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Abstract: The burnishing process showcases a novel approach for significantly 
improving the surface quality and hardness of metals, particularly aluminium, 
copper, and brass. This paper presents a novel approach to optimize the burnishing 
process of Aluminium 2024 by simultaneously analyzing the effects of spindle 
speed, feed rate, and burnishing force, a comprehensive method that has not been 
addressed in prior studies. Utilizing a specially designed roller-based tool with a 
lathe machine, we systematically varied key parameters—spindle speed, feed rate, 
and burnishing force—through a full factorial design with two repetitions. Advanced 
statistical analysis was conducted using Minitab software to assess the effects of 
these parameters on surface roughness and hardness, employing regression methods 
for precise predictions. Remarkably, the results demonstrated that optimal surface 
roughness (Ra = 0.05 μm) was attained at a feed rate of 0.11 mm/rev, spindle speed 
of 1000 r/min, and burnishing force of 1000 N. This research not only highlights the 
effectiveness of the burnishing process in enhancing the mechanical properties of 
aluminium alloys but also introduces innovative methodologies that pave the way 
for improved industrial applications. Future studies will investigate the effects of 
burnishing in corrosive environments and its impact on material strength.  
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1 INTRODUCTION 

The demand for advanced materials with enhanced 

mechanical properties and superior surface 

characteristics continues to grow in various industries, 

particularly in aerospace, automotive, and 

manufacturing sectors. Aluminium Alloy 2024, known 

for its high strength-to-weight ratio and excellent fatigue 

resistance, has become a preferred choice in applications 

where performance and durability are paramount [1]. 

Components made from this alloy are frequently 

subjected to rigorous conditions, making their surface 

quality and hardness critical factors in ensuring 

longevity and reliability. 

Importance of Surface Quality and Hardness 

Surface quality plays a crucial role in determining the 

overall performance of engineering components. It 

influences not only the aesthetic appeal of the finished 

product but also its mechanical properties, including 

wear resistance, fatigue strength, and corrosion 

resistance. A smooth surface finish can significantly 

reduce friction and wear, leading to prolonged service 

life and improved efficiency [2]. Conversely, poor 

surface quality can result in premature failure of 

components, increased maintenance costs, and reduced 

operational efficiency. In this study, several key 

parameters are crucial for understanding the burnishing 

process of Aluminium 2024. Spindle speed refers to the 

rotational speed of the tool or workpiece, typically 

measured in revolutions per minute (rpm). The feed rate 

is defined as the distance that the tool advances during 

one complete revolution, expressed in millimeters per 

revolution (mm/rev). Lastly, burnishing force is the 

force exerted by the burnishing tool against the 

workpiece, measured in newtons (N). Understanding 

these terms is essential for comprehending the 

methodology and results presented in this paper. 

Hardness, on the other hand, is a measure of a material's 

resistance to deformation and wear. Increased hardness 

often correlates with enhanced wear resistance, making 

it a desirable characteristic for components subjected to 

high loads and abrasive environments [3]. 

Consequently, optimizing both surface quality and 

hardness is essential for achieving high-performance 

standards in applications involving Aluminium Alloy 

2024. 

Traditional Surface Finishing Techniques 

Traditional surface finishing methods, such as grinding, 

honing, and polishing, have been widely used to improve 

surface quality. Each of these techniques has its 

advantages and limitations. For instance, grinding is 

effective for removing material and achieving precise 

dimensions, but it can introduce surface defects and 

residual stresses that may compromise material 

performance [4]. Honing is suitable for achieving high 

geometric accuracy but can be time-consuming and 

costly [5]. Polishing, while capable of producing a 

mirror-like finish, often requires multiple steps and 

extensive labor. These traditional methods also tend to 

generate significant waste and can be less 

environmentally friendly due to the use of cutting fluids 

and abrasives. As industries strive for sustainability and 

cost-effectiveness, there is a growing need for 

alternative finishing techniques that can deliver superior 

results with reduced environmental impact [6]. 

The Burnishing Process 

Burnishing is an innovative surface finishing technique 

that has gained popularity for its ability to enhance 

surface quality without material removal. This chipless 

process involves the plastic deformation of the surface 

layer through the application of pressure, resulting in a 

smoother finish and increased hardness [7]. Unlike 

traditional machining methods, burnishing minimizes 

waste and can be performed in a single operation. One 

of the key advantages of burnishing is its ability to 

introduce compressive residual stresses in the material. 

These stresses can significantly improve the fatigue 

strength and wear resistance of components, making 

burnishing particularly beneficial for high-performance 

applications [8]. Additionally, the burnishing process 

can often be completed in less time than traditional 

methods, leading to increased productivity and cost 

savings. 

Factors Influencing the Burnishing Process 

Despite its advantages, the effectiveness of the 

burnishing process is highly dependent on several key 

parameters.  

These include: 

1. Spindle Speed: The rotational speed of the workpiece 

can significantly affect the burnishing action. Higher 

spindle speeds may enhance surface finish but can also 

lead to increased heat generation, which may negatively 

impact the material properties [3].  

2. Feed Rate: The speed at which the burnishing tool 

moves across the workpiece influences the depth of 

plastic deformation. An optimal feed rate is necessary to 

achieve the desired surface quality without 

compromising the mechanical properties [9].  

3. Burnishing Force: The amount of force applied during 

the burnishing process directly impacts the level of 

plastic deformation. Adequate force must be applied to 

induce the necessary surface changes while avoiding 

excessive material removal or damage [4]. 

4. Tool Material and Geometry: The material and design 

of the burnishing tool play a critical role in the process. 

Harder tool materials can withstand greater forces and 

pressures, while specific geometries can enhance the 

effectiveness of the burnishing action [9]. 

5. Lubrication: The use of lubricants during the 

burnishing process can reduce friction and heat 
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generation, leading to improved surface quality. Proper 

lubrication is essential for achieving optimal results [10]. 

Research Gap and Objectives 

While burnishing has been applied to various materials, 

comprehensive studies focusing specifically on 

Aluminium Alloy 2024 and its unique properties are 

limited. Previous research has demonstrated the 

effectiveness of burnishing in improving surface quality 

and hardness in different alloys; however, the systematic 

optimization of burnishing parameters for 2024 

aluminium remains an underexplored area [7]. 

This study aims to fill this gap by investigating the 

innovative application of burnishing to Aluminium 

Alloy 2024. We will systematically vary key 

parameters—spindle speed, feed rate, and burnishing 

force—using a specially designed roller-based tool 

mounted on a lathe machine. A full factorial design 

approach will enable us to assess the effects of these 

parameters on surface roughness and hardness 

comprehensively. 

Methodology Overview 

In this study, we employ advanced statistical analysis 

using Minitab software to evaluate the data collected 

from the burnishing experiments. This analysis will 

provide insights into the relationships between the 

burnishing parameters and the resulting surface 

characteristics. The use of regression methods will 

facilitate precise predictions of surface roughness and 

hardness based on the selected parameters. 

Preliminary findings from our experiments indicate that 

optimal surface roughness (Ra = 0.05 μm) can be 

achieved under specific conditions—namely, a feed rate 

of 0.11 mm/rev, a spindle speed of 1000 r/min, and a 

burnishing force of 1000 N. These results highlight the 

potential of the burnishing process to enhance the 

mechanical properties of Aluminium Alloy 2024 

significantly. 

 

 
Fig. 1 Burnishing tool installed on the dynamometer. 

Future Directions 

The findings of this research not only validate the 

effectiveness of the burnishing process but also pave the 

way for improved industrial applications. Future studies 

will explore the effects of burnishing in corrosive 

environments and its impact on material strength, further 

expanding the applicability of this technique. 

Additionally, the investigation of alternative lubricants 

and tool materials may lead to further enhancements in 

the burnishing process. (“Fig. 1”). 

2 METHODOLOGIES 

The purpose of the current research is to design and build 

a burnishing tool to create the most desirable surface 

quality and hardness on non-metals that are not capable 

of creating a suitable surface quality (maximum Ra 1.0) 

with other machining operations. In addition to creating 

surface quality, such tools can cause surface hardness by 

creating compressive residual stress. 

Devices and Tools 

TN50BR model lathe is used to perform various 

burnishing operations. The control of deviations and 

slacks in the lathe should be done so that it does not 

exceed the limit value. It is clear that if the deviations 

and clearances of the machine tools are more than the 

specified limit, it will cause the failure or poor quality of 

the production part, and as a result, the results of the tests 

will be wrong. Allowed radial clearance in the lathe is 

0.003 to 0.005mm. Axial clearance is taken by angular 

contact bearings. These bearings restrain the axial force 

in two directions and also bear the radial force behind 

the spindle. Roughness Tester, model RT-620 is a 

portable device used to measure the roughness of 

machined surfaces. A portable hardness tester based on 

the LEEB method has been used to measure hardness. 

A special roller-based burnishing tool is used (“Fig. 2”). 

The set of experiments was carried out by this designed 

and built tool. This tool is used for burnishing on 

external surfaces with a round cross-section. The 

burnishing tool roll (7) can be replaced and can be made 

with different dimensions and materials. After being 

placed on the work piece, this roll is rotated by two 

support rollers (10) and performs the burnishing 

operation. In addition to the dynamometer, the 

burnishing force can be determined by the displacement 

of the spring, which is measured by the indicator clock. 

The base of this burnishing tool is closed by four screws 

on the dynamometer of the lathe. The dynamometer is 

used to measure the forces on the tool, which is 

developed based on piezo technology and is installed 

under the burnishing tool. 

Aluminium is one of the light metals with a density of 

2.7. Its corrosion resistance is excellent due to the 

existence of a sticky and stable layer of Aluminium 
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oxide on its surface. In other words, this oxide layer, 

whose thickness is about 0.025 microns, protects 

Aluminium against most corrosive substances. 2024 

Aluminium alloy is used for making parts such as the 

fuselage and wings of airplanes due to its special 

properties such as special strength, high toughness, 

corrosion resistance, and good fatigue [10]. 

 

 
Fig. 2 Roller Burnishing Tool: (a): designed using CAD 

software, and (b): prototype. 

 

The originality of Aluminium alloy 2024 including 

chemical composition, mechanical properties, and 

physical properties must be obtained from the seller or 

experimental tests. 

Experiment Design 

Many factors influence the output of this process, but the 

most significant parameters affecting the response 

variables in this research are: 

Burnishing Rotation Speed: The number of rotations of 

the workpiece, measured in revolutions per minute 

(rpm). 

Burnishing Advance: The feed rate of the burnishing 

tool for each revolution of the workpiece, measured in 

(mm/rev). 

Burnishing Force: The force applied by the tool to the 

workpiece, measured in newtons. Alternatively, the 

depth of cut can be used as a substitute for burnishing 

force, measured in millimeters. 

Each factor is tested at three different levels. “Table 1” 

presents the levels for each parameter, including spindle 

speed, feed rate, and burnishing force. 

 

 

 

Table 1 The number of levels that can be obtained by each factor and its values in the burnishing test 

N. 1 2 3 4 5 6 7 8 9 

test a1b1c1 a1b1c2 a1b1c3 a1b2c1 a1b2c2 a1b2c3 a1b3c1 a1b3c2 a1b3c3 

N. 10 11 12 13 14 15 16 17 18 

test a2b1c1 a2b1c2 a2b1c3 a2b2c3 a2b2c2 a2b2c3 a2b3c1 a2b3c2 a2b1c1 

N. 19 20 21 22 23 24 25 26 27 

test a3b1c1 a3b1c2 a3b1c3 a3b2c1 a3b2c2 a3b2c3 a3b3c1 a3b3c2 a3b3c3 

 

 

“Table 2” is actually the same test plan based on the full 

factorial method. In this plan, three main factors each 

with three constant values are entered into the 

experiment, and in total three to the power of three and 

equivalent to 27 experiments will be performed. Values 

of 355, 710, and 1000 are considered for spindle speed, 

values of 0.11, 0.2, and 0.4 for feed rate, and values of 

300, 600, and 1000 for burnishing force. 

 

 
Table 2 Experimental design utilizing the full factorial 

method 

Input parameters to branching machining 

Set point a1 a2 a3 

Spindle speed (n,rpm) 355 710 1000 

Set point b1 b2 b3 

Feed rate (Ff, mm/rev) 0.11 0.2 0.4 

Set point  c1 c2 c3 

Branching force (F,N) 300 600 1000 

 

The prepared material is cut into five equal pieces, each 

measuring 210 mm. A center drill is then created at both 

ends of the pieces, which are subsequently closed and 

machined on the lathe, as shown in “Fig. 3”. The cutting 

of the outer surface of the parts is only to the extent of 

whitening and 0.5 mm, and two steps are created on both 

sides of them to close inside the chuck.  

At the end, the dynamometer is installed on the superset 

of the lathe, and the tool is closed by four screws. During 

the burnishing process, the forces and torques caused by 

the reaction of the tool and the workpiece are applied to 

the dynamometer and will cause the piezoelectric-quartz 

strain in the dynamometer and produce an electrical 

signal. This produced signal is fed and amplified by 

communication cables to a multi-channel amplifier, and 

it measures the values of different forces. 

After the installation of tools and workpieces, the 

number of tests will be performed according to their 

parameters and levels, in 27 test modes and two 

repetitions. Then the roughness and hardness values are 

measured and recorded in “Table 3”.  



5                                  Akbar Hojjati Najafabadi 

  

 

 

 
Table 3 Surface roughness and hardness values of aluminium alloy 2024 after burnishingSurface 

N. test Ra hardness N. test Ra hardness N. test Ra hardness 

1 a1b1c1 0.1717 174 10 a2b1c1 0.1219 172 19 a3b1c1 0.1304 169 

2 a1b1c2 0.1259 184 11 a2b1c2 0.0783 180 20 a3b1c2 0.0591 176 

3 a1b1c3 0.0307 192 12 a2b1c3 0.0669 190 21 a3b1c3 0.0328 186 

4 a1b2c1 0.1744 174 13 a2b2c3 0.1986 170 22 a3b2c1 0.1089 167 

5 a1b2c2 0.1144 182 14 a2b2c2 0.1504 180 23 a3b2c2 0.0889 177 

6 a1b2c3 0.0493 191 15 a2b2c3 0.0843 187 24 a3b2c3 0.0545 184 

7 a1b3c1 0.1215 172 16 a2b3c1 0.2089 166.5 25 a3b3c1 0.0763 165 

8 a1b3c2 0.1130 181 17 a2b3c2 0.1770 177.5 26 a3b3c2 0.0832 176 

9 a1b3c3 0.0487 191 18 a2b1c1 0.1509 183.5 27 a3b3c3 0.0856 184 

 
Minitab software is used to determine the effect of each 

parameter on surface roughness and hardness. It is also 

possible to extract the results from the effect of factors 

in the form of two effects. Finally, the regression 

equation in the roughness and hardness of the surface 

will be done to find the optimal state. 

 

 
Fig. 3 Analog-to-digital dynamometer converter and 

display screen, with the workpiece secured in the device for 

the burnishing process. 

 

 

 

Fig. 4 Example of a burnished 2024 aluminium 

workpiece. 

 

The primary workpiece has a roughness and hardness of 

1.0846Ra and 164HV machined before the burnishing 

process. Figure 4 shows the machined workpiece surface 

and the burnished surface. 

3 RESULTS 

Burnishing of Aluminium 2024 was conducted using a 

lathe, and the resulting surface roughness and hardness 

values were obtained. This data was subsequently 

analyzed using Minitab software to complete the data 

processing. This processing includes the effect of the 

main factors and the effect of the two factors on the 

roughness and hardness of the surface. The graph related 

to them was extracted and the regression related to 

roughness and hardness was obtained according to the 

components including spindle speed, feed rate, and 

burnishing force. 

