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Keywords: a new approach for fitting interval linear regression models. After a deep study,
Interval linear regression fuzzy it is observed that in the approach, proposed by Souza et al., some mathematical
Symbolic data analysis incorrect assumptions have been considered and hence, it is scientifically
Interval parameterization incorrect to use the Souza et al.’s approach, in real life problems. In this paper

the mathematical incorrect assumption, considered by Souza et al, is pointed out
and suggested modifications are provided as well as a new approach is proposed
as for fitting the interval linear regression models. The proposed model
guarantee mathematical coherent such that the predicted values of the model are
intervals with lower bound less than or equal upper bound. Furthermore, the
proposed has been illustrated with the help of a numerical example.

1. Introduction

Souza et al. [13, Section 1, pp. 149] pointed out that in all the existing approaches [1-13], proposed for fitting
interval regression models, certain fixed reference points are used to transform an interval linear regression model
into a crisp linear regression model whereas, the better results can be obtained by varying the reference points
according to the collected data. Therefore, assuming some certain fixed points for the data of all the problems is
mathematically incorrect. To resolve this problem, Souza et al. [13, Section 3.2, pp. 152] proposed a parameterized
approach to fit an interval linear regression model. After a deep study, it is observed in Step 2 of the approach,
proposed by Souza et al. [13] that the multiplication of two intervals is replaced by multiplication of an interval with
a real number i.e, it is assumed that to find the multiplication of two intervals is equivalent to find the
multiplication of an interval with real number, which is mathematically incorrect. Hence, it is scientifically incorrect
to use the approach, proposed by Souza et al. [13], for fitting the interval linear regression models. Therefore, in this
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paper, to modify Souza et al. [13] after discussing the existing approach [13] and pointing out incorrect
assumptions, a new multiplication for two intervals is proposed and a new approach is proposed to construct linear
regression model to fit interval valued data. Furthermore, the proposed is illustrated with the help of a numerical
example.

2. Preliminary

This section is devoted for necessary basic definition and properties of bounded closed real intervals including
arithmetic operations of mathematical intervals.
Definition 1: A bounded real interval A4 is a finite set of all real numbers contained between any two endpoints a*
and a* called lower and upper bounds, respectively. If a and a are included the real bounded interval is called
closed and is terminologically denoted [a, @], ie,A=[a, a]={x€R|a <x < @,a =inf(4), a =sup(4)}.
An interval A = [a,a] = {a} is called degenerate interval which is a special cases of bounded closed interval.
Henceforth, the concept of interval denotes mathematical bounded closed real interval.

Definition 2: An interval A may be expressed in the term of centric-point and range as follows:

A = (a‘a") where a¢ = %ﬁ is the centric-point of A and a” = a — a is the range (a” = 0) of A such

thata = ac—%rand a=a‘ +a7r.
Definition 3 (Moore 1966): Let A = [a, a]and B = [b, b] are two intervals, then we have

e A+B=[a+b a+b]

e A-B=[a-b a—bh]

. V_Az{[yg,yd] y=0

[va,yal] v<0

e A-B= [min{@, gl_), ab, dl_)} ,max{ab, 91_7, ab, ab}]
Definition 4: An interval 4 = [g, d] is said mathematically coherent interval iff a < a, i.e., the lower bound of A
is less than or equal the upper bound. Otherwise A is mathematically incoherent.

3. Existing parameterized approach

To point out the mathematical incorrect assumptions, considered by Souza et al. [13, Section 3.2, pp. 152] in their
proposed approach, there is need to discuss this approach. Therefore, the same is discussed in this section.
Souza et al. [1, Section 3.2, pp. 152] proposed the following approach to fit the interval linear regression model

).
ly. 7] = B0 Bo| + 0= (8 Bi] [0 %]+ € €] (1)
Step 1: Using the existing relation [14], [gj, Xj] = {(1 —Mx+Ax;: 0<A<1 } the interval linear regression
model (1) can be transformed into its equivalent interval linear regression model (2).
v, 7] = [Bo Bo| + 0= [B) Bi]{(1 = 2)z; + A} + [, €] 2)
Step 2: Using the existing relation [14], A[a, b] = [Aa,Ab],A = 0, the interval linear regression model (2) can be
transformed into its equivalent interval linear regression model (3).

ly. 3| = B0 Bo] + 22, {1 =)z + 45, B{(1 - 1)z + 4% 1 (¢!, ey 3)

Step 3: Assuming, af = B;(1—4;) , w} = B;j4;, a}' = B;(1 - 4;) and w} = B;4;, the interval linear regression
models (3) can be transformed into its equivalent interval linear regression model (4).
[X' 37] = [EO’ Eo] + Z;;l[a}gj + w}fj, a]-”gj + w}‘fj] + [€}, €] 4)
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Step 4: Using the existing relations [14], [a, b] + XL la;, bi]l = [a+ XL ai, b+ XL, b] and [a, b] =
[c,d]= a = b,c = d the interval linear regression model (4) can be transformed into its equivalent crisp linear
regression models (5) and (6).

