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Abstract: In this study, a couple of 3PRR parallel robot is used for the rehabilitation 
process of a patient to eliminate a walking disability and leads to his treatment. The 
3PRR robot has three degrees of freedom, provided by three prismatic actuators. 
Also using a couple of them, can quickly rehabilitate and provide the rehabilitation 
movements of a patient in the walking process. In this study, the extraction of 
kinematic and dynamic Equations of the robot was investigated, and a fuzzy-logic-
based controller is performed. This controller has the ability to repel unwanted 
disturbances to follow the desired path. All modelling was simulated by MATLAB 
software. The simulation results show that using the mathematical model and 
controller, it is easy to go any desired path in the workspace; and this controller will 
be able to repel environmental disturbances like the sudden movement of patients. 
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1 INTRODUCTION 

By definition, a stroke is the loss of brain function due 

to a disorder or blockage of a blood vessel. As a result, 

the damaged part of the brain cannot function normally, 

leading to the inability to move one or more limbs [1]. 

According to statistics, about eight hundred thousand 

people in the United States have a stroke each year, and 

only three hundred thousand people can survive after a 

stroke. This number reaches two million people in China 

every year. Even in Canada, 50,000 people have a stroke 

each year. After treatment, vital signs become stable; but 

brain damage is not reversible. Among the patients who 

survive, most patients develop mobility impairment for 

a long time [2]. According to the theory of brain 

flexibility, if patients are trained in rehabilitation for 

some time, part of the movement ability can be restored 

[3]. However, the recovery process is time-consuming; 

and it needs experienced therapists. As a result, the need 

to use a rehabilitation robot is well seen [4]. Since 1980, 

various types of robotic therapy devices have been 

studied in different countries [5]. For this reason, 

research on a rehabilitation robot was performed to 

correct the gait operations of a person with mobility 

impairments. The studied mechanism is shown in “Fig. 

1”. In this mechanism, two parallel robots with three 

degrees of freedom create the required gait pattern by 

moving the legs, while the body weight is supported by 

a restraint system. This design is based on previous 

studies [6-9] on the parameters of the footpath in human 

gait; it consists of three main movements: moving 

(vertical and horizontal), raising the leg, and lowering 

the leg, which must be considered and fully simulated. 

 

 
Fig. 1 Schematic of a robotic system for lower limb 

rehabilitation [9]. 

 

In this rehabilitation mechanism, each leg needs a 

parallel robot consisting of three linear actuators 

positioned in the same directions. The parallel robot is 

shown in “Fig. 2”. 

 

 
Fig. 2 Schematic of the 3PRR robot. 

 

Each robot end-effector is supported by three links with 

passive and active prismatic joints. The movements of 

linear actuators create the required paths in the end-

effector; which follows a pre-calculated gait pattern. The 
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training path can be achieved by combining three types 

of movements: 1- Transfer along the actuator axis while 

maintaining the direction and height of the footplate. This 

movement is achieved by moving all three actuators 

equally and in one direction. 2- It is possible to make net 

changes in the height of the end-effector by moving the 

same amount, in two parallel actuators in one direction 

and a third in the opposite direction. 3- Orientation of the 

end-effector by moving each of the actuators while the 

other is fixed; or it moves at different velocities, it is 

supplied. The exact path of rehabilitation depends on the 

age, weight, and height of the patient based on the type 

of injury or problem and the considerations of the 

physiotherapist. Parallel robots have been noted for their 

velocity, robustness, accuracy, and high loading 

capabilities.  

One of the robots that can be considered as a kind of 

Stewart robot [10] as the most famous parallel robot is a 

robot with three degrees of freedom and the name 3PRR, 

which is considered in this study. The 3PRR robot has 

more freedom to move on the horizontal plane than the 

Stewart robot due to the presence of prismatic joints. The 

end-effector of this robot is connected to the prismatic 

joints with three links and does not have the problem of 

multiple links of the Stewart robot (6 links). As 

mentioned, not much research has been done on 

modelling and controlling this robot. The only case in 

which the robot has been modelled has focused on its 

structural optimization [9]. In other studies, on the 3PRR 

robot, the robot studied moved in two dimensions, which 

is different from the current spatial robot [11-16]; and the 

path of sliders was not similar to the robot under study 

[17-18].  

For this reason, attention was paid to the research 

background of robots similar to the 3PRR spatial robot. 

One of the robots that are very similar to the robot is 

called 3PRS. In 2005, Li and Xu [19] proposed the exact 

solution of the inverse kinematics, and numerical solution 

forward kinematics, of the 3PRS robot. Then, its dynamic 

Equations were studied. In 2010, Tsai and Yuan 

performed an inverse dynamics analysis of the 3PRS 

robot by analysing the reaction forces acting on the joints 

and simulating it in a circular path [20]; in 2011, they 

solved its forward dynamics in the mentioned method and 

controlled it [21].  