The Effects of Main Factors on Surface Roughness 

The separate effect of the three factors of spindle speed, 

feed rate and burnishing force by considering three 

separate values for each on the surface roughness of 

Aluminium 2024 was investigated (“Fig. 5”). The effect 

of spindle speed at speeds of 355, 710, and 1000 rpm on 

surface roughness was 0.137, 0.072, and 0.114 

respectively. The second item is the feeding rate, which 

was obtained for 0.11, 0.20, and 0.40 surface roughness 

values of 0.100, 0.123, and 0.092, respectively. Finally, 

the effect of burnishing force with the values of 300, 600 

and 1000N, the surface roughness was measured, and the 

values of 0.110, 0.096, and 0.119 were obtained, 

respectively. The amount of feed rate on surface 

roughness shows an increasing and then decreasing 

effect, while it shows the opposite effect for the two 

factors of spindle speed and burnishing force. 
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Fig. 5 Influence of Key Factors on Surface Roughness 

Resulting from Burnishing: (a): Spindle Speed, (b): Feed 

Rate, and (c): Burnishing Force. 

The Effect of Two Factors on Surface Roughness 

The effect of two factors on the surface roughness 

resulting from burnishing including spindle speed and 

feed rate, spindle speed and burnishing force, and feed 

rate and burnishing force is shown in “Fig. 6”. 

Spindle Speed and Feed Rate: Increasing the spindle 

speed from 355 to 710 and 1000 rpm yields the 

following surface roughness values: at a feed rate of 0.11 

mm/rev, the values are 0.137, 0.088, and 0.072 μm; at a 

feed rate of 0.20 mm/rev, the values are 0.168, 0.068, 

and 0.165 μm; and at a feed rate of 0.40 mm/rev, the 

values are 0.107, 0.062, and 0.103 μm, respectively. 

 

 
Fig. 6 Interaction effects of two parameters on surface 

roughness resulting from burnishing: (a): Spindle speed and 

feed rate, (b): Spindle speed and burnishing force, and (c): 

Feed rate and burnishing force. 

 

Spindle speed and burnishing force: by increasing the 

spindle speed from 355 to 710 and 1000rpm, for the 

burnishing force 300N, the surface roughness value is 

0.129, 0.088, and 0.114μm, for the burnishing force 

600N, the surface roughness value is 0.130, 0.050 and 

0.109μm, and for the burnishing force of 600N, the 

surface roughness values of 0.154, 0.084 and 0.120μm 

were obtained, respectively. A downward and upward 

trend was obtained for all three burnishing forces of 300, 

600, and 1000N for surface roughness and with 

increasing spindle speed. 

Feed Rate and Burnishing Force: As the feed rates 

increase to 0.11, 0.20, and 0.40 mm/rev, the following 

surface roughness values are observed: with a 

burnishing force of 300 N, the roughness values are 

0.115, 0.148, and 0.069 μm; with a burnishing force of 

600 N, the values are 0.087, 0.104, and 0.105 μm; and 

with a burnishing force of 1000 N, the roughness values 

are 0.100, 0.155, and 0.109 μm, respectively. In general, 

an upward and downward trend can be observed for the 

roughness surface value for three burnishing forces of 

300, 600, and 1000N, and with an increase in the feed 

rate. 

The Effects of Main Factors on Surface Hardness 

The effect of three factors of spindle speed, feed rate, 

and burnishing force in different machining conditions 

was investigated separately on the surface hardness 

(“Fig. 7”). The results show that the spindle speed of 

355, 710, and 1000 rpm causes the surface hardness to 

be 178.4, 181.6, and 176.9 in Vickers, respectively. With 

the feed rate of 0.11, 0.2, and 0.4, the surface hardness 

value is 174.8, 180.2, and 181.9 in Vickers respectively. 

By applying the burnishing force from 300 to 600 and 

finally 1000 N, the surface hardness was recorded as 

178.3, 180.3, and 178.5, respectively. The feed rate has 

shown an increasing effect on the degree of hardness, 

while for the spindle speed and burnishing force, it 

reaches a maximum value from an initial value and then 

shows a decreasing effect. 

 

 
Fig. 7 Influence of key factors on surface hardness 

resulting from burnishing: (a): spindle speed, (b): feed rate, 

and (c): burnishing force 

The Effect of Two Factors on Surface Roughness 

The effect of two factors on the surface hardness 

resulting from burnishing including spindle speed and 

feed rate, spindle speed and burnishing force, and feed 

rate and burnishing force are shown in “Fig. 8”. 
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Spindle speed and feeding rate: by increasing the spindle 

speed from 355 to 710 and 1000 rpm, with a feeding rate 

of 0.11mm/rev values of 176, 175 and 173HV, with a 

feeding rate of 0.20mm/rev values of 183, 183 and 

174HV, with a feed rate of 0.40 mm/rev, values of 175, 

186 and 184 HV are obtained, respectively, for the 

surface hardness. An upward and then downward trend 

can be seen for the feed rate of 0.200 and 0.400 mm/rev 

and only a downward trend for the feed rate of 0.11 

mm/rev and with increasing spindle speed for the overall 

surface roughness. 

 

 
Fig. 8 Mutual effect of two parameters on hardness 

resulting from burnishing: (a): spindle speed and feed rate, 

(b): spindle speed and burnishing force, and (c): feed rate and 

burnishing force 

 

Spindle speed and burnishing force: by increasing the 

spindle speed from 355 to 710 and 1000 rpm, for a 

burnishing force of 300N, surface hardness values are 

180, 178, and 175HV, for a burnishing force of 600N, 

surface hardness values are 180, 178 and 181HV, and 

for the burnishing force of 600 N, surface hardness 

values of 174, 180 and 173HV were obtained, 

respectively. In total, a downward trend for the 

burnishing force of 300 N, a downward-upward trend for 

the burnishing force of 600N, and an upward-downward 

trend for the burnishing force of 1000N were obtained 

for surface hardness and with increasing spindle speed. 

Feed Rate and Burnishing Force: As the feed rate 

increases to 0.11, 0.20, and 0.40 mm/rev, the surface 

hardness values are as follows: with a burnishing force 

of 300 N, the hardness values are 171, 183, and 181 HV; 

with a burnishing force of 600 N, the values are 176, 

181, and 185 HV; and with a burnishing force of 1000 

N, the values are 178, 178, and 179 HV, respectively. In 

general, an ascending-descending trend for hardness 

value for burnishing force 300N, an upward trend for 

hardness value for burnishing force 600N, and a 

downward trend for hardness value for burnishing force 

1000N and with increasing feed rate mm/rev are visible. 
 

Surface Roughness and Hardness Regression 

Equation and Model 

The regression equation for surface roughness and 

hardness is given in equations 1 and 2, respectively. In 

these relationships, the effect of spindle speed, feed rate, 

and amount of burnishing force can be seen in the 

optimization. 

Regression Equation for Surface roughness (Ra)= 

0.10765+ 0.0294 spindle speed(n,rpm)_355 - 0.0352 

spindle speed(n,rpm)_710 + 0.0058 spindle 

speed(n,rpm)_1000 - 0.0084 feed rate(f)_0.11 + 0.0249 

feed rate(f)_0.20 - 0.0164 feed rate(f)_0.40 + 0.0019 

burnishing force(Fb)_300 - 0.0124 burnishing force 

(Fb)_600 + 0.0105 burnishing force (Fb)_1000                                                          

 

(1) 

 

Regression Equation for hardness (H.B)= 178.94 - 0.50 

spindle speed(n,rpm)_355 + 2.61 spindle 

speed(n,rpm)_710 - 2.11 spindle speed(n,rpm)_1000 - 

4.17 feed rate(f)_0.11+ 1.28 feed rate(f)_0.20 + 2.89 

feed rate(f)_0.40 - 0.72 burnishing force(Fb)_300 + 1.22 

burnishing force(Fb)_600 - 0.50 burnishing force 

(Fb)_1000                                                         (2) 

4 DISCUSSIONS 

The current research focused on the burnishing process 

using a roller tool on Aluminium 2024, revealing critical 

insights into the parameters affecting surface roughness 

(Ra) and hardness. The findings underscore the 

significance of spindle speed and burnishing force while 

highlighting the relatively minor role of feed rate.  

1. Influence of Power Parameters: The results indicate 

that spindle speed and burnishing force have a more 

pronounced effect on surface roughness than feed rate. 

Specifically, increasing spindle speed leads to a sharp 

decline in surface roughness values. For instance, at 

spindle speeds of 355, 710, and 1000 rpm, the surface 

roughness values were recorded as 0.137 μm, 0.072 μm, 

and 0.114 μm, respectively. This trend aligns with 

findings from previous studies, such as those by [7], who 

observed similar improvements in surface quality with 

increased spindle speeds in machining processes. This 

suggests a consensus in the literature regarding the 

effectiveness of higher spindle speeds in enhancing 

surface finish. 

2. Surface Quality Improvements: The sharp decrease 

in surface roughness with increased spindle speed 

signifies the potential for achieving superior surface 

quality at elevated speeds. The optimal roughness 

achieved in this study (below 0.05 Ra) corroborates 

findings from [8], who reported comparable outcomes in 

their investigations of burnishing aluminum alloys. The 

improvement in surface finish can be attributed to 



 Int.  J.   Advanced Design and Manufacturing Technology             8 

  

 

reduced contact time between the tool and the workpiece 

at higher speeds, which minimizes the adhesion and 

defect formation on the surface. 

3. Minimal Effect of Feed Rate: An intriguing aspect 

of the results is the minimal impact of feed rate on 

surface roughness across all tested ranges (0.11, 0.20, 

and 0.40 mm/rev). While lower feed rates yielded 

marginally better roughness, this does not imply their 

practicality in operational settings. Studies by [5] have 

noted similar results, emphasizing that excessive 

reduction in feed rate can lead to increased contact time 

and, consequently, a rise in surface defects due to 

enhanced adhesion characteristics. Thus, while a 

minimum feed rate may optimize surface finish, it is 

essential to balance it with operational efficiency. 

4. Production Efficiency: The findings suggest that 

burnishing can be effectively performed at high speeds 

without compromising surface quality. The negligible 

effect of feed rate allows for increased production speed, 

as operators can focus on optimizing spindle speed to 

achieve desired surface characteristics. This aspect 

resonates with the work of [3], who highlighted the 

economic benefits of burnishing in terms of time savings 

and reduced operational costs compared to traditional 

machining methods. 

5. Comparative Analysis with Other Methods: When 

contrasted with conventional machining techniques, 

burnishing stands out as a superior method for achieving 

low surface roughness values. Traditional machining 

often results in higher roughness, particularly at 

increased feed rates. Additionally, previous research by 

[4] demonstrated that grinding methods are prone to 

rapid clogging, necessitating frequent re-sharpening. 

This not only increases costs but also results in 

inefficiencies that are not observed in the burnishing 

process. 

6. Contributions to Existing Literature: This study 

contributes to the existing body of knowledge by 

providing a detailed analysis of the relationships 

between spindle speed, feed rate, and burnishing force, 

specifically for Aluminium 2024. The regression 

equations derived from the analysis offer a valuable 

framework for predicting surface roughness and 

hardness based on these parameters. This aligns with the 

findings of [7], who also utilized statistical modeling to 

optimize machining parameters in similar materials. 

7. Conclusion on Burnishing: Overall, burnishing 

emerges as a highly effective method for enhancing the 

surface quality of Aluminium 2024. The process not 

only yields superior surface finishes but also proves to 

be economically viable, aligning with industrial 

demands for efficiency and quality. 

Future studies will aim to explore the effects of 

burnishing on the mechanical strength of Aluminium 

2024 in corrosive environments, as well as the impact of 

chemical surface corrosion. Investigating these aspects 

will provide deeper insights into the durability and long-

term performance of burnished surfaces, further 

establishing the advantages of this technique in various 

operational contexts. By expanding the scope of 

research, we aim to contribute to the development of 

more robust manufacturing techniques that meet the 

evolving needs of the industry. 

5 CONCLUSIONS 

The burnishing process is influenced by several critical 

parameters, including burnishing force, feed rate, 

burnishing speed, lubrication type, tool material and 

diameter, the number of burnishing passes, and the 

initial surface roughness. This study specifically focused 

on analyzing how these factors affect the surface 

roughness and micro-hardness of Aluminium 2024. 

The findings indicate that burnishing force and spindle 

speed have a more significant impact on surface 

roughness compared to feed rate. Notably, the optimal 

surface roughness, measured at less than 0.05 Ra, was 

achieved at the minimum feed rate in conjunction with 

maximum spindle speed and burnishing force. This 

highlights the importance of carefully balancing these 

parameters to enhance surface quality. 

Additionally, the design of the rollers used in the 

burnishing tools allows for easy replacement and 

adjustment, contributing to prolonged tool life and 

simplified maintenance. The incorporation of 

lubrication in the form of an oil layer further reduces 

friction and heat generation during the process. This oil 

cooler creates a smooth working layer between the roller 

and the workpiece, effectively preventing material from 

adhering to the roller and enhancing overall burnishing 

performance. 

These results provide valuable insights into the 

burnishing process, demonstrating that optimized 

control of force parameters and spindle speed can lead 

to significant improvements in surface roughness. This 

understanding is crucial for enhancing manufacturing 

processes that involve Aluminium 2024, especially in 

applications where surface quality is essential. 
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1 INTRODUCTION 

A universal joint is a connection between two shafts, 

typically yokes, that enables relative rotation around the 

y and z axes. This joint includes input and output shafts 

and an intermediate cross pin. Meaning that the input 

shaft is capable of transferring torque and rotary motion 

by means of cross to the output shaft. It is possible that 

rotation to be conveyed between the shafts while 

allowing misalignment in both axes. Car manufacturing, 

excavation, and robotics are examples of applications in 

which universal joints have been used. This explains 

why have been decided to consider it in a specific 

situation [1]. To manufacture most of the mechanical 

parts, applying finishing processes such as grinding, 

vibratory finishing, burnishing, and barrel finishing is 

inevitable [2-6]. Figure 1 shows the U-joint as the case 

study and its dimensions. 3D printing through quick and 

easy methods makes the production process more 

optimized and faster, thereby economizing on 

expenditures and time. Failing industrial parts not only 

causes excessive damage but also stops machines.  

3D printers have solved these problems by constructing 

plastic components that have approximately similar 

properties to metal ones and can even temporarily work. 

There are some examples of profitable and practical 

consequences of using 3D printing. Cwekla et al. in 

2017, studied mechanical strength properties of 3D-

printed elements. Their research was carried out on a set 

of standardized samples, printed with low-cost standard 

materials (ABS), using a cheap 3D printer. The influence 

of parameters (such as the type of infill pattern, infill 

density, shell thickness, printing temperature, and the 

type of material) on selected mechanical properties of 

the samples, was tested [7].  

In 2020, Kiendl et al. checked out the mechanical 

properties, especially toughness, strength, and stiffness, 

of FDM 3D-printed cases made of PLA. It was 

discovered that the material was isotropic in terms of 

stiffness and strength, but not at all in terms of 

toughness. furthermore, the material demonstrated much 

higher toughness when loaded cornerwise in comparison 

with loading parallel/perpendicular to the raster. It is 

possible to acquire optimized material performance 

purveying not only high strength but also high toughness 

simultaneously [8]. Goyanes et al. investigated the 

feasibility of using fused deposition modeling (FDM) 

with Hot Melt Extrusion (HME) and fluid bed coating to 

fabricate modified-release budesonide dosage forms [9]. 

Popa et al. in 2023, studied the experimental and 

numerical analyses of the impact parameters. They 

comprehended that materials made by additive 

manufacturing are able to be numerically modeled and 

calibrated with experimental ones. This means that the 

kinetic energies achieved in the numerical analysis of the 

PLA material had resemblance values to the 

experimental one [10]. FEM simulation helps to reduce 

the probable errors in manufacturing and the total cost 

[11-13].  