ﬁ0+211 ]x]+211 ]x]+6 (5)

y= ﬁ0+2111x1+211 wi'%; + €e* (6)

Step 5: If Vi and y; are the known values of y and y corresponding to x;; andxj;, i = 1,2,...,n; j=12,..,p then

using the equations (5) and (6), the sum of squares of errors in the predicted values of y; and y; can be obtained by
equations (7) and (8) respectively. -

(€D = By (i — o — X0yl — 3P wl%y) 0
1(6u)2 = ?:1()71 BO Z] 1 ]x]l 25) 1 ]le)z (8)

Step 6: According to the principle of least squares [15], the values of f¢, a and w corresponding to which the

sum of squares of errors Y7 1(61) will be minimum, can be obtained by partially differentiating Eqg. (7) with
respect to Sy, a'j and a)j. Similarly, the values of S, aj* and w}', corresponding to which the sum of squares of

errors Y, (e)? will be minimum, can be obtained by partially differentiating Eq. (8) with respect to f3,, a;j* and

u
wj.

On partially differentiating Eq. (7) with respect to Bo. a and w the crisp system of linear equations (9), (10) and
(12) respectively are obtained and on partially differentiating Eq. (8) with respect to S, aj* and wj', the crisp
system of linear equations (12), (13) and (14) respectively are obtained.

Y= 1yl—nﬁo+21 1 ](Zl 1x11)+21 1 ](Zl 1le) ©)
Yot i Vi = Bo Xbe i + Xy @ (X i x) + P W (T Xjixi), k = 1,2,...,p. (10)
NPt i Yi = Bo Xfe Fi + Xy af (B xji%e) + P wH(Zh % %), k=12,..,p. (11)
iy =nfo+ X0 af (Tl xji) + X8, wf (B %) (12)
Yt X ¥i = Bo e 2o + Xhog @ (Bhen %) 20i) + Xoq 0f (Bl Fixwr), ke = 1.2,...,p. (13)
NPt i ¥i = Bo Xie i + X5, o (X1 Xji%i) + X0 of (B %ji i), k= 1,2,...,p. (14)

Step 7: Find the values of fy, a and w j =1,2,...,p by solving the crisp system of linear equations (9) to (11)
and find the values of f3,, aj* and wj',j = 1,2, ..., p by solving the crisp system of linear equations (12) to (14).

Step 8: Find the interval linear regression model by putting the values of ,, Bo. a' a, w and w}*, obtained in
Step 7, in the interval linear regression model (4).

4. Mathematical incorrect assumptions considered in the existing parameterized approach

In the existing parameterized approach [13, Section 3.2, pp. 152], discussed in Section 3, the following
mathematical incorrect assumptions have been considered.
In Step 1 of the existing approach [13], discussed in the Section 2, the interval linear regression model (1) has
been transformed into the interval linear regression model (2) by considering the relation (15)
[ﬁi' E,-] %, %] = [Ej'ﬁ_j] {(1=%)x; + 4%}
However, the following example clearly indicates that it is mathematically incorrect to assume the same.
Let [g;, B] =11, 21 [x;, %] = [3.4], then
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18, B[z, %] =11,21[3,4] = [3,8] (16)
Now, using the relation (15) for (16) & (17),

5. The effect of the mathematical incorrect assumptions

To point out the effect of mathematical incorrect assumptions, discussed in Section 3, the existing parameterized
approach [13, Section 3.2, pp. 152], discussed in Section 3, is applied to obtain an interval linear regression model
and shown that the obtained model is not valid. It is obvious that there does not exist any value of /; for which the
relation (15) will be satisfied. Hence, it is mathematically incorrect to transform interval linear regression model (1)
into interval linear regression model (2) by considering the relation (15).