Then in 2014, they solved forward dynamics by taking 

into account the friction force [22]. In one of the latest 

studies, Tourajizadeh and Gholami modelled and 

optimally controlled the 3PRS robot [23]. They used the 

Lagrange method to model the robot. Their work will be 

the basis for modelling the present study [23-24]. The 

results of experimental and theoretical research indicate 

the fact that to control the motion of systems that have 

complex or nonlinear dynamics, the use of fuzzy 

controllers is a powerful tool [25]. In addition, the use of 

this type of controller can increase the robustness of the 

system to changes in environmental disturbances [26]. 

The proposed fuzzy controller tracks the desired path by 

overcoming the disturbances and tries to place the 

actuators in that path. In this regard, the fuzzy control of 

a parallel robot was performed [27]. The results of the 

movement of this robot indicate very good control of the 

robot and its acceptable velocity of movement. 

In this paper, the kinematic and dynamic modeling of the 

3PRR robot has been extracted by the Lagrange method, 

which according to the literature has not been similar and 

no research has been done in this field. Furthermore, the 

robust control of the 3PRR robot is modeled and 

implemented using the fuzzy fuzzy-logic inference, 

which is the most important innovation of this paper. The 

imbalance of the patient while using the rehabilitation 

robot, which causes the robot to experience external 

disturbances due to sudden movements, is the importance 

of implementing such a controller; and the necessity of 

such a controller seems vital.  

For this purpose, a fuzzy controller was designed based 

on Mamdani inference. Using the obtained model and the 

controller designed for this parallel rehabilitation robot, 

the required path for rehabilitation of the patient's ankle 

in the presence of external force (patient weight) was 

well-traveled. In this paper, forward and inverse 

kinematics of the robots were extracted. Then, using the 

Lagrangian method, the dynamic Equations of the robot 

were obtained and after removing the Lagrangian 

coefficients, it was modelled in the form of state space. 

Then, the fuzzy controller was designed based on 

Mamdani's inference. Finally, all Equations obtained in 

MATLAB software were simulated and controlled. 

2 KINEMATIC MODELING 

Due to the similarity between 3PRR and 3PRS robots, the 

method used in [23] was used to model the 3PRR 

rehabilitation robot. As shown in “Fig. 2”, point O is the 

origin of the reference coordinates and point Ai is the 

beginning of the prismatic rail. 

 

 

(1) 

𝑜 = [
0
0
0
] , 𝐴1 = [

0
0
𝑎
] , 𝐴2 = [

𝑏
√3

2
0
−𝑎

] , 𝐴3

= [
−𝑏

√3

2
0
−𝑎

] .   

 

Where, a is the length of the prismatic joint rail. Denavit-

Hartenberg method was used to select the coordinate 

systems and the link DH parameters extracted according 

to the [28] (“Table 1”). 
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Table 1 DH parameters of the Links 

Link e 𝛽 d Θ 

OC1 0 180 𝑎 − 𝑠1 180 

OC2 b 0 −𝑎 + 𝑠2 0 

OC3 -b 0 −𝑎 + 𝑠3 0 

 

Where, e (distance between the previous z-axis and the 

new z-axis along the new x-axis), β (angle between the 

previous z-axis and the new z-axis around the new x-

axis), d (vertical distance between the origin of the 

previous coordinate and the new ones along the axis of 

the previous z), and Θ (the angle between the axes of the 

previous x and the new x around the axis of the previous 

z). The homogeneous transfer matrix according to the 

parameters of “Table 1” is as follows: 

 

 

(2) {

𝐻𝑐1
𝑜 = 𝑅𝑧,𝜃1𝑇𝑧,𝑑1𝑇𝑥,𝑒1𝑅𝑥,𝛽1            

𝐻𝑐2
𝑜 = 𝑅𝑧,𝜃2𝑇𝑧,𝑑2𝑇𝑥,𝑒2𝑅𝑥,𝛽2            

𝐻𝑐3
𝑜 = 𝑅𝑧,𝜃3𝑇𝑧,𝑑3𝑇𝑥,𝑒3𝑅𝑥,𝛽3            

 

Where, 𝑅𝑧,𝜃 is the rotation about the z-axis as much as 𝜃 

and 𝑇𝑧,𝑑 is the translations along the z-axis and is equal 

to d. The position of the Bi relative to the Ci local 

coordinate is: 

 

 

(3) 
𝐵𝑖
𝑐𝑖

= [

0
𝑙 𝑠𝑖𝑛𝛼𝑖
𝑙 𝑐𝑜𝑠𝛼𝑖

] 

Where, l is the length of the links and 𝛼𝑖 is the angle of 

the ith link connected to the Ci joint with its carrier rail. 