Rarani et al. produced an industrial part with two 

different polymers: pure polylactic (PLA) and carbon 

fiber-reinforced PLA. Then they assessed the 

mechanical properties of the 3D printed samples through 

experiments such as tensile test and 3-point bending 

[14]. In addition, Akhoundi et al. investigated the effect 

of the filling pattern on tensile and flexural strength and 

modulus of the parts printed via fused deposition 

modeling (FDM), 3D printer [15]. Moreover, 

Vijayaraghavan et al. proposed an improved approach of 

multi-gene genetic programming (Im-MGGP) to 

formulate the functional relationship between wear 

strength and input process variables of the FDM process 

[16].  

Deswal et al. in 2019, optimized significant process 

parameters including layer thickness, build orientation, 

infill density, and the number of contours for enhancing 

the magnitude/dimensional preciseness of fused 

deposition modeling (FDM) devise units [17]. San 

Andrés et al. probed about using 3D printing PLA and 

ABS materials for fine art. Samples were arranged in 

two diverse shapes (filament and printed parts). ABS 

showed noticeable changes against both sources of 

exposure (UV radiation and temperature), especially 

after UV aging, but PLA experienced more changes 

through temperature aging than UV radiation. This 

means that PLA generally demonstrated better stability 

than ABS [18].  

In 2023, Karami Moghadam et al. studied how the CO2 

laser cutting and Fused Filament Fabrication (FFF) 3D 

printing parameters influence the surface morphology of 

PLA samples. As a result of this article, through this 

way, not only the surface roughness of FFF parts was 

well diminished but also created a uniform surface 

texture [19]. In 2022, Martin et al. evaluated polymer 

composite based on PLA, elastomers, and cellulosic 

fibers through direct extrusion of crude materials in the 

pellet form for 3D printing. In general, these mentioned 

polymer composites were recognized as the most 

appropriate for pellet-based extrusion 3D printing [20]. 

It is worth mentioning that the 3D-printed parts may 

require machining processes to obtain the desired 

surface quality [21-27].   

In this paper, a comparative analysis of a 3D-printed 

universal joint with PLA and ABS materials is 

accomplished. The industrial U-joint used as the case 

study in this project is shown in “Fig. 1”. This U-joint is 

applied to connect the small motor to the gearbox in a 

small drilling machine and this study attempts to 

substitute it with a 3D-printed one. Designing and 

simulation are done through SolidWorks software and 

Ansys Workbench software respectively. The most 

acceptable material of joint for use as a coupling in 
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industrial equipment in terms of life, safety factor, stress, 

and deformation should be concluded at the end. In 

addition, the U-joint is 3D printed by an FDM machine, 

and its function is investigated experimentally. 

 

 
Fig. 1 Industrial U-joint as the case study. 

2 MATERIALS AND METHODS 

In this study, the feasibility of substituting a U-joint of 

an industrial machine’s coupling with a plastic 3D-

printed U-joint is investigated via FEM simulation. In 

this case, in order to calculate the functional life of the 

3D-printed U-joint while applying in the coupling, the 

maximum bending stress, contact stress, and maximum 

strains are obtained through simulation by Ansys 

software. The specifications of the mentioned U-joint, 

the properties of the polymer used in the FDM machine, 

and the parameters adjusted in U-joint software are 

explained in the following. 

2.1. Specifications of the U-Joint  

In the first place, the universal joint was designed 

through SolidWorks software 2020. Designing includes 

two divisions, part, and assembly which are used for a 

3D representation of a single design component and a 

3D arrangement of parts or other assemblies 

respectively. Universal joints contain two driven yokes 

and a spider. In “Fig. 2” the 3D model of the U-joint 

performed in SolidWorks software is illustrated. 

 

 
Fig. 2 3D model of the U-joint. 

2.2. Properties of Materials and 3d Printing Machine 

In this project, two polymers ABS and PLA which are 

very common for this purpose, are applied. The 

Mechanical properties of PLA and ABS filament used in 

the Property module of Ansys are presented in “Table 

1”. 

 
Table 1 Mechanical properties of ABS and PLA 

Properties ABS PLA 

Elongation at Break 10 - 50 % 41.3 - 63.8% 

Elongation at Yield 1.7 - 6 % 2.00% 

Flexibility (Flexural 

Modulus) 

1.6 - 2.4 GPa 3,280 MPa 

Hardness Shore D 100 66 

Stiffness (Flexural 

Modulus) 

1.6 - 2.4 GPa 4.2 GPa 

Strength at Break 

(Tensile) 

29.8 - 43 MPa 38 - 47.8 MPa 

Strength at Yield 

(Tensile) 

29.6 - 48 MPa 37-46 MPa 

Young Modulus 1.79 - 3.2 GPa 4.8 GPa 

 

The model of the 3D printer applied in this present 

project is Ender-3 v2 neo of the Creality Company. The 

diameter of its nozzle is 0.4mm and the filament’s feed 

rate is 50 mm/s. In addition, the diameter of the filament 

is 1.75mm. Figure 3 shows the 3D printer and filaments. 

 

 

 

Fig. 3 3D printer and filaments. 

 

Simulation Parameters  

To analyze this problem in Ansys, three modules can be 

used: rigid dynamic, static structural, and transient 

structural. In the present study, the third module-

transient structural- has been applied. The transient 

structural module is proper for problems with high 

deflection as well as high velocity. This module also has 

a higher analysis rate. 

In the next step, connections among parts in the 

Connection module were defined. In the other world, the 

boundary conditions were set. In the Contact module, the 

action and reaction of parts when colliding with each 

other are defined. In this section, if no contact is defined 

between two parts, these two parts pass through each 

other. Therefore, three kinds of contacts can be defined 

among parts: frictional, sticking, and no frictional. In the 

https://omnexus.specialchem.com/polymer-properties/properties/elongation-at-break?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/elongation-at-yield?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/flexibility?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/flexibility?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/hardness-shore-d?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/stiffness?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/stiffness?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/strength-at-break-tensile?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/strength-at-break-tensile?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/strength-at-yield-tensile?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/strength-at-yield-tensile?src=sg-overview-cnx
https://omnexus.specialchem.com/polymer-properties/properties/young-modulus?src=sg-overview-cnx
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present project, the frictional contact was defined. 

Figure 4 shows the boundary conditions among parts. 

These constraints were defined as the movement and 

rotation of the U-joint being in harmony with the real 

one. The coefficient of friction was set equal to 0.2. The 

distributed torque was imposed to the one-half of the 

coupling equal to 1N.m. The value of this torque was 

obtained by calculating the output power of the gearbox 

and rotational speed. 

 

 
 

 
Fig. 4 Boundary conditions. 

 

The Meshing is defined in the Mesh module. According 

to “Fig. 5”, meshing was performed between the parts. 

Here, due to the significance of the pins of the 

connecting part and the holes of the coupling halves, 

these sections have fine mesh sizes; despite the other 

parts which have larger mesh sizes.  

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 5 Meshed parts. 

 

If the mesh size of the whole of the mechanism is 

identical, the run time increases dramatically. The mesh 

size is 2mm and it is a 2D (surface mesh) type. In 

addition, the mesh control was applied to investigate the 

convergence of the results. 

3 RESULTS AND DISCUSSIONS 

In this entry, the feasibility of substituting a U-joint of 

an industrial machine’s coupling with a plastic 3D-

printed U-joint is investigated via FEM simulation. In 

this case, in order to calculate the functional life of the 

3D-printed U-joint while applying the coupling, the 

maximum bending stress, contact stress, and maximum 

strains are obtained through FEM simulation by ANSYS 

software as follows. 

3.1. Static Analysis  

The first step involves evaluating the points that exhibit 

the highest stress levels. The values obtained for the 

stresses at these points must be compared to manually 

calculated results for validation purposes. By comparing 

these two sets of results and minimizing the error, the 

accuracy of the simulation is confirmed. Therefore, the 

most suitable material for constructing this universal 

joint can be determined by comparing the FEM results 

of two materials, ABS and PLA. 

According to “Fig. 6”, by imposing the torque to one-

half of the coupling, the maximum stress was obtained 

and it is equal to 28.8MPa which is lower than the yield 

strength of both PLA and ABS materials. As it is 

obvious, the critical points are located at the spider part 

(on its pins). In reality, the same phenomenon occurs and 

most similar U-joints are damaged by their spiders.   

 

 
Fig. 6 Stresses in U-joint. 

 

In this section, the manual analysis of the universal joint 

is presented. First, we manually calculated shear stress 

and bearing stress for the spider. Then, we identified the 

elements with the maximum stress values compared to 
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the calculated values. It was noteworthy that the 

obtained number for bearing stress is related to an 

element on the pin’s surface, and the shear stress is 

calculated on the pin’s cross-section. Finally, we 

determined the percentage of error between theoretical 

and software-generated values. The maximum bearing 

stress and shear stress on the spider’s pin are manually 

calculated as follows. 

 

 

 
Fig. 7 Bearing stress on the spider’s pin. 

 

As following the equations, the bearing stress on the 

spider’s pin was calculated at approximately 22.8 MPa. 

On the other hand, according to “Fig. 7”, the maximum 

normal stress obtained by FEM analysis was 21.2MPa 

which indicates a 4.4% error. 

 

T = 1NM 

 

F =
T

2
× r 

Bearing stress σ =
F

A
= 22.8Mpa 

 

Error percentage: 
22.8−21.2

22.8
× 100 ≈ 4.42% 

 

The shear stress in the spider’s pin has the same story. 

The manually calculated shear stress was equal to 20.9 

MPa versus 21.2MPa obtained through FEM simulation 

(“Fig. 8”) with a 1.5% error. 

Then, to manually analyze the normal stress imposed on 

the corner of the half-coupling due to the bending 

phenomenon, this section was modeled with a cantilever 

beam as shown in “Fig. 9”. Consequently, the maximum 

normal stress at the critical point was calculated at about 

22.2MPa which is lower than the yield strength of the 

materials. 
 

 
Fig. 8 Shear stress on the spider’s pin. 

 

 

 

 

 

 

 

 

 

Fig. 9 Modelling of half-coupling with a cantilever beam. 

3.2. Life Analysis  

In this section, the lives of both materials (ABS & PLA) 

through fatigue analysis in static structural modules are 

determined and compared. The maximum stress is 

endured by spider. In fatigue analysis, where the piece 

gets damaged is investigated and the duration of this 
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process for both materials is obtained so that one can 

choose the best material for construction.  

To calculate the life through the fatigue tool section, as 

shown in “Fig. 10”, the loading type was supposed fully 

reversed with 1.1 as the scale factor and Soderberg as the 

mean stress theory. 

 

 
Fig. 10 Set parameters for life analysis. 

 

Figure 11 shows the result of the life analysis for ABS 

material. As it is obvious, the critical elements (on the 

root of the spider’s pin) endured about 2.67 million 

cycles. While, these elements in PLA material, endured 

3.2 million cycles which indicates the higher fatigue 

strength of PLA. 

 

 
Fig. 11 Life analysis for ABS. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 121 3D-printed U-joint. 

It is worth mentioning that the U-joint was manufactured 

through the 3D printer machine (demonstrated in “Fig. 

12”) and applied in the related mechanism. In addition, 

it has been working thoroughly and correctly without 

any failure within two months. 

4 CONCLUSIONS 

In this paper, a comparative analysis of a 3D-printed 

universal joint with PLA and ABS materials was 

accomplished. Designing and simulation were done 

through SolidWorks and Ansys Workbench software 

respectively. The FEM results were compared with 

analytical results, moreover, the endurance of the 

materials was investigated as well. The summary of the 

results is as follows:   

• By imposing the torque to one-half of the coupling, 

the maximum stress was obtained 28.8MPa which is 

lower than the yield strength of both PLA and ABS 

materials.  

• The bearing stress on the spider’s pin was manually 

calculated at 22.8 MPa which has a 4.4% error with 

the FEM results.  

• The manually calculated shear stress was equal to 

20.9 MPa versus 21.2MPa obtained through FEM 

simulation with 1.5% error. 

• The maximum normal stress at the critical point of 

the half-coupling was manually calculated at about 

22.2MPa which is lower than the yield strength of 

the materials. 

• The critical elements (on the root of the spider’s pin) 

endured about 2.67 million cycles. While, these 

elements in PLA material, endured 3.2 million 

cycles which indicates the higher fatigue strength of 

PLA. 
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1 INTRODUCTION 

Nanoelectromechanical systems (NEMS) are considered 

one of the important branches of mechanical science, 

and beams are one of the critical components in NEMS, 

with widespread applications in nanocomposites. On the 

other hand, the classical theories in continuum 

mechanics have a limitation in studying the mechanical 

behaviour of nanostructures. These theories overlook the 

voids between atoms and the atomic forces within 

particles, which cannot be ignored in nanoscale 

problems. Therefore, considering the high cost of 

experimental studies at the nanoscale, generalized 

continuum mechanics theories have been proposed [1]. 

One such theory based on generalized continuum 

mechanics is the NLSGT [1-2]. Several studies have 

utilized this theory to solve various problems, including 

the following examples. 

Yin and colleagues [3] investigated the vibrational 

behaviour of a curved nanotube subjected to supersonic 

airflow and internal fluid flow. They used the NLSGT to 

model the size-affected nanotube and derived the motion 

Equations through the use of Hamilton's principle (HP). 

To solve the Equations, the generalized differential 

quadrature technique was utilized. 

Guo and colleagues [4] introduced a computational 

method to assess the non-linear electro-elastic wave 

scattering features in a nanoscale sandwich tube. They 

extracted the fundamental Equations of the problem by 

employing the NLSGT, HP, and the first-order shear 

deformation theory (FSDT). The Equations were then 

resolved through the finite element technique and neural 

networks to calculate the exact non-local functions and 

length scales under various conditions affecting the tube. 

Biswas [5] investigated the distribution of harmonic 

plane waves in a non-local visco-thermo-elastic porous 

medium according to the NLSGT. The governing 

Equations were derived via the Green-Naghdi Type III 

model assumptions and the NLSGT. Finally, the impacts 

of the nonlocality length factor, viscosity, and porosity 

on phase speeds, damping factors, and wave infiltration 

depth at different frequencies were studied. 

Trabelssi and colleagues [6] studied wave distribution in 

an EB nanobeam using the NLSGT. They employed HP 

to derive the beam's motion Equations and investigated 

the effects of the non-local factor and strain gradient 

(SG) factor on wave distribution. Phung-Van and 

colleagues [7] investigated the mechanical behavior of 

an FG nanosheet by employing the NLSGT. The study 

indicated that the mechanisms influencing stiffness in 

the nanoplate can be controlled by optimizing the non-

local and SG factors. Liu and colleagues [8] investigated 

the free vibrations of an aluminum plate considering the 

NLSGT and molecular dynamics (MD) modelings. They 

calibrated the size factors in the NLSGT using MD 

modelings. 

Singh and colleagues [9] predicted the bending 

specifications of an EB beam using the Moore-Gibson-

Thompson thermoelasticity model along with the 

NLSGT. After deriving the governing Equations, they 

employed the Laplace transform and the wavelet 

estimation techniques to resolve these Equations. Behar 

and colleagues [10] investigated and analyzed the 

stability and vibrations of a rotating smart nanotube 

under electrical loads. They derived the boundary 

conditions and governing Equations using the NLSGT, 

EB beam theory, and HP and solved them using the 

Galerkin technique. Finally, they examined the impacts 

of the length scale of the material, non-local factors, 

rotational speed, boundary conditions, and external 

voltage on the NF. 

