑝∗ (𝑥),         (5) 

and 𝑝(𝑥) < 𝑁 for any 𝑥 ∈ Ω̅.  

(H) 𝑚: Ω̅ → [0, ∞), 𝑚 ∈ 𝐿∞(Ω̅). 

Proposition 10. [8] The functional Λ: 𝑊0
1,𝑝(𝑥)

(Ω) → ℝ  defined by Λ = ∫
1

𝑝(𝑥)Ω
|∇𝑢|𝑝(𝑥)𝑑𝑥 is 

convex. The mapping Λ´: 𝑊0
1,𝑝(𝑥)

(Ω) → (𝑊0
1,𝑝(𝑥)

(Ω))
∗

is a strictly monotone, bounded homeomorphism and of 

(𝑆+) type, namely 𝑢𝑛 ⇀ 𝑢 (weakly) and 𝑙𝑖𝑚̅̅ ̅̅̅
𝑛⟶∞(Λ´(𝑢𝑛), 𝑢𝑛 − 𝑢) ≤ 0 implies 𝑢𝑛 → 𝑢 (strongly). 

Definition 11. The functional 𝐽 satisfies the Palais-Smale condition at the level 𝑐 ∈ ℝ (“(𝑃𝑆)𝑐 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛” for 

short) if for every sequence {𝑢𝑛} ⊂ 𝑊0
1,𝑝(𝑥)

(Ω) satisfying  

𝐽(𝑢𝑛) → 𝑐  and   𝐽´(𝑢𝑛) → 0   𝑎𝑠 𝑛 → ∞, 
has a convergence subsequence. 

Theorem 12. [7] Let J ∈ 𝐶1(W0
1,𝑝(𝑥)

, ℝ) and satisfies the (𝑃𝑆)𝑐 condition. We assume the following conditions: 

i. 𝐽 is bounded from below and even; 

ii. There is a compact set 𝑇 ∈ 𝑅 such that 𝛾(𝑇) = 𝑘 and 𝑠𝑢𝑝𝑥∈𝑇J(𝑥) < J(0). 

Then problem (1) has at least 𝑘 pairs of distinct critical points and their corresponding critical values are less 

than 𝐽(0).  

Theorem 13. If (5) and (H) hold. Then there are at least 𝑘 pairs of distinct critical point (1). 

(H1) For 1 < 𝑝 < +∞, we have (𝑎 + 𝑏)𝑝 ≤ 2𝑝−1(𝑎𝑝 + 𝑏𝑝). 

Lemma 14. We assume that (5) and (H) hold. Then 𝐽 is coercive on 𝑊0
1,𝑝(𝑥)

(Ω) and bounded from below. 
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Proof. For any 𝑢 ∈  𝑊0
1,𝑝(𝑥)

(Ω), by (H1), we have 

𝐽(𝑢) = ∫  
1

𝑝(𝑥)
[(1 + |∇𝑢|2)

𝑝(𝑥)

2 − (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ]  𝑑𝑥
Ω

− 𝜆 ∫
𝑚(𝑥)

𝑝(𝑥)
|𝑢|𝑝(𝑥) 𝑑𝑥

Ω
 

      ≥
1

𝑝+ ∫ |∇𝑢|𝑝(𝑥) 𝑑𝑥
Ω

−
𝐶

𝑝− ∫ (1 + |∇𝑢|𝑝(𝑥)−2) 𝑑𝑥
Ω

− 𝜆
‖𝑚‖∞

𝑝− ∫ |𝑢|𝑝(𝑥) 𝑑𝑥
Ω

 

                        =
1

𝑝+
∫ |∇𝑢|𝑝(𝑥) 𝑑𝑥

Ω

−
𝐶

𝑝−
∫  𝑑𝑥

Ω

−
𝐶

𝑝−
∫ |∇𝑢|𝑝(𝑥)−2 𝑑𝑥

Ω

− 𝜆
‖𝑚‖∞

𝑝−
∫ |𝑢|𝑝(𝑥) 𝑑𝑥

Ω

 

    =
1

𝑝+ ∫ |∇𝑢|𝑝(𝑥) 𝑑𝑥
Ω

−
𝐶

𝑝− ∫ |∇𝑢|𝑝(𝑥)−2 𝑑𝑥
Ω

− 𝜆
‖𝑚‖∞

𝑝− ∫ |𝑢|𝑝(𝑥) 𝑑𝑥
Ω

−
𝐶|Ω|

𝑝− , 

𝐶 > 0 and |Ω|  denote the Lebesgue measure of Ω. 