The position of point Bi in the reference coordinate 

connected to point O is as follows: 
 

(4) [
𝐵𝑖
𝑜

1
]
(𝑠𝑖,𝛼𝑖)

= 𝐻𝑐𝑖
𝑜 [𝐵𝑖

𝑐𝑖

1
] , 𝑖 = 1,2,3 

The rotation angles of the moving plane around the 

coordinate axes of the reference coordinate connected to 

the O point were considered as yaw, pitch, and roll, the 

final rotation matrix will be as follows: 

(5) 

 

𝑅𝜑,𝜃,𝜓

= [

𝑐𝜑𝑐𝜃 −𝑠𝜑𝑐𝜓 + 𝑐𝜑𝑠𝜃𝑠𝜓 𝑠𝜑𝑠𝜓 + 𝑐𝜑𝑠𝜃𝑐𝜓
𝑠𝜑𝑐𝜃 𝑐𝜑𝑐𝜓 + 𝑠𝜑𝑠𝜃𝑠𝜓 −𝑐𝜑𝑠𝜓 + 𝑠𝜑𝑠𝜃𝑐𝜓
−𝑠𝜃 𝑐𝜃𝑠𝜓 𝑐𝜃𝑐𝜓

] 

 

Given the positions of the point p = [x y z] T we have: 

 

(6) 
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𝑜 𝐵3
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Finally, the kinematic constraints of the robot, for use in 

system dynamics modeling, were obtained from the 

equality of the Equations (5) and (7) as follows: 

 

 

(7) [
𝑓1
⋮
𝑓9

] = [

𝐵1
𝑜

𝐵2
𝑜

𝐵3
𝑜
]

(𝑥,𝑦,𝑧,𝜓,𝜃,𝜑)

− [

𝐵1
𝑜

𝐵2
𝑜

𝐵3
𝑜
]

(𝑠𝑖,𝛼𝑖)

= 0 

3 DYNAMIC MODELING 

The end-effector of the robot is circular, and the whole 

mass can be assumed at the center of the mass. To the 

modelling of the dynamics of the system, [x, y, z, ψ, θ, 

ϕ , α1, α2, α3, S1, S2, S3]T were used as twelve generalized 

coordinates. The kinetic energy of the robot is equal to 

[29]: 

 

 

(8) 

{
 
 

 
 𝑇𝑝 =

1

2
(𝜔𝑝

𝑇𝐼𝑝𝜔𝑃 +𝑀𝑉𝑝
𝑇𝑉𝑃)

𝑇𝑙 =
1

2
∑(𝜔𝑖

𝑇𝐼𝑙𝑖𝜔𝑖 +𝑚𝑉𝑖
𝑇𝑉𝑖)

3

𝑖=1

, 𝑇 = 𝑇𝑝 + 𝑇𝑙  

 

Tp and M are the mass and energy of the end-effector. Tl 

and m are the mass and energy of the links. Ip is the 

moment of inertia of the end-effector and Ili is the 

moment of inertia of the ith link, and both rea relative to 

the reference coordinates. The moment of inertia of each 

link was written on the coordinate (xyz)li ((shown in “Fig. 

3”); And to transfer it to the reference coordinate, the 

rotation matrix of these two coordinates was used relative 

to each other. 

 

 
Fig. 3 Reference and local coordinates for calculating the 

moment of inertia of the links. 

Also, the moment of inertia of the end-effector relative to 

the coordinate (xyz)p was written and taken to the 

reference coordinate. To calculate Ili and Ip can be 

written: 
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(9) 

{
 
 

 
 𝐼𝑝 =

1

2
𝑀𝑏2𝑅𝜑,𝜃,𝜓 [

0.5 0 0
0 1 0
0 0 0.5

] 𝑅𝜑,𝜃,𝜓
𝑇 ,

𝐼𝑙𝑖 =
1

3
𝑚𝑙2𝑅𝑙𝑖

𝑜 [
1 0 0
0 1 0
0 0 0

] 𝑅𝑙𝑖
𝑜𝑇 .                  

 

 

All velocities were written in the reference coordinate 

system: 

 

(10) 

{
 
 
 

 
 
 
𝜔𝑃 = [

�̇�

�̇�
�̇�

],   𝑣𝑃 = [
�̇�
�̇�
�̇�
],                                            

𝜔𝑖 = 𝑅𝐶𝑖
𝑜 [
−�̇�𝑖
0
0
],   𝑣𝑖 =

𝑑

𝑑𝑡
𝐺𝑖  .                              