Merzouki and Houari [11] performed an in-depth 

investigation of thermal vibrations in FG nanobeams, 

taking into account the temperature-dependent 

characteristics of the material. They used an extended 

finite element method based on the NLSGT to solve the 

problem and investigated 3 thermal loading categories. 

Guerroudj and colleagues [12] studied the free 

vibrations of an FG nanobeam. They extracted the 

motion Equations using the higher-order SDT and the 

NLSGT. They also evaluated simple boundary 

conditions for the beam and examined the effects of 

structural geometry, gradient parameter, and non-local 

factors on the frequency of oscillation. Using 

nanocomposites reinforced with GN can impart diverse 

properties to the mechanical behavior of nanoplates and 

nanobeams [13]. Some of the research that has utilized 

these materials in the mechanical structures of 

nanoplates and nanobeams includes the following: 

Bahranifard and colleagues [14] studied the non-linear 

vibration features and reactions of sandwich beams with 

graphene-reinforced coating layers and a porous core 

under moving loads. They extracted the motion 

Equations based on the FSDT and resolved the issues by 

the Newmark and Newton-Raphson methods. They 

found that the softening effects due to porosity rely on 

the arrangement of their distribution. 

Safaei and colleagues [15] examined the out-of-plane 

free vibrations and responses to moving loads of curved 

sandwich beams with graphene-reinforced coating 

layers and a porous core. They extracted the governing 

Equations based on the FSDT and HP, and resolved 

them by differential quadrature technique and 

Newmark's technique. Numerical results showed that 

adding a small quantity of GPLs to the coating layers and 

core significantly changes the fundamental NF and 

movement ranges subject to the moving loads. 

Mirzaei [16] studied the vibrations of composite plates 

reinforced with GN. The elasticity modulus of the plate 

was achieved by the HT law. The Equations governing 

the system were derived from the FSDT and addressed 

through the Ritz technique. 
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Ghatreh Samani and colleagues [17] investigated the 

free vibrations of a sandwich plate with two coating 

layers reinforced with GPLs. The motion Equations 

were established through HP and solved using the 

Navier technique. They ultimately examined the effect 

of the graphene plate pattern and their weight ratio on 

the natural frequencies. 

Considering the research conducted on beams reinforced 

with GN and the NLSGT, it is evident that very few 

studies have been done on the use of GN combined with 

the NLSGT. The present work investigates the non-

linear vibrations of an EB beam reinforced with carbon 

nanoplatelets according to the NLSGT. Initially, using 

the virtual work theory, classical deformation theory, 

NLSGT, and the VK strain field, the non-linear 

Equations of motion for the nanotube are derived. These 

Equations are then solved using the Galerkin and 

homotopy techniques [1]. Finally, after validating the 

solution, results on the variations in NF with different 

GPL distribution patterns, proportional ratio of length to 

thickness, and SG and non-local factors will be 

presented.  

2 NON-LOCAL STRAIN GRADIENT THEORY 

(NLSGT) 

In NLSGT [18], both the non-local elastic stress and the 

SG stress are considered. Therefore, the overall stress is 

written as follows: 

(1) (1 − (𝑒𝑎)2𝛻2)𝜎𝑥𝑥 = 𝐸(1 − 𝑙𝑠
2𝛻2)𝜀𝑥𝑥 , 𝛻 =

𝜕

𝜕𝑥
 

 

In this relation, E is the elastic modulus, ea is the non-

local factor, and ls is the SG length. 

3 SIZE-AFFECTED EQUATIONS OF MOTION FOR 

AN EB BEAM 

Figure 1 shows an EB beam with thickness h, length L, 

and width b. 

 

 
Fig. 1 The EB Beam. 

 

The displacement field governing the EB beam is 

formulated as follows, where ux is the movement along 

the direction of x, uy is the movement along the direction 

of y, and uz is the movement along the direction of z. 

 

(2) 
𝑢𝑥(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑧

𝜕𝑤(𝑥,𝑡)

𝜕𝑥
,     

𝑢𝑦(𝑥, 𝑧, 𝑡) = 0, 𝑢𝑧(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡)  
 

Based on the VK strain theory and the movement field 

provided in “Eq. (2)”, the non-linear strain field is 

calculated as follows. 

 

(3) 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

−

𝑧
𝜕2𝑤

𝜕𝑥2   

𝜀𝑥𝑥
(1)

=
𝜕2𝑢

𝜕𝑥2 +
𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2 −

𝑧
𝜕3𝑤

𝜕𝑥3   

 

To compute the motion Equations, the first-order 

variation of the strain energy δU, the first-order variation 

of the kinetic energy δK, and the first-order variation of 

the work done by external forces δW are first calculated. 

Then, using the calculus of variations and HP, the 

Equations of motion are derived. 

The first-order variation of the strain energy δU is 

calculated according to the NLSGT using the subsequent 

Equation. 

By substituting “Eq. (3) into Eq. (4)” and through the 

method of integration by parts, the subsequent Equation 

is obtained. 

 

(4) 
𝛿𝑈 = ∫ (𝜎𝑥𝑥 − 𝛻𝜎𝑥𝑥

(1)
)

𝑉
𝛿𝜀𝑥𝑥𝑑𝑉 +

∫ 𝜎𝑥𝑥
(1)

𝛿𝜀𝑥𝑥𝑑𝐴
𝐴

  
 

By substituting “Eq. (3) into Eq. (4)” and using the 

method of integration by parts, the following Equation 

is obtained. 

 

(5) 

𝛿𝑈 = 𝑁𝛿𝑢|0
𝐿 + (𝑁

𝜕𝑤

𝜕𝑥
+

𝜕𝑀

𝜕𝑥
) 𝛿𝑤|

0

𝐿

−

𝑀𝛿 (
𝜕𝑤

𝜕𝑥
)|

0

𝐿

 

 − ∫ [
𝜕𝑁

𝜕𝑥
𝛿𝑢 + (

𝜕

𝜕𝑥
(𝑁

𝜕𝑤

𝜕𝑥
) +

𝜕2𝑀

𝜕𝑥2 ) 𝛿𝑤]
𝐿

0
𝑑𝑥 

 −𝑀(1)𝛿 (
𝜕2𝑤

𝜕𝑥2 )|
0

𝐿

+ 𝑁(1)𝛿 (
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

)|
0

𝐿

 

 

Where N is the resultant force and M is the resultant 

bending moment, and they are calculated according to 

the subsequent Equation. 

 

(6) 
𝑁(0) = ∫𝜎𝑥𝑥𝑑𝐴

𝐴

, 𝑁(1) =
𝜕

𝜕𝑥
∫ 𝜎𝑥𝑥

(1)
𝑑𝐴

𝐴

 

 𝑁 = 𝑁(0) −
𝜕𝑁(1)

𝜕𝑥
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(7) 

𝑀(0) = ∫𝜎𝑥𝑥𝑧𝑑𝐴
𝐴

, 𝑀(1) =
𝜕

𝜕𝑥
∫𝜎𝑥𝑥

(1)
𝑧𝑑𝐴

𝐴

 

𝑀 = 𝑀(0) −
𝜕𝑀(1)

𝜕𝑥
 

 

The first-order variation of the kinetic energy δK is given 

by the subsequent Equation. 

 

𝛿𝐾 = 𝜌𝐴
𝜕𝑢

𝜕𝑡
𝛿𝑢|

0

𝐿

+ 𝜌𝐼
𝜕2𝑤

𝜕𝑥𝜕𝑡
𝛿 (

𝜕𝑤

𝜕𝑡
)|

0

𝐿

+ (𝜌𝐴
𝜕𝑤

𝜕𝑡
− 𝜌𝐼

𝜕3𝑤

𝜕𝑥2𝜕𝑡
) 𝛿𝑤|

0

𝐿

 

 

 − ∫ [𝜌𝐴
𝜕2𝑢

𝜕𝑡2
𝛿𝑢 − (𝜌𝐼

𝜕4𝑤

𝜕𝑥2𝜕𝑡2
+ 𝜌𝐴

𝜕2𝑤

𝜕𝑡2
) 𝛿𝑤]

𝐿

0

𝑑𝑥 

                                                                                    (8) 

 

Where A is the area of cross-sectional and I is the 

moment of cross-section inertia. Additionally, the first-

order variation of the work done by external forces is 

given by the subsequent Equation. 

 

(9) 𝛿𝑊 = ∫ 𝑞𝛿𝑤
𝐿

0
𝑑𝑥  

 

To compute the motion Equations, HP is used, which is 

given by the subsequent Equation. 

 

(10) ∫ (𝛿𝐾 − 𝛿𝑈 + 𝛿𝑊)
𝑡2

𝑡1
𝑑𝑡 = 0  

 

Based on the above Equation and “Eqs. (6) and (7)”, the 

boundary conditions and motion Equations, assuming 

zero external forces, are obtained in the following form. 

𝜕𝑁

𝜕𝑥
= 𝜌𝐴

𝜕2𝑢

𝜕𝑡2  
𝜕

𝜕𝑥
(𝑁

𝜕𝑤

𝜕𝑥
) +

𝜕2𝑀

𝜕𝑥2 = 𝜌𝐴
𝜕2𝑤

𝜕𝑡2 − 𝜌𝐼
𝜕4𝑤

𝜕𝑥2𝜕𝑡2  

(1 − (𝑒𝑎)2𝛻2)𝑁 = 𝐴11𝑏(1 − 𝑙𝑠
2𝛻2) (

𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2
)  

(1 − (𝑒𝑎)2𝛻2)𝑀 = −𝐷11𝑏(1 − 𝑙𝑠
2𝛻2)

𝜕2𝑤

𝜕𝑥2   

𝑁𝛿𝑢|0
𝐿 = 0, 𝑀𝛿 (

𝜕𝑤

𝜕𝑥
)|

0

𝐿
= 0, (𝑁

𝜕𝑤

𝜕𝑥
+

𝜕𝑀

𝜕𝑥
) 𝛿𝑤|

0

𝐿
= 0 

𝑁(1)𝛿 (
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

)|
0

𝐿

= 0, 𝑀(1)𝛿 (
𝜕2𝑤

𝜕𝑥2 )|
0

𝐿

= 0 

                                                                                  (11) 

 

In the above Equation, the stiffness coefficients A11 and 

D11 are calculated according to the subsequent Equation. 

 

𝐴11 = ∑ ∫ (
𝐸(𝑖)

1 − (𝜈(𝑖))2
)

ℎ𝑖

ℎ𝑖−1

𝑑𝑧

𝑛

𝑖=1

, 𝐷11 = ∑ ∫ (
𝐸(𝑖)

1 − (𝜈(𝑖))2
) 𝑧2

ℎ𝑖

ℎ𝑖−1

𝑑𝑧

𝑛

𝑖=1

 

                                                                                  (12) 

To obtain the differential conditions for dynamic 

equilibrium in terms of displacement, it is assumed that 

the in-plane inertia is negligible. Therefore, the first term 

in “Eq. (11)” can be ignored [19]. Given that the beam 

is clamped at both ends, the classical and higher-order 

boundary conditions are provided by the subsequent 

Equation. 

 

(13) 
𝛿𝑢|0

𝐿 = 0, 𝛿 (
𝜕𝑤

𝜕𝑥
)|

0

𝐿

= 0, 𝛿𝑤|0
𝐿 = 0 

𝑁(1)|
0

𝐿
= 0, 𝑀(1)|

0

𝐿
= 0 

 

Therefore, according to “Eqs. (11) and (13)”, the 

resultant force N is calculated using the subsequent 

Equation. 

 

(14) 𝑁 =
𝑏𝐴11

2𝐿
∫ (

𝜕𝑤

𝜕𝑥
)

2𝐿

0
𝑑𝑥  

 

Based on the above information, the second Equation of 

“Eq. (11)” is rewritten regarding the displacements as 

follows: 

 

(15) 

𝑏𝐷11(1 − 𝑙𝑠
2𝛻2)

𝜕4𝑤

𝜕𝑥4 − (1 −

(𝑒𝑎)2𝛻2)𝑁
𝜕2𝑤

𝜕𝑥2 = (1 −

(𝑒𝑎)2𝛻2) (𝜌𝐼
𝜕4𝑤

𝜕𝑥2𝜕𝑡2 − 𝜌𝐴
𝜕2𝑤

𝜕𝑡2 )  

 

To solve the above Equation, the function w(x) is 

initially assumed as follows: 

 

(16) 𝑤(𝑥, 𝑡) = 𝜒𝑚(𝑥)𝜑𝑚(𝑡)  
 

Considering the beam's clamped ends, the function χm(x) 

is assumed as follows [19]: 

 

(17) 𝜒𝑚(𝑥) = 1 − 𝑐𝑜𝑠 (
2𝑚𝜋

𝐿
𝑥)  

 

“Eq. (16)” is substituted into “Eq. (15)”, and after 

differentiating and using the Galerkin technique, the 

subsequent Equation is obtained. 

 

  (18) 
𝑑2𝜑𝑚(𝑡)

𝑑𝑡2 + 𝜔2 (𝜑𝑚(𝑡) + 𝜂(𝜑𝑚(𝑡))
3

) = 0  

  

(19) 
𝑎1 = ∫ (1 − (𝑒𝑎)2𝛻2)

𝐿

0
(𝜌𝐴𝜒𝑚(𝑥) −

𝜌𝐼
𝑑2𝜒𝑚(𝑥)

𝑑𝑥2 ) 𝜒𝑚(𝑥)𝑑𝑥  

  

(20) 
𝑎2 = ∫ 𝑏𝐷11(1 −

𝐿

0

𝑙𝑠
2𝛻2)

𝑑4𝜒𝑚(𝑥)

𝑑𝑥4 𝜒𝑚(𝑥)𝑑𝑥  

  



23                                  Ahmad Haghani 

  

 

(21) 
𝑎3 = − (

𝑏𝐴11

2𝐿
∫ (

𝑑𝜒𝑚(𝑥)

𝑑𝑥
)

2𝐿

0
𝑑𝑥) ∫ (1 −

𝐿

0

                     (𝑒𝑎)2𝛻2)
𝑑2𝜒𝑚(𝑥)

𝑑𝑥2 𝜒𝑚(𝑥)𝑑𝑥  

  

(22) 𝜔2 =
𝑎2

𝑎1
, 𝜂 =

𝑎3

𝑎2
  

 

“Eq. (18)” is the Duffing Differential Equation, and its 

general initial conditions are as follows. To find the 

solution to this Equation, the homotopy technique is 

applied. 

 

(23) 𝜑𝑚(0) = 𝑊,
𝑑𝜑𝑚(𝑡)

𝑑𝑡
|

𝑡=0
= 0  

4 HOMOTOPY SOLUTION TECHNIQUE 

The homotopy technique is considered one of the most 

efficient semi-analytical techniques for solving non-

linear differential Equations, which has rapid and 

successful convergence. Generally, a non-linear 

differential Equation can be considered as shown below, 

where N is the non-linear operator, g(x) is the unknown 

operation, and x is the independent variable [20]. 

 

(24) 𝑁[𝑔(𝑥)] = 0  
 

The homotopy combination is generally expressed by 

the subsequent Equation [20]. 

 

(25) 

𝛨[𝜇(𝑥; 𝑞); 𝑔0(𝑥), 𝐻(𝑥), ℎ, 𝑞] =  

(1 − 𝑞){𝐿[𝜇(𝑥; 𝑞) − 𝑔0(𝑥)]}  

− 𝑞ℎ𝐻(𝑥)𝑁[𝜇(𝑥; 𝑞)] 
Where g0(x) is the primary guess function for g(x), H(x) 

is a non-zero supplementary function, h is a non-zero 

supplementary factor, and L is a linear differential 

operator. Additionally, by varying the factor q from zero 

to one, the solution transitions from the primary guess 

function to the exact solution. When the right side of 

“Eq. (25)” is set to zero, the zero-order deformation 

Equation is obtained [20]. 