If 𝜌𝑝(𝑥)(𝑢) ≔ ∫ |𝑢|𝑝(𝑥)𝑑𝑥
Ω

, by Proposition 4, we have some cases: 

i. If 𝜌𝑝(𝑥)(𝑢) > 1, 

𝐽(𝑢) ≥
1

𝑝+
‖𝑢‖𝑝−

−
𝐶

𝑝−
‖𝑢‖𝑝+−2 − 𝜆

‖𝑚‖∞

𝑝−
‖𝑢‖𝑝+

− 𝐾. 

Since (5), so 𝐽 is coercive and bounded from below. 

ii. If 𝜌𝑝(𝑥)(𝑢) < 1, 

𝐽(𝑢) ≥
1

𝑝+
‖𝑢‖𝑝+

−
1

𝑝−
‖𝑢‖𝑝−−2 − 𝜆

‖𝑚‖∞

𝑝−
‖𝑢‖𝑝−

− 𝐾. 

Since (5), so 𝐽 is coercive and bounded from below.                            □ 

Lemma 15. The functional 𝐽 satisfies the (𝑃𝑆)𝑐 condition. 

Proof. We proceed by two steps: 

Step1. We prove that {𝑢𝑛}  is bounded in 𝑊0
1,𝑝(𝑥)

(Ω) . Let {𝑢𝑛} ⊂ 𝑊0
1,𝑝(𝑥)

(Ω)  be a (𝑃𝑆)𝑐  sequence. By 

contradiction we assume that, passing eventually to a subsequence, ‖𝑢𝑛‖ → +∞ as 𝑛 → +∞. We choose 𝜃, 

0 < 𝜃 <
1

𝑝+ .By definition 11 and (H1), for large enough 𝑛 ,  

       𝐶 + ‖𝑢𝑛‖ ≥ 𝐽(𝑢𝑛) − 𝜃〈𝐽´(𝑢𝑛), 𝑢𝑛〉

= ∫  
1

𝑝(𝑥)
[(1 + |∇𝑢𝑛|2)

𝑝(𝑥)
2 − (1 + |∇𝑢𝑛|2)

𝑝(𝑥)−2
2 ]  𝑑𝑥

Ω

− 𝜆 ∫
𝑚(𝑥)

𝑝(𝑥)
|𝑢𝑛|𝑝(𝑥) 𝑑𝑥

Ω

− 𝜃 ∫  (1 + |∇𝑢𝑛|2)
𝑝(𝑥)−2

2 |∇𝑢𝑛|2 𝑑𝑥
Ω

+ 𝜆𝜃 ∫ 𝑚(𝑥)|𝑢𝑛|𝑝(𝑥) 𝑑𝑥
Ω

     

≥
1

𝑝+
∫ |∇𝑢𝑛|𝑝(𝑥) 𝑑𝑥

Ω

−
𝐶

𝑝−
∫  (1 + |∇𝑢𝑛|𝑝(𝑥)−2)𝑑𝑥 −

Ω

𝜆
‖𝑚‖∞

𝑝−
∫ |𝑢𝑛|𝑝(𝑥) 𝑑𝑥

Ω

− 𝜃 ∫  |∇𝑢𝑛|𝑝(𝑥) 𝑑𝑥
Ω

+ 𝜆𝜃‖𝑚‖∞ ∫ |𝑢𝑛|𝑝(𝑥) 𝑑𝑥
Ω

≥ (
1

𝑝+
− 𝜃) ∫ |∇𝑢𝑛|𝑝(𝑥) 𝑑𝑥

Ω

− 𝜆‖𝑚‖∞ (
1

𝑝−
− 𝜃) ∫ |𝑢𝑛|𝑝(𝑥) 𝑑𝑥

Ω

−
𝐶

𝑝−
∫  |∇𝑢𝑛|𝑝(𝑥)−2𝑑𝑥 −

𝐶

𝑝−
∫  𝑑𝑥

ΩΩ

= (
1

𝑝+
− 𝜃) ∫ |∇𝑢𝑛|𝑝(𝑥) 𝑑𝑥

Ω

− 𝜆‖𝑚‖∞ (
1

𝑝−
− 𝜃) ∫ |𝑢𝑛|𝑝(𝑥) 𝑑𝑥

Ω

−
𝐶

𝑝−
∫  |∇𝑢𝑛|𝑝(𝑥)−2𝑑𝑥 −

𝐶|Ω|

𝑝−
Ω

, 

𝐶 > 0 and |Ω|  denote the Lebesgue measure of Ω. 



