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1. Introduction

The notion of fuzzy set was introduced by the celebrated scientist L.A. Zadeh [15] in the year 1965. One of the
most important concepts for rough sets is relation. Rosenfeld in [9] defined the fuzzy relation while Adabitabar
Frozja and Firouzian [1] proposed the fuzzy number valued fuzzy relation. Fuzzy approximation space is defined
with fuzzy relation (see [8]). The rough set was introduced by Pawlak [7] where constructed in fuzzy approximation
space and due to its wide use, especially in decision making; it has gained the attention of numerous researchers
[10, 4, 14, 12, 3]. Yan et al. [14] introduced the concept of rough set over dual-universe sets in fuzzy approximation
space. In a study of rough set theory by Wu et al. [12], the axiomatic characterizations of approximation operators
were proposed. Tiwari et al. [11] investigate relationship among fuzzy rough sets, fuzzy closure spaces and fuzzy
topology.

Some researches such as Wang [13] have worked on type-2 fuzzy rough sets. In addition, the intuitionistic fuzzy
rough set model has been proposed by some researchers such as Liu et al. [5]. Acharjya [2] presented comparative
study of rough sets on fuzzy approximation spaces and intuitionistic fuzzy approximation spaces. In this study, a
background of fuzzy concepts is presented in Section 2. In Section 3, we introduce the fuzzy relation, relative sets
and also fuzzy equivalence relation and fuzzy equivalence class on fuzzy relation with examples. The fuzzy rough
set on fuzzy relation with some propositions and examples are presented in Section 4. Finally, the conclusions are
presented in Section 5.
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2. Background

A fuzzy subset 4 of X is a mapping u, : X — [0, 1] where u, as assigning to each element x € X a degree of
membership, 0 < u,(x) < 1.
Let X be a set and 4 and B be fuzzy subsets of X:
(1) Afuzzy subset A c B ifand only if u,(x) < u,(x)forallx € X.
(2) A fuzzy subset ¢ is defined as ¢ = {061y, Oy (x) = 0} forall x € X.

(3YAuB = {(x,,uAUB(x)) | @) =, )V uy(x)} forall x € X.
4 AnB= {(x,,uAnB(x)) |yAnB(x) =u,(x) Aug(x)}forallx € X.
(5) AX B = {((% 3 #4506 YDt gy (X, ¥) = 12, (0) A pr, (0}
Here, max and min are show with v and A respectively.
(6) [A]le = {x€X|pu,(x) = a}foralla € [0, 1].
(7) Supp(4) = {x € X |u,(x)> 0}.

3. Fuzzy Relation and Relative sets

Rosenfeld [9] defined the fuzzy relation, but we present fuzzy relation with some property as follows.
Definition 1. Let A and B be two finite and nonempty fuzzy sets. A binary fuzzy relation F(4, B) is fuzzy set in
A x B.F(4, B) is defined as

F(4,B) = {(G, ()| (e 3) < 1,00 Ay ©

Define a-cut relation of F as
F. (A, B) = {(e, )| ((x,y) = a}

If 4, c A then fuzzy relative set is defined as,

F(A) = {(7teean®) [eean®) = \/ 4,0 A e Gy

Define a-cut fuzzy relative set of F(4,) as
Fa(A~1) = {y |ﬂ(A1)(x)/\/"F(XJY) 2 a}

If A; = {(x, ua(x))} then we show fuzzy relative set by F(x) where
FUD = {9t O )| 0y 0) = 10000} = FG)  Eoly) = Gl (,9) = @} = B Go).
Also, F, the inverse relation of F is defined as

F(A4,B) = {((0,2), us(y, ) | (v, %) = ne(x, )}, (2)
If B, c B, then fuzzy inverse relative set,

F(B1) = {(x, ko) COMem) () = Vy {15, () A e (x, )}
If B, = {(y,uz(»))} then we show fuzzy inverse relative set by £ (y) where:

FO) = ({01000 )| 100y ) = 1))
Example 1. Let 4 = {(ay,0.1),(ay 1), (as,04), (a,,0.9)} and B = {(by,0.6),(b,0.7), (b5, 1)} and
A, = {(ay,0.6), (as,0.4)} and B, = {(b,,0.7)} then
Ax B = {((a, by),0.1), (a1, b,), 0.1), (@, bs), 0.1), ((az, by), 0.6), ((az, by), 0.7), ((az, bs), 1,
(s b1), 0.4, (a5, b;), 0.4), (a5, b5), 0.4), (@, by), 0.6), (s by), 0.7), ((as, bs), 0.9}
If
F(A,B) = {((as, b1),0.1), (@, by), 04), ((a bs), 0.8), (s, by), 0.4), ((as, bs), 0.2), ((@s, by), 0.5), (@, by), 0.4,
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((as, b3),0.9)}, then

Fos(4,B) = {(az, b3), (as, b3)}, Fo.s(/I:g) = {(az, b3), (a4, by), (a4, b3)}, F(4y) = {(by,0.4), (b, 0.4), (b3, 0.6)},
Fos(A;) = {bs}, F(By) = {(as,0.4), (as,04)}.