5.1 Interval linear regression model
Letlx;1, %11] =[1, 2].[x12, %12] =3, 4, [yl , yl] [12, 26] and [Xz , yz] = [4,30]. Then, using the
existing parameterized approach [1, Section 3.2, pp. 152], discussed in Section 3, the interval linear regression
model (18), for the considered data can be obtained as follows:
[X' 3_’] = [Eo: Eo] + [ﬁl' .8_1] [x1, %]+ [e! Y] (18)
Step 1: Using the existing relation [14], [51, 3?1] = {(1 —A)x + 4%, 054, <1 } the interval linear
regression model (18) can be transformed into its equivalent interval linear regression model (19).
v, 3] = [Bo Bo] + [0 Bi] (1= 2)xs + 27, ) + [, 6] (19)
Step 2: Using the existing relation [14], A[a, b] = [Aa, Ab], A = 0, the interval linear regression model (19) can be
transformed into its equivalent interval linear regression model (20).

[Z' }_’] = [Eo' Eo] [31(1 — )% + BrAEy, Br(1—A)x; + /?1/11721] + [eh, "] (20)
Step 3: Assuming al = (1 —1;), wi = pBiA,, a¥ = BEH(1 — ;) and w¥ = A4, the interval linear regression
model (20) can be transformed into its equivalent interval linear regression model (21).

[3’ 3_’] = [.30: .go] + [aixl + wix;, alx; + wlffl] + [}, e¥] (21)

Step 4: Using the existing relations [14], »iq[a;, bl = [Xia;, Y= b;] and [a, b] =[c, d]=a=c¢,b =d,

the interval linear regression model (21) can be transformed into the equivalent crisp linear regression models (22)
and (23).

y = Bo +ajx; + wiF + ¢ (22)

¥ =Bo+ai'xs + wi%; + & (23)

Step 5: Using Eq. (22) the sum of the squares of errors in the predicted values of y, and y, can be obtained by Eg.

(24) and using Eqg. (23) the sum of the squares of errors in the predicted values of ¥; and ¥, can be obtained by Eqg.
(25).

2 2 _ \? 32
(S{) + (55) = (Y1 .30 ajx;; — wixn) ( —Bo— ajx;; — wixlz) (24)
_ — _ 2
(e + ()2 = (31 — Bo — ai'xq1 — wlfxn) + (¥2 = Bo — ai'xs — wi¥y,) (25)
Step 6: Partially differentiating Eq. (24) with respect tofo, at and w!, the crisp system of linear equations (26) to

(28) is obtained and partially differentiating Eq. (25) with respect to 3, a and w¥ the crisp system of linear
equations (28) to (31) is obtained .
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yi+y2=2B+ai (211 + 2x12) + Wi (Faq + F12) (26)
x11Y1 + X12Y2 = Bo (511 + &2) + ai(&nz + &122) + Wi (X151 + X12%12) (27)
X11Y1 + %12y = Bo(Xuy + Fuz) + af (211511 + x12%12) + 0f (K11 ® + F12%) (28)
Y1+ 52 = 2o + @i (211 + x12) + 0F (T1g + F12) (29)
X111 + %1252 = Bo (511 + &2) + a%(&nz + &122) + wf (x11%11 + X12%12) (30)
X1191 + %1250 = o (%11 + %yp) + a%(&nfn + &23?12) + Wl (%112 + %12°) (31)

Since, in the considered problemx;, =1, X33 = 2, x4, = 3, X1, = 4, y1 = 12, y; = 26, y, = 4 and y, = 30.

So, putting these values in equations (26) to (31) these equations are transformed into equations (32) to (37)
respectively.

32 = 4f, + 8aj + 12w} (32)
48 = 8, + 20 + 28w} (33)
80 = 12f, + 28af + 40w (34)
112 = 4, + 8a¥ + 12w¥ (35)
232 = 8B, + 20a¥ + 28w¥ (36)
344 = 12, + 28a} + 40w¥ (37)

Step 7: On solving the crisp linear equations (32) to (34), the obtained values of Bos at and w! are 12, —8 and 4

respectively and on solving the crisp linear equations (35) to (37), the obtained values of 3, a¥ and w¥ are ?, - 23—0

26 .
and Y respectively.
Step 8: Putting the values of 5y, a!, w!, By, at and w¥, obtained in Step 7, in the interval linear regression model
(18), the interval linear regression model (38) is obtained for the considered data.

. 5] -2 9 o 2]+ e ev) e

5.2 Chen and Nien’s approach
Since for the values of f By, af, @, Bo, a} and w} obtained in Step 7 of Section 4.1, the conditions B, < B,

at < al, wl < w¥ are satisfying so, according to the existing parameterized approach [13, Section 3.2, pp. 152],
discussed in Section 3, the obtained interval linear regression model (35) is valid. However, in actual case the
interval linear regression model (32) is not valid due to the following reasons.