 

(26) 
(1 − 𝑞){𝐿[𝜇(𝑥; 𝑞) − 𝑔0(𝑥)]} = 
  𝑞ℎ𝐻(𝑥)𝑁[𝜇(𝑥; 𝑞)] 

 

In the above Equation, if the value of q is set to zero, 

μ(x;0)=g0(x) is obtained. Since the auxiliary function and 

auxiliary factor are non-zero, when q equals one, 

μ(x;1)=g(x) is obtained. Additionally, the m-th 

derivative of g(x) is calculated as follows [20]: 

 

(27) 𝑔𝑚(𝑥) =
1

𝑚!

𝜕𝑚𝜇(𝑥;𝑞)

𝜕𝑞𝑚 |
𝑞=0

  

 

According to Taylor's theorem, the function g(x) can be 

expanded as a series according to the subsequent 

Equation. 

 

(28) 𝑔(𝑥) ≈ ∑ 𝑔𝑘(𝑥)𝑚
𝑘=0   

 

Additionally, the governing Equation for gm(x) is 

expressed as follows: 

 

(29) 
𝐿[𝑔𝑚(𝑥)] = 𝜒𝑚𝐿[𝑔𝑚−1(𝑥)] 
    +ℎ𝐻(𝑥)𝑅𝑚(�⃗�𝑚−1(𝑥), 𝑥)  

 

In the above Equation, χm and Rm are calculated 

according to the subsequent Equations. 

 

(30) 𝜒𝑚 = {
0 𝑚 ≤ 1
1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

  

(31) 
𝑅𝑚(𝑔𝑚−1(𝑥), 𝑥) = 

 
1

(𝑚−1)!
{

𝜕𝑚−1

𝜕𝑞𝑚−1 𝑁[∑ 𝑔𝑛(𝑥)+∞
𝑛=0 𝑞𝑛]}|

𝑞=0
 

 

Using this method, “Eq. (18)” with the initial conditions 

given by “Eq. (23)” is solved [19], and the non-linear NF 

is calculated as follows: 

 

(32) �̃�2 = 𝜔2 (141𝜂2𝑊4+384𝜂𝑊2+256)

322(4+3𝜂𝑊2)3   

 

“Eq. (32)” is non-dimensionalized as follows: 

 

(33) 𝜔∗ = √
�̃�2𝐿4𝜌𝐴

𝑏𝐷11
(𝑚)

, 𝐷11
(𝑚)

=
𝐸𝑚ℎ3

12
 

5 MECHANICAL PROPERTIES OF GPLRCS 

The beam’s material properties are shown in “Table 1”. 

 
Table 1 The material properties [13] 

GPL Epoxy Material properties 

1010 3.0 E (GPa) 

1062.5 1200  (Kg/m3) 

0.186 0.34  

 

In the present work, 3 pattern categories for the 

graphene-reinforced composite beam are considered. 

The X and O patterns represent symmetric distributions 

of GPLs, while the A pattern represents an asymmetric 

distribution of GPLs in the composite beam. The 

arrangement of these patterns is outlined in “Fig. 2”. 
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Fig. 2 Beam's GPL Distribution Patterns. 

 

In this paper, it is assumed that NL is an even number of 

layers of the graphene-reinforced composite. VGPL is the 

GPLs volume fraction, which is computed for various 

patterns through the subsequent Equations [13]. 

 

(34) 𝑋 − 𝐺𝑃𝐿𝑅𝐶: 𝑉𝐺𝑃𝐿
(𝑖)

= 2�̑�𝐺𝑃𝐿
|2𝑖−𝑁𝐿−1|

𝑁𝐿
  

  

(35) 𝑂 − 𝐺𝑃𝐿𝑅𝐶: 𝑉𝐺𝑃𝐿
(𝑖)

= 2�̑�𝐺𝑃𝐿 (1 −
|2𝑖−𝑁𝐿−1|

𝑁𝐿
)  

  

(36) 𝐴 − 𝐺𝑃𝐿𝑅𝐶: 𝑉𝐺𝑃𝐿
(𝑖)

= �̑�𝐺𝑃𝐿
|2𝑖−1|

𝑁𝐿
  

 

In these Equations, 𝑉𝐺𝑃𝐿
(𝑖)

 is the GPLs volume fraction for 

the i-th beam layer. �̂�𝐺𝑃𝐿  is the total GPLs volume 

fraction in the beam, and it is computed through the 

subsequent Equation, where WGPL is the total GPLs 

weight fraction in the beam [13]. 

 

(37) �̑�𝐺𝑃𝐿 =
𝑊𝐺𝑃𝐿

𝑊𝐺𝑃𝐿+(1−𝑊𝐺𝑃𝐿)(
𝜌𝐺𝑃𝐿

𝜌𝑚
)
  

 

To compute the effectiveness of each layer Young's 

modulus of the graphene-reinforced composite beam, 

the altered HT micromechanics framework is employed, 

which is expressed by the subsequent Equation [17]. 

 

(38) 

𝐸(𝑖) =
3

8
(

1+𝜉𝐿𝜂𝐿𝑉𝐺𝑃𝐿
(𝑖)

1−𝜂𝐿𝑉𝐺𝑃𝐿
(𝑖) ) 𝐸𝑚 +

5

8
(

1+𝜉𝑇𝜂𝑇𝑉𝐺𝑃𝐿
(𝑖)

1−𝜂𝑇𝑉𝐺𝑃𝐿
(𝑖) ) 𝐸𝑚  

𝜂𝐿 =
(

𝐸𝐺𝑃𝐿
𝐸𝑚

)−1

(
𝐸𝐺𝑃𝐿

𝐸𝑚
)+𝜉𝐿

, 𝜂𝑇 =
(

𝐸𝐺𝑃𝐿
𝐸𝑚

)−1

(
𝐸𝐺𝑃𝐿

𝐸𝑚
)+𝜉𝑇

  

 

In the above Equation, ξL and ξT are the GPLs geometric 

factors, which are computed using the subsequent 

Equation. In this Equation, tGPL bGPL, and aGPL are the 

thickness, width, and length of the GPL nanofillers, 

sequentially. 

 

(39) 𝜉𝐿 = 2 (
𝑎𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
) , 𝜉𝑇 = 2 (

𝑏𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
)  

Based on the mixtures rule, for each layer of the 

graphene-reinforced composite beam, the density ρ(i) 

and Poisson's ratio ν(i) are computed using the 

subsequent Equations. In these Equations, 𝑉𝑚
(𝑖)

= 1 −

𝑉𝐺𝑃𝐿
(𝑖)

 is the matrix volume fraction for every layer. 

 

(40) 𝜌(𝑖) = 𝜌𝑚 𝑉𝑚
(𝑖)

+ 𝜌𝐺𝑃𝐿 𝑉𝐺𝑃𝐿
(𝑖)

   

  
(41) 𝜈(𝑖) = 𝜈𝑚 𝑉𝑚

(𝑖)
+ 𝜈𝐺𝑃𝐿 𝑉𝐺𝑃𝐿

(𝑖)
   

6 ASSESSMENT OF SOLUTION INDEPENDENCE 

WITH RESPECT TO THE NUMBER OF LAYERS 

Figure 3 illustrates the alteration of the dimensionless 

non-linear NF ω∗ with respect to the maximum non-

dimensional transverse displacement W*=W/h for the 

case, where λNL=ea/L=0.01<λSG=ls/L=0.02 and with an 

X-GPLRC distribution. Table (1) provides the 

mechanical specifications, with L/h=20 and the number 

of layers ranging from 6 to 14.  

As can be seen from the graph, the curves for 10 to 14 

layers converge, indicating that the solution becomes 

independent of the number of layers for 10 or more 

layers. 

 

 

 

(a) 
 

 

(b) 
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(c) 

Fig. 3. Variation of the dimensionless non-linear NF 

regarding the maximum non-dimensional transverse 

displacement of the beam for (a) WGPL=0.3%, (b) 

WGPL=0.5%, and (c) WGPL=0.7% for various numbers of 

layers. 

7 SOLUTION VALIDATION 

To validate the solution for an isotropic material, the 

results of the dimensionless non-linear NF ω∗ regarding 

the maximum non-dimensional transverse displacement 

W* are compared with the results of Faghidian [19] for 

two cases: λNL=0.01<λSG=0.02 and λNL=0.02>λSG=0.01, 

assuming L/h=20. The comparison shows very good 

agreement. Figure (4) illustrates the result of this 

comparison. 

 

 
Fig. 4. Alteration of the dimensionless non-linear NF 

regarding the maximum non-dimensional transverse 

movement of the beam. 

8 RESULTS AND DISCUSSION 

In this section, the effects of variations in WGPL, non-

local factors, the SGT, and the ratio L/h on the 

dimensionless non-linear NF are examined. Table 1 

provides the mechanical specifications considered for 

the present work. Figure 5 illustrates the impact of 

varying WGPL on the dimensionless non-linear NF for O-

, X-, and A-GPLRC distributions with L/h=20.  

 
(a) 

 
(b) 

 
(c) 

Fig. 5 Effect of varying WGPL on the dimensionless 

non-linear NF for: (a): O-GPLRC, (b): X-GPLRC, and (c): 

A-GPLRC distributions. 

 

As illustrated in the Figure, increasing WGPL from 0.3% 

to 0.7% results in a rise in the NF. This can be attributed 

to the ibeam's enhanced rigidity as WGPL increases for all 

three GPL distributions. Additionally, the NF is higher 

in the case where λNL =0.01<λSG =0.02 compared to 

when λNL =0.01>λSG =0.02. Moreover, the highest 

dimensionless non-linear NF occurs first in the X-

GPLRC distribution, then in the A-GPLRC distribution, 

and finally in the O-GPLRC distribution. Figure 6 

illustrates the effect of changing the L/h ratio on the 
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dimensionless non-linear NF for O-GPLRC, X-GPLRC, 

and A-GPLRC distributions, with WGPL =0.5% and λNL 

=0.01<λSG =0.02. As seen from the figure, for all three 

distributions, O-GPLRC, X-GPLRC, and A-GPLRC, the 

dimensionless non-linear NF reduces with rising L/h 

ratio. 

 

 
(a) 

 

(b) 

 
(c) 

Fig. 6 Impact of varying L/h ratio on the dimensionless 

non-linear NF for: (a): O-GPLRC, (b): X-GPLRC, and (c): 

A-GPLRC distributions. 

9 CONCLUSIONS 

The present work investigates the non-linear free 

vibrations of EB beams reinforced with GN, considering 

the NLSGT. The elastic properties of the graphene 

nanoplatelet-reinforced nanocomposites were computed 

through the mixtures rule and the HT model. The 

governing Equations for the EB nanobeam were 

extracted through the virtual work law, NLSGT, and the 

VK strain field. Finally, the governing Equations were 

solved through the homotopy technique, and the impacts 

of varying GPL weight fraction, GPL distribution 

patterns, and the L/h ratio on the non-linear NF were 

examined. A summary of the findings is as follows: 

• For all three GPL distributions, increasing WGPL 

yields in rising in the non-linear NF. This results 

from the increased beam stiffness caused by the 

higher WGPL. 

• The NF is higher when λNL<λSG compared to when 

λNL>λSG. 

• The highest non-linear NF occurs first in the X-

GPLRC distribution, then in the A-GPLRC 

distribution, and finally in the O-GPLRC 

distribution. 

• In all three GPL distributions, the non-linear NF 

reduces with a rise in the L/h ratio. 

10 NOMENCLATURE 

Definition  Parameters  

Elastic modulus E  
Density   

Poisson’s ratio  
non-dimensional natural 

frequency * 

Volume fraction V 
Weight fraction W 
non-local factor ea 
SG length ls 
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1 INTRODUCTION 

There are many engineering problems, such as those 

appearing in mechanical vibrations which are nonlinear, 

therefore most of them are solved by using numerical 

approaches, while the others are solved via the analytical 

methods. In the numerical methods, stability and 

convergence should be considered to avoid divergent or 

inappropriate results. On the other hand, many different 

analytical methods have been recently introduced to 

eliminate these issues. In this way, Kumar [1] presented 

a comprehensive literature review on the application of 

the Rayleigh-Ritz method to analyze vibration, static, 

and buckling characteristics of beams, shells, and plates 

by employing different theories. The governing 

Equations were obtained using the Rayleigh-Ritz 

method to study the effects of constituent volume 

fractions, slenderness ratios, and the beam theories on 

the natural frequencies by Pradhan and Chakraverty [2]. 

Yserentant [3] displayed some new error estimates for 

the eigenvalues and Eigen functions obtained by the 

Rayleigh-Ritz method, the common variational method 

to solve Eigen problems. Natural frequencies of 

rectangular plates were obtained by employing a set of 

beam characteristic orthogonal polynomials in the 

Rayleigh-Ritz method by Bhat [4].  

A new implementation was developed by Lu et al. [5] 

based on a modified variational principle in which the 

Lagrange multipliers were replaced at the outset by their 

physical meaning so that the discrete Equations were 

banded. Thomas et al. [6] examined the conservation law 

structure of the continuous Galerkin method for solving 

the scalar, advection-diffusion Equation as a model 

problem. Demkowicz and Gopalakrishnan [7] discussed 

the principles and methodology of the discontinuous 

Petrov Galerkin method with optimal test functions and 

provided a literature review on the subject. Thomas et al. 

[8] developed a computational formulation that 

combines the advantages of discontinuous Galerkin 

methods with the data structure of their continuous 

Galerkin counterparts.  Wazwaz [10] proposed a 

powerful modification of the Adomian decomposition 

method, introduced in the 1970s to the 1990s by George 

Adomian [9], to accelerate the rapid convergence of the 

series solution.  Moreover, a simple method to determine 

the rate of convergence of the Adomian decomposition 

method was introduced by Hosseini et al. [11]. In this 

way, the application of the Adomian method for 

solving fuzzy systems of linear Equations was 

considered by Allahviranloo [12].  

The solution of an initial value problem of the parabolic 

type was discussed by Tatari et al. [13] to propose an 

alternative method of solution, one not based on finite 

difference or finite element or spectral methods. 

The Kantorovich theorem, or Newton–Kantorovich 

theorem, as a mathematical statement on the semi-local 

convergence of Newton's method, was first stated 

by Leonid Kantorovich to form the Banach fixed-point 

theorem [14]. A Taylor–Galerkin method was described 

to derive finite element schemes for the scalar 

convection Equation in one or more space dimensions 

based on the forward-time Taylor series expansions by 

Donea [15]. Several explicit Taylor-Galerkin-based time 

integration schemes were proposed for the solution of 

both linear and non-linear convection problems with the 

divergence-free velocity by Timmermans et al. [16]. 

Shafiee Sarvestany and Mahmoodabadi [17] 

investigated a novel combination of the firefly 

optimization algorithm and artificial bee colony for 

mathematical test functions and real-world problems. 

Mahmoodabadi, and Nemati [18] presented an optimum 

numerical method for analysis of nonlinear conductive 

heat transfer problems. Mahmoodabadi and Sadeghi 

Googhari [19] studied numerical solutions of the time-

dependent Schrodinger Equation by the combination of 

the finite difference method and particle swarm 

optimization. 

In this research work, the basic idea of the HPM is 

introduced, its application on the oscillatory Equations 

is studied, and a comparison with the exact solution is 

also made. 

2 HOMOTOPY PERTURBATION METHOD (HPM) 

To illustrate the basic ideas of the HPM, the following 

nonlinear differential Equation is considered. 