Mordeson [6] proposed the reflexive, symmetric and transitive of fuzzy relation. Following definition is a
generalization of above definition. We discuss the difference of two definitions.

Definition 2. If A4 is fuzzy set then fuzzy relation F(4, A) define as

F(4,A) = (), 1p (o)) Tup((6 ) < ma(x) A ()} (3)
@I vx; (0 <pp((xx) < pa(0) up((x,x)) = py(x) then F is (week reflexive) reflexive.
(2) If Yx,u; (us((x,3)) > 0,1 (7, %)) > 0) ke ((x,¥)) = 1p((7, %)) = pa(x) Apa(y) then F is (week symmetric)
symmetric.
(@) 1 vxy,z (1(00) > 01(022) > 05 0 < ((52) < 1 (@) At (372)) 1 (62 = 1 (@) A
w-((¥,2)) = 1w, (x) A, (y) A, (2) then F is (week transitive) transitive.

Definition 3. Fuzzy relation F on A which (week reflexive, week symmetric and week transitive) reflexive,
symmetric and transitive is called a (week fuzzy equivalence relation) fuzzy equivalence relation on A. We define
fuzzy equivalence (week fuzzy equivalence) class respect to F as follows:

[%]r = {, kpar O e () = e (0, ¥)), where e ((7,3)) < we (7, 0)) A e (6 ¥)) )
Proposition 1. If F is a fuzzy equivalence relation as crisp case [%]r = F(x).

Proof. It is clear from Definitions 1 and 3.
Proposition 2. If [%]z N [J]r = @ then [X]r = [F]F.

Proof. We consider two cases.

Case 1. F is a fuzzy equivalence relation then F(x) = [%]r = {(t, ipgr(O) [Hpr@®) = e (&)} I [X]p 0 [§] = 0
then 3t : ppge(0) > 0, wyyjp(6) > 0. BUL pip(t) = 1e ((K2)) = e (1) = pe (B O)}and p (0 = 1 (G ) =
e (0, 0) = e (6 0)}. Hence pygr() = wpyr(t) therefor [£]; = [7]5.

Case 2. F is a week fuzzy equivalence relation then [%]; = {(t, i r(O)IHpr(t) = we (¢ 1), wWhere pg ((t,t)) <
we ((62)) A pe (3, 0)}

If [&zn Flr# @ then 3t: pyp(t) > 0, pypip(t) > 0. BUt, ppge(t) = wp (6 6), ke (G 8) < pr ((8X) A
e (G )} and pp e = e ((GD), 1e ((GD) < wp ((69)) A re ((008))), and hence ppgs(t) = wye(t). Therefor
[X]F = [V]F-

Proposition 3. supp(U, [¥]r) = supp(4).

Proof. t € supp(U, [%]p) = 3x:u(t) > 0. If F is a week fuzzy equivalence relation then py,(t) = pp(t,t) <
w,(t) hence p,(t) > 0 therefor t € supp(A4) and supp(U, [%]r) € supp(A). If F is a fuzzy equivalence relation
then ppg(8) = pe(t, x) = pa(t) A pga(x) hencep, () > 0 therefor ¢t € supp(4) and supp(U, [X]r) S supp(4). Vice
versa, t € supp(4) then 3x: py(t) > 0 » t € supp(U, [¥]r) hence supp (A) < supp(U, [%]F). So proof is
compleat.

EXampIe 2. Let A = {(al, 0.1), (az, 1), (a3, 0.4), (a4, 0.9)} and F(A, A') = {((al, al), 0.1), ((al, a3), 0.1), ((az, az), 1),
((ay, ay),0.9), ((as,ay),0.1), ((az, az), 0.4), ((ay, a;),0.9), ((as, a,),0.9)}. F is reflexive, symmetric and transitive,
therefore called a fuzzy equivalence relation on 4. [@,] = {(a4,0.1), (a3, 0.1)} and [@,]r = {(a 1), (ay, 0.9)}.

Example 3. Let A= {(a;,0.1),(a, 1), (as, 0.4),(a,,0.9)} and (4,4) = {((a;,a,),0.1), ((a,a3),0.1), ((ay, a,),0.6),
((ay, a4),0.4), ((as,ay),0.1), ((as, az), 0.2), ((ay, ay), 0.5), ((ay, a,),0.3)} . F is week reflexive, week symmetric and
week transitive, therefore called a week fuzzy equivalence relation on A. [d,]r = {(a;,0.1),(as,0.1)} and [d,]r =
{(az,0.6), (a,,0.3)}.
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4. Fuzzy Rough set on Fuzzy Relation

Yan et al. [14] introduced rough set over dual-universe sets in fuzzy approximation space but, we introduce a
new definition of rough set by using membership function.