A. Rezvani et al./ FOMJ  3(1) (2022) 64–71                                                                                 69 

 

 

   Thus, the last inequality together with Proposition 4 and Remark 5, imply that 

𝐶 +  ‖𝑢𝑛‖ ≥ (
1

𝑝+ − 𝜃) ‖𝑢𝑛‖𝑝−
− 𝜆‖𝑚‖∞ (

1

𝑝− − 𝜃) ‖𝑢𝑛‖𝑝+
−

𝐶

𝑝−
‖𝑢𝑛‖𝑝+−2 − 𝐶0 . 

   Dividing the above inequality by ‖𝑢𝑛‖𝑝+
, taking into account (5) holds and passing to the limit as 𝑛 → +∞, 

we obtion a contradiction. It follows that {𝑢𝑛} is bounded in 𝑊0
1,𝑝(𝑥)

(Ω). 

Step 2. We prove that {𝑢𝑛} has a convergent subsequence in 𝑊0
1,𝑝(𝑥)

(Ω). It follows from proposition 3 and 

reflexivity of 𝑊0
1,𝑝(𝑥)

(Ω), we may assume that  

𝑢𝑛 ⇀ 𝑢   𝑖𝑛  𝑊0
1,𝑝(𝑥)

(Ω),    𝑢𝑛 → 𝑢   𝑖𝑛   𝐿𝑠(𝑥)(Ω),   𝑢𝑛(𝑥) → 𝑢(𝑥),   𝑎. 𝑒.   𝑖𝑛 Ω,        (6) 

where 1 ≤ 𝑠(𝑥) < 𝑝∗(𝑥). 

   By Hӧlder inequality and (6), we have  

 

|∫ |𝑢𝑛|𝑝(𝑥)−2𝑢𝑛(𝑢𝑛 − 𝑢)𝑑𝑥
Ω

| ≤ ∫ |𝑢𝑛|𝑝(𝑥)−1|𝑢𝑛 − 𝑢|𝑑𝑥
Ω

 

                                    ≤ ||𝑢𝑛|𝑝(𝑥)−1| 𝑝(𝑥)

𝑝(𝑥)−1

|𝑢𝑛 − 𝑢|𝑝(𝑥) → 0     as    𝑛 → +∞. 

   

 Thus, 

          lim𝑛→+∞ ∫ |𝑢𝑛|𝑝(𝑥)−2𝑢𝑛(𝑢𝑛 − 𝑢)𝑑𝑥
Ω

= 0.        (7) 

   From Definition 11,  

〈𝐽´(𝑢𝑛), 𝑢𝑛 − 𝑢〉 → 0. 
  Thus,  

       〈𝐽´(𝑢𝑛), 𝑢𝑛 − 𝑢〉 = ∫  (1 + |∇𝑢𝑛|2)
𝑝(𝑥)−2

2 ∇𝑢𝑛(∇𝑢𝑛 − ∇𝑢) 𝑑𝑥
Ω

 

                                  −𝜆 ∫ 𝑚(𝑥)|𝑢𝑛|𝑝(𝑥)−2𝑢𝑛(𝑢𝑛 − 𝑢) 𝑑𝑥 → 0.
Ω

 

   We can deduce from (7) that  

∫  (1 + |∇𝑢𝑛|2)
𝑝(𝑥)−2

2 ∇𝑢𝑛(∇𝑢𝑛 − ∇𝑢) 𝑑𝑥
Ω

→ 0.        (8) 

   So by (8) and [13, Proposition 3.1] the sequence {𝑢𝑛} converges strongly to 𝑢 in 𝑊0
1,𝑝(𝑥)

(Ω). Therefore, 𝐽 

satisfies the (𝑃𝑆)𝑐 condition.    

 □ 

Proof of Theorem 13. We notice that  𝑊0
1,𝑝+

(Ω) ⊂ 𝑊0
1,𝑝(𝑥)

(Ω). Let us consider (𝑒𝑛)𝑛=1
∞  a schauder basis for 

𝑊0
1,𝑝+

(Ω) [9] and  𝑋𝑘 = 𝑠𝑝𝑎𝑛{𝑒1, 𝑒2, … , 𝑒𝑘}, the subspace of  𝑊0
1,𝑝+

(Ω) generated by 𝑒1, 𝑒2, … , 𝑒𝑘. Clearly 𝑋𝑘 

is subspace of 𝑊0
1,𝑝(𝑥)

(Ω). Notice that 𝑋𝑘 ⊂ 𝐿𝑝(𝑥)(Ω) because 𝑋𝑘 ⊂ 𝑊0
1,𝑝+

(Ω) ⊂ 𝐿𝑝(𝑥)(Ω). Thus, the norms 

‖𝑢‖ and ‖𝑢‖𝑝(𝑥) are equivalent on 𝑋𝑘, since 𝑋𝑘 is a finite dimension space [9].  