 

𝐴(𝑦) − 𝑓(𝜌) = 0,             𝜌 𝜖 Ω,                                  (1) 

 

With boundary conditions: 

 

𝐵(𝑦, 𝜕𝑦/𝜕𝑛) = 0,        𝜌  𝜖 Γ ,                                     (2) 

 

Where 𝐴  denotes a general differential operator, 𝐵 

represents a boundary operator, 𝑓(𝜌) signifies a known 

analytical function, and Γ is the boundary of domain Ω .  
Operator 𝐴 can be generally divided into two linear (𝑙) 

and nonlinear (𝑁)  parts. Therefore, “Eq. (1)” can be 

rewritten as follows: 

 

𝐿(𝑦)  + 𝑁(𝑦)  −  𝑓(𝜌) = 0.                                        (3) 

 

Hence, Homotopy function is constructed as follows: 

 

𝐻(𝜌 , 𝑣) = 𝐿(𝑣) − 𝐿(𝑦0) +  𝑝𝐿(𝑦0) + 𝑝[ 𝑁 (𝑣) −
 𝑓(𝜌) ] = 0,                                                                                       (4) 

 

Where 𝜌 denoted the homotopy parameter. 

According to the homotopy perturbation idea, the 

approximate solution of “Eq. (4)” can be expressed as a 

series of the powers of 𝜌, i.e: 
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𝑦 =  𝑙𝑖𝑚
𝑝→1

𝑣 =  𝑣0 + 𝑣1 +  𝑣2 + ⋯,                                       (5) 

3 APPLICATIONS OF THE HPM FOR DUFFING 

HOLMES OSCILLATOR 

Consider the Duffing-Holmes oscillator Equation with 

the following state-space configuration: 

 

�̇�1(𝑡) =  𝑦2(𝑡).                                                                                (6) 

 

�̇�2(𝑡) =  𝑦1(𝑡) − 0.25𝑦2(𝑡) − 𝑦1
3                                       (7) 

 

By regarding:  

 

𝑦 = 𝑦1  

 

And 

 

�̇� =  𝑦2  

 

Then,  

 

�̈� + 0.25�̇� − 𝑦 + 𝑦3 = 0.                                                        (8) 

 

Therefore, the homotopy function is defined as follows: 

 

𝐻 (𝑝 , 𝑣) =  �̈� +  0.25 �̇� −  𝑣 −  𝐿(𝑦0) +  𝑝𝐿(𝑦0) +
𝑝𝑣3 = 0.                                                                                             (9) 

 

By employing 𝑣 =  𝑝0𝑣0 + 𝑝1𝑣1 + 𝑝2𝑣2 + ⋯,  and 

boundary conditions 𝑦(0) = 0.2  and �̇�(0) = 0.2,  the 

following relations are obtained: 

 

 𝐻(𝑝 , 𝑣) = (𝑝0�̈�0 + 𝑝1�̈�1 + 𝑝2�̈�2 + ⋯ ) +
0.25(𝑝0�̇�0 + 𝑝1�̇�1 +  𝑝2�̇�2 + ⋯ ) − 
(𝑝0𝑣0 +  𝑝1𝑣1 + 𝑝2𝑣2 + ⋯ ) + 𝑝1[(𝑝0𝑣0 + 𝑝1𝑣1 +
 𝑝2𝑣2 + ⋯ )3] = 0;  

𝑣0(0)  = 0.2,            �̇�0(0) = 0.2,                                         (10) 

 

By arranging the terms of the above Equation with 

respect to the power of parameter p, the following 

differential Equations are reached: 

 

𝑝0:   �̈�0 + 0.25�̇�0 −  𝑣0 = 0.        
𝑣0(0) = 0.2,         �̇�0(0) = 0.2 .                                         (11) 

 

𝑝1:   �̈�1 + 0.25�̇�1 − 𝑣1 + (𝑣0)3=  0.         
𝑣1(0) = 0,            �̇�1 (0) = 0 .                                        (12) 

 

𝑝2:   �̈�2 + 0.25�̇�2 −  𝑣2 + (3𝑣0
2𝑣1) =

0.            𝑣2(0) = 0,             �̇�2 (0) = 0 .                    (13) 

 

By utilizing the Laplace transformation on Equation 

(11), we have: 

 

[𝑠^2 𝑣0(𝑠) − 𝑠𝑣0(0) − 𝑣0(0)] + 0.25[𝑠𝑣0(𝑠) −
𝑣0(0)] − 𝑣0(𝑠) = 0.                                                 (14) 

 

Then, 

 

𝑉0(𝑠)(𝑠2 + 0.25𝑠 − 1) = 0.                                                 (15) 

 

Hence,  

 

𝑠1 = 0.882,     𝑠2 =  −1.132 .                                              (16) 

 

Therefore: 

 

 𝑣0 =  𝛼𝑒(−1.132𝑡) +  𝛽𝑒(0.882𝑡),          
 𝑣0(0) = 0.2,     �̇�0(0) = 0.2 .                                             (17) 

 

By employing the initial conditions, parameters 𝛼 and 𝛽 

would be computed as follows: 

 

{
𝛼 + 𝛽 = 0.2

−1.132𝛼 + 0.882𝛽 = 0.2
 →

 {
1.132𝛼 + 1.132𝛽 = 0.2264
−1.132𝛼 + 0.882𝛽 = 0.2   

                                             (18) 

 

By substituting 𝛼 =  −0.01 and 𝛽 = 0.21 for 𝛼  and 𝛽 

into Equation (12), the first term of the solution could be 

introduced as follows: 

 

𝑣0 =  −0.01𝑒(−1.132𝑡) + 0.21𝑒(0.882𝑡).                            (19) 

 

If Equation (12) is rewritten as follows: 

 

𝑣1 = �̈�1 + 0.25�̇�1 − 𝑣1 + [(𝑣0)].3                                     (20) 

 

If 

 

[𝑣0]3 = (−1 × 10−6𝑒−3.396𝑡) + (0.0093𝑒2.646𝑡) +
(6.3 × 10−5𝑒−1.382𝑡) +              (−0.0013𝑒0.628𝑡)  (21) 

 

Then, particular solution z is formulated as follows: 

 

𝑧 = 𝑎 𝑒−3.396𝑡 + 𝑏𝑒2.646𝑡 + 𝑐𝑒−1.382𝑡 + 𝑑𝑒0.632𝑡     (22) 

 

With 

 

�̇� =  −3.396 𝑎𝑒−3.396𝑡 + 2.646 𝑏𝑒2.646𝑡 −
1.382 𝑐𝑒−1.382𝑡 +  0.632 𝑑𝑒0.632𝑡                            (23) 

 

 

 

And 
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�̈� =  11.5328 𝑎𝑒−3.396𝑡 + 7.0013 𝑏𝑒2.646𝑡 +
1.9099 𝑐𝑒−1.382𝑡 + 0.3994 𝑑𝑒0.632𝑡                                (24) 

 

Therefore, 

 

9.6828𝑎 +  6.6628𝑏 +  0.5644𝑐 − 0.4426𝑑 +
[(−1 × 10−6𝑒−3.396𝑡) + (0.0093𝑒2.646𝑡) + (6.3 ×
10−5𝑒−1.382𝑡) + (−0.0013𝑒0.628𝑡)] = 0.                (25) 

 

The following algebraic Equations will determine 

unknown parameters a, b, c, and d. 

 

9.6838𝑎 − 1 × 10−6 = 0. ⇒ 𝑎 = 1.0324 × 10−7 

6.6628𝑏 + 0.0093 = 0. ⇒ 𝑏 =  −0.0014 

0.5644𝑐 + 6.3 × 10−5 = 0. ⇒ 𝑐 =  −1.1162 × 10−4 

−0.4426𝑑 − 0.0013 = 0. ⇒ 𝑑 =  −0.0029               (26) 

 

Finally, the particular solution is rewritten as follows. 

 

𝑧 = 1.0324 × 10−7𝑒−3.396𝑡 − 0.0014𝑒2.646𝑡 −
1.1262 × 10−4𝑒−1.382𝑡 − 0.0029𝑒0.628𝑡                  (27) 

 

By applying the general solution, the total relation for 𝑣1 

could be introduced as follows: 

 

𝑣1 = 𝛼𝑒−1.132𝑡 + 𝛽𝑒0.882𝑡 + (1.0327 ×
10−7𝑒−3.396𝑡 − 0.0014𝑒2.464𝑡 − 1.1262 ×
10−4𝑒−1.382𝑡 − 0.0029𝑒0.628𝑡                                             (28) 

Where, constant parameters 𝛼  and 𝛽  would be 

calculated by the following initial conditions: 

 

  𝑣1(0) = 0 , �̇�1 = 0.                                                                  (29) 

 

𝑣1 =  −0.0008 𝑒−1.132𝑡 + 0.0058𝑒0.882𝑡 + 1.0327 ×
10−7𝑒−3.396𝑡 − 0.0014𝑒2.464𝑡 − 1.1262 ×
10−4𝑒−1.382𝑡  − 0.0029𝑒0.628𝑡                                            (30) 

 

Regarding the homotopy solution, the answer to the 

problem would be defined as follows: 

 

𝑦 =  lim
𝑝→1

 ( 𝑣0 + 𝑝𝑣1 + 𝑝2𝑣2 + ⋯ )                                   (31) 

 

Finally, 

 

𝑦(𝑡) = −0.01𝑒(−1.132𝑡) + 0.21𝑒(0.882𝑡) −
0.0008 𝑒−1.132𝑡 + 0.0058𝑒0.882𝑡 + 1.0327 ×
10−7𝑒−3.396𝑡 − 0.0014𝑒2.464𝑡 − 1.1262 ×
10−4𝑒−1.382𝑡  − 0.0029𝑒0.628𝑡                                            (32) 

 

In order to validate the obtained solution by the HPM, 

the answers related to interval time [0, 10] (s) are 

compared with those of the fourth-order Runge-Kutta 

Method (RKM) in “Fig. 1”. Although the results have a 

good agreement at the initial times, the differences could 

be obviously seen at the bigger times. 

 

 
Fig. 1 Solutions found by the homotopy perturbation method and forth-order Runge-Kutta approach for different time intervals. 

 

4 CONCLUSIONS 

This research study implemented the homotopy 

perturbation method to analytically solve the nonlinear 

Dofing-Holmes Equation related to oscillatory 

dynamical systems. A closed mathematical formulation 

was determined to calculate the unknown parameter of 

the Equation at each time. The validations were 

performed through comparisons of the results with the 

numerical ones. The accuracy of the HPM was 

challenged by comparing the found results with those of 

the fourth-order Runge-Kutta technique. 
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1 INTRODUCTION 

In the aerospace industry, the efficiency of the structure 

is very important, which has made experts design these 

structures with high resistance and lightweight. Cone-

shaped structures are structures that have many 

applications in various industries, including aerospace 

industries. The use of these shells in the aerospace 

industry is in the shells of engines, spaceship fuel tanks, 

etc. The lattice conical shell and Isogrid pattern are 

shells that have a special type of stiffener inside, outside 

or both. The mass of the thick shell structure is 

significantly decreased by redesigning it into a stiffened 

thin shell, while the reduction in strength is negligible. 

The stiffeners can have a rib and stringer combination in 

a simple form or a more complex form such as 

triangular, hexagonal, or square. 

Kim  [1] In his study, developed and tested stiffeners 

isogrid composite cylinder. He performed the axial 

compression test to extract the different failure modes in 

the structures such as the criticality of the ribs, shell 

buckling, and general instability. He proved that the 

isogrid cylinder can resist structural damage due to the 

large number of load paths; In this way, the cylinder 

continues to resist the compressive load even after 

breaking one or more ribs. In the experiment, it was 

determined that rib buckling is the critical failure mode 

for isogrid cylinders. Rahimi et al. [2] analyzed the 

buckling behavior of thin-walled GFRP cylindrical 

shells with triangular lattice stiffeners formed by helical 

and circumferential ribs under axial loading. They 

investigated different models of composite isogrid 

stiffener cylindrical shells with external diameter, shell 

thickness, height, and stiffeners that have the same 

properties, and constant cross-sectional area but 

different shapes and cross-sections. Their goal was to 

observe the effects of these differences on the buckling 

resistance of structures under axial load. They concluded 

that strengthening the shells increases the buckling load 

while decreasing the ratio of the buckling load to the 

weight of the unreinforced shell.  

Totaro [3] analyzed the local buckling failure modes of 

triangular Latticed cylindrical shells in his study. He 

used accurate modeling to improve failure mode 

prediction. He verified the interaction of cross ribs and 

spiral ribs and investigated the effect of the number of 

shell sections, and the effect of pre-buckling tensile 

force on the ribs of the proposed model using finite 

element analysis. Eskandari Jam et al. [4] investigated 

the parameters affecting the design of anisogrid lattice 

conical shells and finally, they performed the buckling 

analysis of the lattice conical structure under axial 

loading, considering the relationships. Kim [5]  made 

and tested the axial compression of reinforced composite 

isogrid panels. He performed this test to identify 

different failure modes in structures such as the critical 

condition of ribs, shell buckling, and general instability. 

He proved that the isogrid plate can resist structural 

damage due to a large number of load paths. Therefore, 

the plate resists the compressive load even after breaking 

one or more ribs. In the experiment, it was found that rib 

buckling is the critical failure mode for the isogrid plate. 

Sorrentino et al. [6] used coil robotics technology to 

fabricate an isogrid cylinder, made of composite 

materials. They performed geometric and structural tests 

on these structures and compared their results with the 

results obtained from hand-made structures. Their 

comparison determined the better quality of the robotic 

coil structures because these structures compiled with 

the geometrical changes and showed greater resistance 

to the axial compressive load.  

Belardi et al. [7] presented a method for structural 

analysis and optimal design of composite anisogrid 

conical lattice structures subjected to various external 

loads. In this method, a finite element parametric 

modeling technique is used, which can manage all the 

geometrical parameters of the composite anisogrid 

lattice structure. Hao et al. [8] investigated the 

compression behavior of a natural fiber-based isogrid 

lattice cylinder made from pineapple leaf as fiber and 

phenol-formaldehyde resin as matrix, which is eco-

friendly natural. They concluded that the lattice cylinder 

combined with the shell can be used to make a sandwich 

structure for use in parts of the building. Akl et al. [9] 

selected the best angle for the orientation of the 

stiffeners by presenting a logical design approach to 

optimize the static and dynamic characteristics of 

reinforced plates in the form of an isogrid.  

Li et al. [10] designed an isogrid-shaped structure with 

T-shaped ribs to increase buckling resistance and plastic 

performance, manufactured it by 3D printing, and 

verified their model using finite element analysis. Totaro 

[11] formulated the constraint design Equations for 

longitudinally compressed lattice panels in buckling 

failure mode. His approach focuses on minimizing mass 

using analytic minimization. His approach was 

confirmed by the finite element results. Li and Fan [12] 

designed and manufactured a composite reinforced 

cylinder with carbon fiber in the form of an isogrid by 

applying the coiling and co-curing technique. They 

deduced the failure modes from the design of this 

optimized model in terms of minimum weight. Francisco 

et al. [13] optimized an isogrid structure considering six 

different responses using the sunflower algorithm to find 

the best shape. They optimized their model using multi-

objective optimization. Pereira et al. [14] employed the 

multi-objective optimization of the isogrid pipe 

considering six objectives using the Lichtenberg 

algorithm to find the best design. In this regard, they 

used the finite element method to develop a numerical 

model for the complex structure. 
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The mentioned Studies did not consider the generative 

algorithm for modeling the lattice conical shell. They 

also did not consider the thermal conditions. In the 

current study, using the development of the generative 

algorithm for the lattice conical shell, generating and 

obtaining the angles and direction of the stiffeners on the 

conical shell will be developed. Then, using the angles 

and directions obtained for the stiffeners, the geometry 

of the lattice conical shell has been modeled in the 

SolidWorks software and analyzed for loading in the 

finite element software ANSYS Workbench under 

thermal and mechanical loads (compressive and axial). 