Definition 4. Let U and ¥ be the fuzzy universe of discourse. Assume F (U, V) is fuzzy relation and F(V , U) is the
inverse fuzzy relation. For v ¥ € V7, the lower and upper approximation of ¥ with respect to F are define as

EY = {(x, ey ) Ipy (0) = mp((6, 20D, iy () > 0, 1p((x,)) < py ()}

) )
FY = {(x 1z @) [z 00 = we( ), e ((6,)) > 0,0y () > 0}
Or _
FY =U{FWur((x,y)) <), uy(y) > 0} (5)
FY = U {FO)Iup((x, ) > 0,uy(y) > 0}
where F (y) is fuzzy inverse relative set.
Forv X < U, the lower and upper approximation of X with respect to F are define as
FX = {0 uex O Iex ) = Bp(o ), 1y (1) > 0,1:((6, 1)) < ()} (6)
FX = {0 Oz () = ke (6 e (1) > 0,1,(x) > 0}
Or
FX=U{F@Ius (1) < pg(), py(x) > 0} %

FX=U{Fx)|np ((x,y)) > 0,uy(x) > 0}
where F(x) is fuzzy relative set.

Proposition 4. Let U and V be the fuzzy universe of discourse. Assume F(U,V) is fuzzy relation and F(V,0) is
inverse fuzzy relation. ForvY c VandvX c U,

1) Y VthenFY C £,

(2) fXc UthenFX c FX,

@3) 1fY, €V, then FY, C £Y, and F ¥, € FY,,
(4) If X; X, then FX; € FX, and FX; € FX,.

Proof. Regarding to (5) and (7) properties of (1) and (2) are evident. For property of (3), ¥, ¥, then
by, ) < ny, (») therefor

FY =U{FO|up (1) < ny, ), 1y, ) > 0}
CUFWMIH((6 ) <y, 0Dy, () >0} = £,

FY=U{FO)|w((,) > 0,1y, (y) > 0}
SU{FOIne((x,3) > 0,1y, (y) > 0} = F 1.
For property of (4), X; € X, then py, (x) < uy,(x) therefor
EXy = U{F@[up(Co 7)) < e, (), iy, ) > 0}
S U {F)IMp((x,¥)) < py, (%), 1ux, (x) > 0} = FX,.

FX = U{F)|pp((x,3) > 0,1y, (x) > 0}_
SUFIHE((6Y)) > 0y, (x) >0} =FX,.
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Definition 4. Let U be the fuzzy universe of discourse. Assume F is fuzzy relation on U. For v X c U, the lower and
upper approximation of X with respect to F are define as

EX = {0 MeyODIMpx () = Bp (L)) byg(x) > 0, 1p((1 1)) < (0} ®
FX= (O umO)m0) = IJ-F((x: ) HF((x, y)) > 0, HX(X) > 0}
Or

= U {FO|up((r,9) < py(), py(x) > 0} = u { [#]¢|[%]r € ©

f)? U {F () > 0,1, (x) > 0} = U {[Z]¢|[X]r N X = ®}
Example 4. Let U= {(a;,0.1),(a, 1), (as, 0.4), (a,,0.9), (as, 0.3), (as, 1), (a,,0.8), (ag,0.5)}and F be the fuzzy
relation on U.

F(U,0) = {((a1, &1),0.1), ((a1, a7),0.1), ((az, a3), 0.8), ((az, as), 0.3), ((az, as), 0.4), ((a3, a3), 0.3)
((ay, a4),0.8), ((as, ag), 0.8), ((as, az),0.2), ((as, as), 0.2), ((as, ag), 0.2), ((as, a,), 0.8),
((ag, a6), 1), ((a7,a1),0.1), ((az, a7), 0.7), ((ag, az), 0.4), ((as, as), 0.3), ((ag, as), 0.4)}

F is week reflexive, week symmetric and week transitive, therefore called a week fuzzy equivalence relation on A.

[dlllj' = {(al' 01)' (a7' 01)}1[d2]F = {(aZ' 08)' (aS' 02)' (a8' 04)} [dS]F = {(a3' 03)}1 [d4]F = {(a4, 08)! (aéi 08)}
If 4 = {(a;,0.1), (ay,0.6), (as,0.3), (ay,0.1)}, then
FA =[ar VU las]r = {(a;,0.1), (a3,0.3), (as,0.1)}

FA =[] Ul@.]r v [@]r = {(a1,0.1), (az,0.8), (as,0.3), (as,0.2)(as, 0.1), (ag, 0.4)}.
5. Conclusions

In this study, another type of model was developed for the evaluation of rough sets in fuzzy approximation
space with fuzzy relation, using relative sets and membership function. Also, in this study, various properties of
fuzzy relation, such as reflexive (week reflexive), symmetric (week symmetric) and transitive (week transitive),
were proposed and thereafter, the fuzzy equivalence relation (week fuzzy equivalence relation) with fuzzy
equivalence class was presented.

Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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