1. Since, the interval linear regression model [X' 37] = E g] + E&, %fl] + [£!, %] has been assumed by
considering the data, [x;1, %;1] = [1,2], [x12, %12] = [3,5], [Xl' 371] = [3,5] and [XZ' 372] = [4, 6]. Therefore,
on putting x;, = 3 and X;, = 5 in the left hand side of the obtained model, interval [Xl' yl] = [3, 5]should be
obtained. However, it can be easily verified that on putting x,, = 3 and X;, = 5 in the obtained model, the interval

[XZ' 372] = [4, 6] is obtained. It is clearly indicates that the assumed model is not valid.

1 l L, ,0 1
1 _ _ 1 _ a _ 1-14 Q12 _ _ ajtwi) _ w3
2 al=(1-2) prandot =2, fr =% =11 = Bhm 12 a = )=1= 1= et
l
Since, for the value of A, the condition0 <1, <1ie,0< ala-:-lwl < 1 should always be satisfied. Therefore,
1 1

the values of ! and w! obtained in Step 7 of Section 4.1, and hence, the interval linear regression model (35) will
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l
be valid only if for the obtained values of a} and w!, the condition 0 < al(‘:

L
1 1

< 1 will be satisfied. However, it can

l
be easily verified that for the values of a! and w}, the condition 0 < —~1+ < 1 is not satisfying.

c{1+wl1 -

Similarly, for A, = aua:wu , obtained by using the relations a¥ = (1 —21,)f, and w¥ = 1,f,, the condition
1 1

0<A;<1lie,0< auwlwu < 1 should always be satisfied. However, it can be easily verified that for the values of
1 1

u
at* and w¥ the condition 0 < —-2
a;+

Step 7 of Section 4.1, and hence the obtained interval linear regression model (35), obtained in Step 8 of Section
4.1, are not valid.

< 1 is not satisfying. Therefore, the values of a!, w}, a¥, w¥, obtained in

7 =
w1

6. Limitations of Souza et al. parameterized approach

The following clearly indicates that Souza et al. approach has been proposed to fit the interval linear regression
model for such problems in which for the known values[&-j , fij], the condition x;; = 0 will be satisfied.
In Souza et al. approach, discussed in Section 2, the interval linear regression model (2) has been transformed into

the interval linear regression model (3) by considering the [EJ ,67]-] {(1-2)x; + 4%} = [@{(1 — A)x; + A%},

BA(1 = 2))x; + ﬂjfj}]-

It is pertinent to mention that this relation will be valid only if (1 — Aj)gj + 4;x; is a negative real number.
Furthermore, as the minimum value of (1 — 4;)x; + A;%; will be x; and the maximum value will be;. Therefore,
(1 — /’lj)gj + 4;x; will be negative real number only if x; is a negative real number i.e., for the known values of
[x;, %;], the condition x; > 0 will be satisfied.

The following example clearly indicates that if for the known values of [x;, X;], the condition x; > 0 will not be
satisfied then 8, ;| {(1 — 2))x; + 4%} # [B{(1 = 4)x; + 4%}, B{(1 - 4)x; + 4%)]

If [x;, %] = [-3,—2] then (1 — A))x; + ;% = (1 — 4;)(—=3) + 4;(=2) = =3 — 54;.

Since 0 < 4; < 1, (1 — A;)x; + 2;x; will be a negative real number for all values of 4;, it is incorrect to use
relation (19).

7. Proposed multiplication of intervals

The objective of this paper is to propose a new approach for fitting interval linear regression models. To achieve
this objective, there is need to use the multiplication of a known interval with an unknown interval. Although it is
well known fact that if [a;, a,] and [by, b,] are two intervals then the multiplication of these intervals is defined as
a1, az1[by, by] = [min{a,b,, a1 by, a, by, ayb,}, max{a, by, a,b,, a, by, a,b,}]. But, more computational efforts are
required to apply this multiplication directly. Therefore, using this multiplication, new multiplication has been
defined to find some type of multiplication, with the help of the existing multiplication. , a; = 0.