   Let 𝑢 ∈ 𝑋𝑘; ‖𝑢‖ < 1, from (H)  

𝐽(𝑢) = ∫  
1

𝑝(𝑥)
[(1 + |∇𝑢|2)

𝑝(𝑥)

2 − (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ]  𝑑𝑥
Ω

− 𝜆 ∫
𝑚(𝑥)

𝑝(𝑥)
|𝑢|𝑝(𝑥) 𝑑𝑥

Ω
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       ≤
1

𝑝− ∫ [(1 + |∇𝑢|2)
𝑝(𝑥)

2 − (1 + |∇𝑢|2)
𝑝(𝑥)−2

2 ]  𝑑𝑥
Ω

− 𝜆
‖𝑚‖∞

𝑝+ ∫ |𝑢|𝑝(𝑥) 𝑑𝑥
Ω

. 

   We consider some cases: 

a. If |∇𝑢| > 1, by (H1)  

𝐽(𝑢) ≤
1

𝑝−
∫ 2

𝑝(𝑥)−1
2 |∇𝑢|𝑝(𝑥) 𝑑𝑥

Ω

− 𝜆
‖𝑚‖∞

𝑝+
∫ |𝑢|𝑝(𝑥) 𝑑𝑥

Ω

 

       ≤ 𝛼1‖𝑢‖𝑝−
− 𝛼2‖𝑢‖𝑝+

= ‖𝑢‖𝑝−
[𝛼1 − 𝛼2‖𝑢‖𝑝+−𝑝−

]. 

Consider 𝑟1 ∈ (0,1) small enough in which 𝑟1
𝑝−

< 1 and 𝛼1 ≤ 𝛼2
𝑟1

𝑝+−𝑝−

2
. 

Considering 𝑇 = 𝑆𝑟
𝑘 = {𝑢 ∈ 𝑋𝑘;  ‖𝑢‖ =  𝑟1}, 𝐽(𝑢) ≤ 𝑟1

𝑝−
[𝛼1 − 𝛼2𝑟1

𝑝+−𝑝−
], ∀𝑢 ∈ 𝑇. Then  

𝑠𝑢𝑝𝑇𝐽(𝑢) ≤ 𝛼2

𝑟1
𝑝+−𝑝−

2
− 𝛼2𝑟1

𝑝+−𝑝−
= −𝛼2

𝑟1
𝑝+−𝑝−

2
< 0 = 𝐽(0). 

 

b. If |∇𝑢| < 1 

𝐽(𝑢) ≤
1

𝑝−
∫ 2

𝑝(𝑥)
2  𝑑𝑥

Ω

− 𝜆
‖𝑚‖∞

𝑝+
∫ |𝑢|𝑝(𝑥) 𝑑𝑥

Ω

≤ 𝛼1 − 𝛼2‖𝑢‖𝑝+
. 

Consider 𝑟1 ∈ (0,1) small enough in which 𝑟1
𝑝+

< 1 and 𝛼1 ≤ 𝛼2
𝑟1

𝑝+

2
. 

Considering 𝑇 = 𝑆𝑟
𝑘 = {𝑢 ∈ 𝑋𝑘;  ‖𝑢‖ =  𝑟1}, 𝐽(𝑢) ≤ 𝛼1 − 𝛼2𝑟1

𝑝+
, ∀𝑢 ∈ 𝑇. Then  

𝑠𝑢𝑝𝑇𝐽(𝑢) ≤ 𝛼2

𝑟1
𝑝+

2
− 𝛼2𝑟1

𝑝+
= −𝛼2

𝑟1
𝑝+

2
< 0 = 𝐽(0). 

   Since 𝑋𝑘 and ℝ𝑘 are isomorphic so 𝑆𝑟
𝑘 and 𝑆𝑘−1 are hemomorphic so 𝛾(𝑆𝑟

𝑘) = 𝑘. 

𝐽 is even, so by theorem 12, 𝐽 has least 𝑘 pairs of different critical points. □ 

Corollary 16. If (5) holds. Then there are infinitely many solution for (1). 

Proof. Since 𝑘 is arbitrary, so there are infinitely many critical points of 𝐽. □ 

4. Conclusion 

   In this paper we proved multiplicity existence of solutions for the problem (1), provided the parameter 𝜆 be 

positive, 𝑝 a real continuous function on Ω̅ and  𝑚: Ω̅ → [0, ∞) is a continuous function. In fact, using the Krasnoselskii
,
s 

Genus theory we showed multiplicity solutions for problem (1). 
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