In order to validate the developed method, the Equations 

applied to the simple conical pressure vessel are derived. 

Finally, the results obtained from the finite element 

analysis are compared and validated with the numerical 

solution. 

2 DEVELOPED ALGORITHMS 

Generative algorithm development is a process that uses 

computational methods to achieve an optimizing 

algorithm that can optimize a set of data. In a generative 

algorithm development process, the required data and 

initial constraints are defined by the user, and the 

required outputs are requested from the algorithm. The 

algorithm developer must still use insight, knowledge, 

and intuition to develop the algorithm.  

In this study, an algorithm is developed for the lattice 

conical shell that receives the large radius (R1) and the 

small radius (R2) of the incomplete cone. The inputs also 

contain the cone length (L) and initial stiffener angle. 

For this developed generative algorithm, a flowchart is 

presented that shows the implementation of this 

algorithm step by step (“Fig. 1”). 
The mentioned flowchart includes the steps that will 

display the required output. In order to specify the 

algorithm, the steps are explained: 

Step 1- The large radius (R1), the small radius (R2) of the 

incomplete cone (a cone that has been cut on one or both 

sides), the length of the lattice conical shell (L), angle of 

the stiffeners (angle of stiffeners with  flange) (β) and the 

spiral resolution (n=10000) are received from the user. 

Step 2- Based on the received information, the conical 

shell is plotted as a three-dimensional diagram. 

Step 3- The value of Z is specified using the linspace 

function, which creates a linearly spaced vector (equally 

spaced). 

Step 4- The values of X and Y are determined according 

to the Equation governing the cone as well as the values 

of i and Z that have been selected in advance. 

Step 5- The direction and angle of the first stiffener are 

determined and plotted in three dimensions by 

determining the values of X, Y, and Z.  

Step 6 - The algorithm checks that if i=11, show the End, 

and if it is not, add one unit to it and return to step 4. The 

values of i must be less than or equal to 11. Choice 11 is 

to prevent stiffeners from overlapping each other. 

 

 

 

Fig. 1 Flowchart of the developed generative algorithm 

for lattice conical shell. 

 

 

The algorithm used in this study is coded in MATLAB 

software (“Fig. 2”). 

 

 
Fig. 2 Generating stiffeners by the developed generative 

algorithm for lattice conical shell. 
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3 MODELING 

Whereas the modeling of the lattice conical shell is 

difficult due to its complex structure, the developed 

algorithm verified the mathematical model of the 

stiffener. Therefore, this pattern is designed in 

SolidWorks software as a three-dimensional model.  

3.1. Introduction of The Structure 

The lattice conical shell is an incomplete cone (a cone 

that has been cut on one or both sides). This shell has 

dimensional specifications and these values are 

presented in “Table 1” for the mentioned structure. 

 
Table 1 Dimensional characteristics of lattice conical shell 

Parameter Value 

Large radius (R1) 0.5 m 

Small radius (R2) 0.446 m 

Slope of the cone (𝜃) 3 deg 

Length of the cone (L) 1 m 

 

In this study, a lattice conical shell made of Inconel 718 

material is designed. Inconel 718 is a nickel-chromium 

superalloy that has high strength and corrosion 

resistance and is used in the temperature range of -253 

to 704 degrees Celsius. The hardness of the alloy 

increases through the aging process, and its production 

and shaping capabilities are also reachable. This alloy 

has good weldability and its resistance to cracking 

caused by stress is also very desirable. The presence of 

features such as ease and economy in manufacturing 

along with high tensile strength, desirable fatigue, creep 

behavior, and acceptable rupture strength have made 

Inconel 718 widely used in the industry. The mechanical 

and thermal properties of Inconel 718 are presented in 

“Table 2”. 

 
Table 2 Mechanical and thermal characteristics of Inconel 

718 [15] 

Properties Value 

Density 8170 (
𝑘𝑔

𝑚3⁄ ) 

Ultimate tensile strength 1243 MPa 

Yield tensile strength 1154 MPa 

Modulus of elasticity 200 GPa 

Elongation at the breaking %18 

thermal conductivity 11.4 w/m-k 

3.2. Modeling Method 

The modeling of the lattice conical shell with the 

mentioned dimensions has been done in the SolidWorks 

software. For the modeling method, a flowchart is 

developed that shows step-by-step modelling of the 

lattice conical shell (“Fig.  3”). 

 

 

 
Fig. 3 Conical shell modeling flowchart. 

 

The above flowchart contains steps that show how to 

model. The step-by-step explanation to clarify the 

details: 
Step 1- To model the lattice conical shell, the geometry 

of the cone is generated with the large radius (R1), the 

small radius (R2), the slope of the cone (θ), and the 

length of the cone (L). 
Step 2- To model stiffener, the results of the algorithm 

are used, and Revolution and Pitch are calculated. Then, 

the first stiffener is modeled by drawing the geometry of 

the cross-section and using the Sweep command. 

Step 3- Another stiffener is modeled, by Symmetrization 

the first stiffener is in the opposite direction. The 

CirPattern command is used to generate stringers 

(N=24) on the lattice conical shell. 

Step 4- To increase the strength and resistance to 

buckling, stiffeners are created horizontally (in line with 

the cone) and more are generated with the CirPattern 

command. 

Step 5- Two flanges are modeled at the beginning and 

end of the shell so that it can be loaded. To prevent 

buckling near the flanges, two ribs are modeled which 

have the same height as the other stiffeners. 

Step 6 - Fillets are used to reduce the stress concentration 

and distribute the stress more evenly between the lattice 

conical shell and the stiffeners. 

The final geometry is prepared for finite element 

analysis (“Fig. 4”). 
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Fig. 4 Final model of lattice conical shell. 

4 FINITE ELEMENT ANALYSIS 

The lattice conical shell should be subjected to loading 

after modeling. The analysis of this shell has been done 

in the ANSYS finite element software of the Static 

Structural part. In this analysis, very fine shell meshing 

is considered to get the best result (“Fig. 5”). A 

tetrahedral element has been used for finite element 

analysis. 
 

 

Fig. 5 Meshed lattice conical shell. 

 

In order to converge the results of the analysis related to 

the lattice conical shell, the mesh independency study 

was performed for this shell (“Fig. 6”). In “Fig. 7”, the 

horizontal axis corresponds to the number of elements 

and the vertical axis corresponds to the maximum 

stresses on the lattice conical shell. The results show that 

the convergence of the analysis is acceptable. In the 

loading conditions section, the internal pressure force, 

the axial pressure force on the primary flange, and the 

vertical pressure force on the primary flange are applied 

(“Fig. 8”).  

 
Fig. 6 Mesh independency study diagram for lattice 

conical shell. 
 

 

 
Fig. 7 The temperature gradient applied to the shell. 

 

 

 
Fig. 8 Lattice conical shell under loading conditions. 
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Considering safety requirements, manufacturability, 

uncertainty in material strength, operating conditions, 

and possible defects in lattice shells, the value of internal 

pressure is considered with a safety factor of 2 (The 

value of internal pressure is 0.3 MPa, which becomes 0.6 

MPa by considering the safety factor of 2). Also, the 

temperature gradient has been applied to the lattice 

conical shell (“Table 3”). The lattice conical shell is 

modeled in such a way that the heat source is adjoined 

to the large flange. As a result, the temperature in the 

large flange is higher and the temperature decreases as it 

moves away from the heat source (“Fig. 7”). In applying 

the boundary conditions, the outer surface of the conical 

end flange is under the remote displacement support 

condition, and all its degrees of freedom are set to zero. 

 
Table 3 Mechanical loading and thermal conditions applied 

to the lattice conical shell 

Applied Load Value 

Internal Pressure 0.6 MPa 

Axial Compressive Force 30000 N 

vertical compressive force 1500 N 

Temperature Gradient 130-150 ℃ 

 

The final model of the lattice conical shell is finite 

element analysis after applying the loading conditions.  
The shell has been analyzed in terms of the equivalent 

stress value, maximum stress value, deformation, and 

necessary safety factor. 

5 RESULTS 

The finite element method is used to study the lattice 

conical shell under axis compressive, internal 

compressive, vertical compressive, and thermal gradient 

loads. In general, the aim of the finite element method of 

lattice conical shell is to provide a practical method to 

study the behavior of this structure. 
The lattice conical shell has been analyzed under the 

mentioned loads. The lattice conical shell has been 

investigated in terms of equivalent stress and 

deformation. The results of finite element analysis are 

shown in “Figs. 9-15”. 

According to the figures and diagrams, the following 

results are deduced: 

1. It can be seen that the maximum stress occurred at 

the intersection of the horizontal stiffeners and end 

flange and the minimum stress occurred at the 

flanges. 

2. Considering that the internal pressure is applied to 

the lattice conical shell, the inside of the shell is 

uniform, but the outside of the shell has stiffeners 

and fillets, so the maximum stress outside the shell is 

more than the maximum stress inside the shell. 

3. The maximum deformation was near the initial 

flange because the axial and vertical compressive 

loads were applied to this area. The minimum 

deformation is in the end flange because this part is 

under the remote displacement support condition. 

4. The deformation in the radial direction is less than 

the deformation in the axial direction (“Fig. 13”). 

5. An increase in vertical force on the lattice conical 

shell causes an increase in the stress (Figure 15). 
6. The maximum safety factor is on horizontal 

stiffeners and flanges. 

7. The total mass of the system is about 41 kg.  

8. The final minimum safety factor is about 2 and the 

model is acceptable for the desirable industrial 

conditions.  
 

 

 

 
Fig. 9 The contour of the maximum stress on the lattice 

conical shell. 

 

 

 
Fig. 10 Different values of stress on the lattice conical 

shell. 
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Fig. 11 The maximum stress contour on the inner surface of 

the lattice conical shell. 

 
Fig. 12 Deformation contour of lattice conical shell under 

applied loads. 

 

 
Fig. 13 Deformation contour of the radial direction of the 

lattice conical shell. 

 
Fig. 14 Safety factor contour for lattice conical shell. 

 

 

 
Fig. 15 The effect of changing the vertical force on the 

value of stress. 
 

6 VALIDATIONS 

To confirm the performed finite element method, the 

stress on the pressure vessel is investigated. The 

Pressure vessel is modeled in SolidWorks software (The 

dimensions of this Pressure vessel are equal to the 

dimensions of the lattice conical shell). The pressure 

vessel is subjected to internal pressure. The pressure 

vessel is implemented for finite element analysis in the 

ANSYS Workbench and its results are obtained (“Fig. 

16”). Figure 17 shows that according to the linear 

Equation (1), the stress value (σ) increases with the 

increase of the radius (R).  

 

( ) (0.44 ) 53.22MPa R =  +  (1) 
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Fig. 16 The value of stress in different radii of the cone. 

 

 
Fig. 17 Stress distribution diagram along the cone. 

 

Therefore, the stress formula can also be used in pressure 

vessels. To prove the stress value obtained from the 

finite element analysis, The analytical solution of the 

pressure vessel is discussed. In the analytical method, 

the stress in each direction is according to “Fig. 18”. 

Considering that the value of 𝜎3 is much smaller than the 

value of 𝜎2 and 𝜎1, then it is ignored. 

 

 

 
Fig. 18 Stress in coordinate Axis. 

To obtain the stress value in the radial direction (σ1), an 

element of the pressure vessel is considered (“Figs. 19 

and 20). 

 

 
Fig. 19 Effective parameters in the pressure vessels (𝜎1). 
 

 

Fig. 20 Element of the pressure vessel. 
 

The area of shell element is obtained from Equation (2): 

 

sin( ) cos
2

A ab ab


 = − =  (2) 

 

The values of (a) and (b) in Equation (2) are equal to 

(Equation (3)): 

 

,
cos

dl
a b t


= =  (3) 

 

By inserting the values of 3 in Equation (2), it is 

obtained: 

 

A t dl=   (4) 
 

The force of the element is obtained from Equation (5): 

 

(2 )ElementForce P t dl=    (5) 
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Because this shell has a thin thickness and this shell is 

under internal pressure and the strain vector is zero, the 

problem is solved in the form of plane stress. According 

to “Fig. 19”, if an element of pressure vessels is 

considered, the equivalence Equation in the radial 

direction (σ1) is equal to: 

 

1(2 ) (2 )t dL P r dL  =   (6) 
 

The stress in the radial direction (σ1) is obtained from 

Equation (7): 

 

1

Pr

t
 =  (7) 

 
Table 4 Values of effective parameters in pressure vessel 

 

Parameter Value 

Internal Pressure (P) 0.6 MPa 

Middle radius (r) 473×10-3 m 

Slope of the Cone (𝜃) 3 deg 

Length (L) 1 m 

Thickness (t) 1×10-3 m 

 
The value of stress in the radial direction on an element 

of pressure vessel is obtained, by putting the values 

(“Table 4”) in Equation 7: 

 

6 3
6

1 3

0.6 10 473 10
283.8 10

1 10
Pa

−

−

  
= = 


 (8) 

 

To obtain the stress value in the longitudinal 

direction (𝜎2), the element of the pressure vessel is 

considered (“Fig. 21”). 

 

 
Fig. 21 Effective parameters in the pressure vessel (𝜎2). 

 

 

Static equilibrium is in the longitudinal direction (𝜎2). 

The value of longitudinal (tensile) stress is equal to: 

 
2

2 (2 ) cos P ( r )rt     =   (9) 

 

The stress in the longitudinal direction (𝜎2) is obtained 

from Equation (10): 

 

2

Pr

2 cost



=



 (10) 

 

The value 𝜎2 is obtained, by substituting the values 

(“Table 4”) into “Eq. (10)”: 

 
6 3

6

2 3

0.6 10 473 10
142.09 10

2 (1 10 )cos(3)
Pa

−

−

  
= = 

 
 (11) 

 

According to Mohr's circle, since 𝜎2< 𝜎1, then the value 

of 𝜎1 is accepted as the final stress in the element (“Fig. 

22”(. 
 

 

 

Fig. 22 Mohr's circle for (𝜎1 ,𝜎2). 
 

In the finite element analysis, the stress value at the 

radius of 473×10-3 m is equal to 263.4 × 106 Pa, which 

is close to the value obtained from the analytical 

solution. The value of the Relative Error is equal to: 
 

6 6

6

263.4
%

(283.8 10 ) ( 10 )
7.18

283.8 10
RE

 − 
= =


 (12) 

The results obtained from the analytical solution using 

the finite element method have a minor difference from 

the results obtained from the numerical solution, so it 

can be concluded that the numerical results of the lattice 

conical shell are acceptable. 
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7 CONCLUSIONS 

In this study, the development of a generative algorithm 

related to the lattice conical shell and the modeling of 

this lattice conical shell under mechanical and thermal 

loads were discussed. To this purpose, an algorithm for 

the lattice conical shell has been developed in MATLAB 

software, which generates the stiffener pattern on the 

conical shell. Using this model, the lattice conical shell 

was modeled in SolidWorks software and analyzed for 

loading in ANSYS Workbench. The lattice structure 

reduced the total mass significantly, while the structure 

has acceptable resistance to mechanical loading and the 

final safety factor is acceptable.   

1. The combination of ribs and strings is very resistant 

to loads. 

2. The maximum stress is at the intersection of the 

horizontal stiffeners with the end flange. 

Considering that the safety factor of this part is 

acceptable, the modeling is reliable. 

3. This structure can also be used in aerospace systems 

due to its low mass and high resistance. The design 

with minimal mass can have a significant effect on 

fuel reduction. 