Let [aq,a,] be an unknown interval and [b,, b,] be a known interval then,

[min{a,b;, a,b,}, max{a,b,,a,b,}] by =0
[a,,a,][by, by] =< [min{a;b,, a,b;}, max{a,by,a,b,}] by <0, b, = 0.
[min{a,b,, a,b,}, max{a,b;,a;b,}] b, <O

8. Proposed approach

In this section, a new approach proposed to fit an interval linear regression model.
The steps of the proposed approach are as follows:
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Step 1: Assuming [E] Ej] [xij, %] = ¥ Y] where [v/, Y] will be obtained according to the proposed

multiplication defined in Section 5, the interval linear regression model (1) can be transformed into the interval
linear regression (36) is

ly. 37| = B0 Bo| + T2 [0t 1] + [, ] (36)
Step 2: Using the existing relation Y ;[a;, b;] = [X7=, a;, 21— b;], the interval linear regression model (36) can
be transformed into its equivalent interval linear regression model (37)

[X,y] = [ﬁo, Eo] + [ ?=1 ij, 5):1 Y]U] + [], e¥] (37)
Step 3: Using the relation [ay, a,] + [by, by] = [a; + by, a, + b, ], the interval linear regression model (37) can be
transformed into the interval linear regression model (38).

ly. 7| = B0+ Z0_, 0 Bo + B, 17| + [, €] (38)
Step 4: Using the relation, [aq, b1] = [a,, b,] = a; = a,, by = by, the interval linear regression model (38) can be
transformed into the crisp linear regression models (39) and (40).
y=Bo+X0_ Y+ (39)
y=Bo+ 2, v +e* (40)
Step 5: If y; and ¥; are the known values of y and y corresponding to x;; and X;;, i = 1,2,...,nand j = 1,2,...,p
then with the help of equations (5) and (6) the sum of the absolute values of errors in the predicted values of y; and
¥; can be obtained by using the equations (41) and (42) respectively.

ilel] = —Bo — Zp YL| (41)
P ale; Vi = Bo—Z0_, | (42)
Step 6: Find those values of ﬁ} and Bj*, j = 0,1,2,...,p corresponding to which

=2z

>, |Xi —Bo— 25, YjL| +Z?=1|37i —Bo— X%, YjU| will be minimum. i.e., find the optimal solution of the
mathematical programming
—PBo— YL| + X[ = Bo - ?:1 %Ul
Step 7: Find the mterval linear regressmn model by putting the values of g; andﬁj, j=0,1,2,..,p, obtained in

minimize Y1

Step 6, in the interval linear regression model (4).

9. Hlustrative example

It is shown that on applying the existing parameterized approach [1, Section 3.2, pp. 152], discussed in Section 3,
for the data [x;1 %;1] = [12], [x12 %12] = [35], [Xl 371] =[3 5] and [XZ 372] = [4 6]. It is not possible to fit a
correct interval linear regression model. In this section, on applying the existing parameterized approach [13,
Section 3.2, pp. 152] with the suggested modifications for this considered data, an exact interval linear regression
model is obtained.

Using the existing parameterized approach [1, Section 3.2, pp. 152], discussed in Section 3, with the

modifications, suggested in Section 4, the exact interval linear regression model for considered data can be obtained
as follows:

Putting x11 =1, X1 =2, X1, =3, X1, =5, y1=3, 31 =5 y,=4 and y, =6 in the mathematical
programming problem (P1), it is transformed into the mathematical programming (P2).
Minimize [08, + 08, + 0a! + 0a¥ + 0w} + 0w¥]
Subject to -
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2B +4af + 7wl =7, 4By +10ai + 17w] =15, 75+ 17al + 29w} = 26, 2B, + 4aj + 7w} = 11,
4By + 10a} + 17wl = 23, 7f; + 17a + 290} = 40,

l+ l + + 1
Bo<Po b <al, 0l <ol, U —"lat + 0l <0l 0 s"‘lz“’l+ ot + wl|, & “’1—5|a1‘+w% <
+
w¥, ¥ < —“12“’1 + 2 lat + wl. (P2)
. . . . . . 5 5 1
On solving the mathematical programming problem (P2), the obtained solution is By = b Bo==2, al = >

1
u — l — u —
al—z,wl—o,wl—o.

Putting these values in 4; = aswell asinA; = the obtained values of A, is 0. Since for the

(a 1+ D (a ’1‘+ D
obtained value of 4;, the condition 0 < 4; < 1 is satisfying. Therefore, these obtained values of f,, at, !, By, at
and w? are valid.

Furthermore, putting these values in the interval linear regression model (18), [y,;‘/] = [p’o,ﬁo] + [a}gj +

w}fj a}‘gj + w}‘fj] + [€!, €], the vaild interval linear regression model for the considered data is as follows
1 59 1 1. l .
[X,}’]Z[E;E]‘l'[z X1,5% + [€, e].

10. Conclusion

It is shown that the existing parameterized approach [1, Section 3.2, pp. 152] has considered incorrect
mathematical assumptions so, the required modifications are suggested. Also, based on least absolute deviations
minimization, a new approach is proposed. The silent feature of this approach is the multiplication. The illustrative
example shows that the proposed interval-valued linear regression is sound and robust.

Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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