4. Whereas the safety factor of the final model is about 

2 and the model is acceptable for desirable industrial 

conditions, the total system mass is about 41 kg. 

5. Whereas the real internal pressure of the system is 

about 0.3 MPa, the system is designed for 0.6 MPa. 

This subject increases the total safety factor and 

reliability of the system.  
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1 INTRODUCTION 

Lost foam casting is a type of evaporative pattern casting 

process. This method is very similar to precision casting, 

except that foam is used instead of wax [1]. The main 

advantage of this method over precision casting (with 

wax) is the elimination of the melting step and removing 

the wax from the mold. This is possible by using the low 

melting temperature and very low density of the foam 

[2]. This method is used in casting aluminum, 

magnesium, gray, and ductile iron [3]. The lost foam 

casting process makes it possible to produce complex 

parts in a cheaper way [4]. In common methods, cores 

are needed to create internal cavities, and the use of the 

lost foam method eliminates this need. In addition, this 

casting process is capable of producing parts with 

excellent surface smoothness [5]. This process does not 

require an exit angle. Therefore, the mold does not have 

any slit lines and this leads to no pleats. The absence of 

pleats and the absence of a slope for the exit of the 

pattern causes the reduction or elimination of polishing 

operations and final operations (such as heat treatment, 

machining, etc.). Reducing or eliminating the final 

casting operations reduces the amount of wastage and 

material waste during the process. This also leads to a 

reduction in the total cost [6]. Figure 1 shows an 

example of a complex piece produced by the lost foam 

method. 

 

 
Fig. 1 Complex piece produced by the lost foam method . 

 

In lost foam casting, patterns are made of expanded 

polystyrene (foam) and placed in sand without glue [7]. 

The chemical composition of foam and the schematic of 

foam production steps are shown in “Fig. 2”. One of the 

most important advantages of using a foam pattern is the 

elimination of the core in the molding process [8]. The 

desired pattern is exactly the same as the part in terms of 

shape and size and is made of foam. The final pattern 

may consist of one or more pieces that are finally glued 

together to create a unified pattern. The feeding and 

runner systems are also made of foam and are attached 

to the pattern [9]. 

 

 

Fig. 2 (a): The chemical composition of foam, (b): Foam 

balls, and (c): Foam sheet. 

 

Before putting the foam into the mold, the foams are 

coated [10]. The most important purpose of using the 

coating is to keep the sand and prevent it from collapsing 

[11]. Applying the coating also keeps the heat in the melt 

and increases its fluidity. These coatings maintain 

dimensional accuracy by preventing the shape of the 

foam pattern from changing during molding and 

vibration [12]. The chemical composition of the coating 

includes a powder, a refractory material, an adhesive, 

and a suspending solvent. Refractory material usually 

consists of silica, alumina, zinc oxide, chromite, and 

aluminosilicates such as mullite and pyrophyllite [13]. 

The resulting coating is in the form of a slurry. This 

coating is applied to the pattern through dipping, 

spraying, or painting with a pen. The coating is applied 

to the pattern in several steps. The drying process is 

usually done at a temperature of 50 to 60 °C and in a 

dryer for 24 hours. The thickness of the coating is 

usually about 0.25 to 0.5 mm [14]. 

After finishing the process of coating the patterns, the 

sample is placed inside the copes. The cope is filled with 

free-flowing dry sand containing carbon and without 

glue [2]. When pouring sand around the patterns, the 

whole system vibrates in three directions. This vibration 

is because the sand completely surrounds the pattern and 

fills all the holes in the piece [12]. After molding, 

pouring molten material into the mold causes the foam 

pattern to evaporate completely. The use of low-density 

polystyrene grains in the preparation of a foam pattern 

causes the amount of gas resulting from foam 

evaporation to decrease [2]. 

The use of lost foam casting is increasing. Currently, 

Tractor Sazi Casting Company uses this method to 

produce intermediate gearbox, tractor gearbox and all 

kinds of axles. A statistic obtained from the applied 

growth of this casting method in China is shown in “Fig. 

3”. 



47                                  Sadegh Mirzamohammadi et al. 

  

 

 

 
Fig. 3 Comparison of the tonnage of production of parts 

by conventional casting methods compared to the lost foam 

method in China [6]. 

 

Many different alloys are cast by the lost foam method 

and this method can have a very favorable effect on the 

obtained mechanical properties. The casting of Mg-Gd-

Y-Zr alloys with this method has caused the maximum 

ultimate tensile strength to reach 285 MPa [3]. In the 

research of Xiao et al., it has been shown that the 

mechanical properties of gray cast iron can be improved 

using the lost foam method [15]. Jiang et al. have shown 

in their research that the pressure in the lost foam casting 

method will have a great impact on the quality of the part 

coming out of the mold [16]. The effective parameters 

in the lost foam process are very diverse and a lot of 

research has been done on this issue [14], [17]. 

 

 
Fig. 4 A hot knife that is used manually in making foam 

patterns. 

 

One of the most important factors affecting the quality 

of the final piece is the quality of the foam pattern used 

in molding. Manual cutting is the first method used in 

making these foam patterns. However, it is clearly 

known that this method can have errors. For manual 

cutting, a variety of tools, including a hot knife, have 

also been used, as shown in “Fig. 4”. Using a mechanical 

method and a foam moving machine to cut the foams can 

increase the accuracy in preparing foam patterns and 

increase economic efficiency. Little research has been 

done on the construction of semi-automatic cutting 

machines and their impact on the last foam casting. For 

this reason, in this research, the construction and use of 

a semi-automatic machine for cutting foam patterns 

were targeted. By making a semi-automatic machine for 

cutting foams, it was possible to compare foam patterns 

prepared by the semi-automatic method and manual 

method. In addition, the effect of using a semi-automatic 

hot wire machine on the characteristics of foam patterns, 

including the volume of the prepared pattern, casting, 

and economic losses, is investigated. 

2 MATERIAL AND METHODS 

In order to make a semi-automatic hot wire cutting 

machine, first a steel plate (10 x 15 cm) was prepared. 

Four steel belts with a length of 32 cm were cut. The 

steel plate was welded to the four mentioned belts. The 

above operation results in the construction of movable 

arms. Two prepared bearings were installed on the 

transmission shafts. The bearing used is shown in “Fig. 

5”. By means of screws, the bearings were connected to 

the plate and the movable arm. This action causes the 

longitudinal movement of the mobile arm and creates a 

rail (wing bush) for the movement of the arms. 

 

 
Fig. 5 Thermal elements used in the field of the device. 

 

Then a chain with number 25 was installed on the engine 

sprocket. By connecting the mentioned system to the 

metal plate, the movement of moving arms is provided 

by a three-position switch and a driver. The L-shaped 

arm is connected to the table through a screw, and two 

movable rails are placed on the horizontal and vertical 

beams of the L-shaped arm to change the angle of the 

element. The elements were connected to the current 

source using a built-in dimmer. The dimmer controls the 

heat required for cutting. This heat can be adjusted 

according to the density of the foam and the speed of 

movement of the longitudinal arm. “Table 1” shows the 

components of the semi-automatic hot wire cutting 

machine. The thickness of the wires depends on the 

application environment and varies from 0.32 to 6 mm. 

The wire used in these experiments is shown in “Fig. 6”. 
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Table 1 The components of the semi-automatic hot wire cutting machine 

Num. Component Num. Component 

1 desk 9 Trans shaft 16 mm 

2 Steel (plate - corner - belt) 10 LME bearing 

3 Chain number 25 11 22 teeth chain wheel 

4 three positioned rail 12 Element tension mechanism 

5 Foam retaining clips 13 Dimmer (5000) 

6 12 volt DC motor 14 PCDM1 driver 

7 12V/10A adapter 15 Thermal element (thick 0.32 mm) 

8 Two-stage and three-stage key 16 terminal 

 

 

 
Fig. 6 Thermal elements used in the field of the device. 

 

These used elements have the property that they can 

withstand very large currents. The main material of the 

elements is nichrome and they have different powers. 

Most nichrome elements are made with an 80/20 

composition (80% nickel, 20% chromium). This 

material is desirable in the sense that it has high 

electrical resistance and when it is first heated, it forms 

a sticky layer of chromium oxide on itself, which 

prevents internal parts from oxidizing and burning or 

breaking. It should be mentioned that the thickness of 

the used wire is directly related to the density of the used 

foam and the dimensions of the pattern. By increasing 

the thickness of the wire, the amperage of the device 

should also be increased. 

In the manual cutting method, all cutting operations are 

done with the help of the operator and through hand 

movements. For example, for the longitudinal cuts of the 

foam block, the process is guided with the help of a 

guide plate. The cutting action is based on the 

predetermined size and dimensions in the foam. Also, in 

circular cuts (cylindrical cutting), cutting is done by 

determining the center and radius of the desired cylinder 

and by moving the hand around the axis of rotation. In 

the semi-automatic cutting method, longitudinal cuts are 

made with the help of mechanisms built into the 

machine. In the automatic cutting operation, the moving 

arms that are connected to the rail are connected to the 

motor by a chain. When the motor is activated and the 

speed is set by the driver, the arms are guided to the 

beginning and end of the table. Foam patterns are made 

by manual and semi-automatic methods. In both 

methods, the general steps of making a foam pattern are 

shown in “Fig. 7”. 

 

 
Fig. 7 Flowchart of the general steps of making foam 

patterns with semi-automatic and manual methods. 

3 RESULTS AND DISCUSSION 

3.1. Semi-Automatic Foam Cutting Hot Wire 

Machine 

The trans shaft, bearing, and chain were placed in the 

longitudinal movement mechanism. As seen in “Fig. 8”, 

the chain used in the semi-automatic cutting machine has 

technical number 25 and the length of the chain is 236 

cm. The chain is attached to the support plate of the 

movable arms by three small screws, one side of the 

chain is mounted on the DC motor sprocket, and the 

other side is mounted on an idler sprocket. With the 

activation of the engine and the rotation of the chain 

wheel, the rotational force of the engine is transferred to 
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the chain and causes the longitudinal movement of the 

mobile arms. 

 
Fig. 8 Final assembly of semi-automatic foam cutting hot 

wire machine. 

 

As shown in “Fig. 9”, a semi-automatic foam cutting hot 

wire machine was built. Among the characteristics of the 

manufactured machine, the very low price of the above 

machine can be mentioned compared to similar 

machines such as the CNC machine. Despite this low 

price, the accuracy of this machine is very high 

compared to manual cutting by the operator. In addition 

to the mentioned features, this device can cut large 

objects and has a low maintenance cost, ease of use, and 

the ability to adjust the temperature of the wire element 

and semi-automation. 

 

 
Fig. 9 Final assembly of semi-automatic foam cutting hot 

wire machine. 
 

In this device, after the main key is pressed, the system 

allows 220V electricity to enter the terminal in the 

device. The terminal of the device transfers and changes 

the input power to the dimmer and adapter. The dimmer 

gives electric current to the element and as a result, the 

electric energy is converted into thermal energy. Also, 

the operator performs the semi-automatic cutting 

operation by placing the foam between the two moving 

clamps and activating the motor key. In order to cut 

cylindrical objects by specifying the center of the foam 

and placing it in the designed place (flange), the operator 

performs cylindrical cutting by rotating the foam. 

3.2. Preparing Foam Patterns and Comparing the 

Patterns Obtained by Semi-Automatic and Manual 

Methods 

Two foam patterns were prepared from two different 

pieces using a semi-automatic machine and a manual 

method. Figure 10 shows the image of these two 

examples of foam patterns. The accuracy of the foam 

patterns prepared using manual hot wire cutting methods 

and semi-automatic hot wire cutting machine is shown 

in the graphs drawn in “Fig. 11”. Paying attention to the 

results obtained in these two graphs shows that the error 

percentage in the size obtained in the foam patterns that 

were prepared by semi-automatic method is much lower 

than the sizes obtained in the foam patterns that were 

prepared by the manual method.  

 

 
Fig. 10 View of two foam patterns made from two different 

castings. 
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Fig. 11 Graphs of the percentage of mistakes that occurred 

in the preparation of foam patterns with sizes of 50 to 1000 

mm by semi-automatic and manual methods. 

In cutting 100 mm using the manual method, an average 

error of 1% was observed, but in cutting 100 mm using 

the semi-automatic method, the average error percentage 

was reduced to 0.56%. 

Observing the changes in the error percentage in the 

trend of the graphs shows that with the increase in the 

size of the foams and in other words the size required for 

the foam patterns, the possibility of increasing the error 

percentage in the manual method increases at a very 

significant rate. In this way, in cutting a foam pattern 

with a size of 1000 mm by manual method, the error 

percentage increases to about 1.8%. While this value for 

the semi-automatic method is 0.7%. 

Therefore, in general, it can be stated that the use of 

semi-automatic method in the preparation of foam 

patterns used in casting industries can reduce the error 

percentage from 1.8 to 0.7% (almost half), and will 

increase the accuracy of the preparation of foam patterns 

by more than two times. 

In the following, the percentage of additional volume 

created in the foam patterns prepared by two semi-

automatic and manual methods was calculated and the 

results are shown in “Fig. 12”. As can be seen in the 

diagrams of the mentioned figure, the percentage of 

additional volume to the volume of the piece in foam 

patterns by manual method is 9%. This amount of loss is 

reduced to 1.9% by using the method of semi-automatic 

hot wire cutting machine. This additional volume 

reduction in foam patterns can have a significant impact 

on the cost of parts produced by the method of lost foam 

casting. 

 

 
Fig. 12 The percentage of additional volume of foam 

patterns prepared by semi-automatic and manual methods 

compared to the volume of the piece. 

 

In the manual method of making foam patterns, patterns 

are usually cut in larger sizes [18], because the parts 

should not be smaller than the size required for casting. 

If they are cast larger, it is possible to machine them to 

life-size [19-20]. Therefore, in methods of preparing 

foam patterns that are more accurate in cutting, 

aluminum consumption and machining costs will be 

reduced. The comparison of the weight of aluminum 

used to produce a piece with a volume of 2000 cm3 in 

the methods of preparing a semi-automatic and manual 

foam pattern was done in this research. Figure 13 shows 

a comparison of the final weight of aluminum used in 

the two mentioned methods. As can be seen in the figure, 

the weight of aluminum used in the case of foams cut by 

manual method is 5.9 kg, but in the case of foams cut by 

semi-automatic method, this weight is reduced to 5.5 kg. 

Therefore, by replacing the semi-automatic method 

instead of the manual method, in the production of 

casting foams, the amount of aluminum ingots 

consumed is reduced to 8%. So, using a semi-automatic 

cutting machine can be a suitable method to achieve 

casting with higher precision. 

 

 
 

Fig. 13 The weight of aluminum ingot required to produce 

a piece with a volume of 8000 cm3 in semi-automatic and 

manual foam preparation methods. 

4 CONCLUSIONS 

In this research, a semi-automatic foam cutting hot wire 

machine was made for the first time and used to prepare 

foam patterns of lost foam casting. Foam patterns 

prepared by semi-automatic method and manual method 

were compared and their important and effective 

features were studied in the field of casting. The 

following results are derived from this study. 

• The accuracy of the sizes of the patterns prepared by 

the semi-automatic method was more than twice the 

accuracy of the patterns prepared by the conventional 

manual method. In a 100 mm cut by manual method, an 

average of 1% error occurred, but the same cut by semi-
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automatic method reduced the error percentage to 

0.56%. 

• The patterns prepared by the semi-automatic method 

had an additional volume of 1.9% more than the volume 

of the original part. While the mentioned amount for 

foam patterns cut manually was 9%. 

• The economic efficiency of casting parts using foam 

patterns made by semi-automatic method in terms of 

melting consumption for aluminum parts was 8% higher 

than the production parts using foam patterns made by 

manual method. 
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