𝐺𝑖 = 𝐻𝐶𝑖
𝑜 [0 0.5𝑙𝑠𝑖𝑛(𝛼𝑖) 0.5𝑙𝑐𝑜𝑠(𝛼𝑖) 1]𝑇

 

 

The potential energy of the robot is equal to: 

 

(11) 𝑈 = 𝑀𝑔𝑦 +𝑚𝑔
𝑙

2
∑sin(𝛼𝑖)

3

𝑖=1

 

 

g is the acceleration of the earth's gravity. Lagrange's 

Equations of motion are equal to: 

 

(12) 

{
 
 

 
 𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�𝑖
) −

𝜕𝐿

𝜕𝑞𝑖
+∑𝜆𝑘

𝜕𝑓𝑘
𝜕𝑞𝑖

= 𝑄𝑖               

9

𝑘=1

𝐿 = 𝑇 − 𝑈                                                        
𝑞 = [𝑥; 𝑦; 𝑧; 𝜓; 𝜃; 𝜑; 𝛼1; 𝛼2; 𝛼3; 𝑠1; 𝑠2; 𝑠3]

𝑄 = [0; 0; 0; 0; 0; 0; 0; 0; 0; 𝐹1; 𝐹2; 𝐹3]       

 

 

Where, Q represents generalized forces. In this study, the 

friction force was negligible. fk is the robot constraints 

obtained from Equation (7). 

 

 

(13) 

{
  
 

  
 
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�𝑖
) =

𝜕

𝜕�̇�𝑗
(
𝜕𝐿

𝜕�̇�𝑖
) �̈�𝑗 +

𝜕

𝜕𝑞𝑗
(
𝜕𝐿

𝜕�̇�𝑖
) �̇�𝑗 ,

𝜕

𝜕�̇�𝑗
(
𝜕𝐿

𝜕�̇�𝑖
) = 𝑚𝑗𝑖 ,   

𝜕

𝜕𝑞𝑗
(
𝜕𝐿

𝜕�̇�𝑖
) = 𝑐𝑗𝑖 ,        

𝜕𝐿

𝜕𝑞𝑖
= 𝑔𝑖 ,   

𝜕𝑓𝑘
𝜕𝑞𝑖

= 𝑎𝑘𝑖 .                                 

  

 

Finally, the Equation of motion will be equal to: 

 

(14) 𝑀�̈� + 𝐶�̇� − 𝐺 + 𝐴𝑇𝜆 = 𝑄 

 

Where, M is the inertia matrix, C is the Coriolis matrix, 

G is the gravity vector, A is the weight matrix of 

Lagrangian coefficients, and Q is the generalized force 

vector. To eliminate the Lagrangian coefficients from the 

Equation of motion, the null-space of the matrix A was 

obtained from the following definition [30]: 
 

(15) 

{
 
 

 
 
𝐴𝑆 = 0,              

�⃗� = [�̇�1; �̇�2; �̇�3],

�̇⃗� = 𝑆�⃗�,              

�̈⃗� = �̇��⃗� + 𝑆�̇⃗�.   

 

 

Where, S is the null-space matrix. Multiplying ST from 

the left in Equation (14) and placing the derivatives q of 

Equation 15 will give: 

 

(16) 
𝑆𝑇𝑀𝑆�̇⃗� + 𝑆𝑇𝑀�̇��⃗� + 𝑆𝑇𝐶𝑆�⃗� − 𝑆𝑇𝐺

= 𝑆𝑇𝑄 

 

Where, 𝑆𝑇𝑄 = �⃗� = [𝐹1; 𝐹2; 𝐹3]. To calculate the 

derivative of the null-space matrix, we can write: 

 

(17) {
𝐴𝑆 = 0 → �̇�𝑆 + 𝐴�̇� = 0 → �̇� = −𝐴−1�̇�𝑆
𝐴−1 = 𝐴𝑇(𝐴𝐴𝑇)−1                                        

 

 

By selecting  �⃗�6×1 = [𝑆1, 𝑆2, 𝑆3, 𝑣
𝑇]T as the state space 

variables, the system state space form is equal to: 
 

(18) {
�̇⃗� = [

�⃗�

�̇⃗�
] = [�⃗�

ℎ
] + [

[0]3×3
(𝑆𝑇𝑀𝑆)−1

] �⃗�,         

ℎ = (𝑆𝑇𝑀𝑆)−1𝑆𝑇(𝐺 − 𝐶𝑆�⃗� − 𝑀�̇��⃗�).

 

4 CONTROLLER DESIGN 

Fuzzy controllers have acceptable efficiency and 

performance in controlling the movement of robots as 

well as performing special maneuvers. One way to design 

a fuzzy controller is to break down complex system 

behaviors into multiple movements within the robot. 

After designing a suitable control algorithm for each 

section, their corresponding actions can be combined. In 

this paper, the fuzzy controller is designed in such a way 

that it can track the desired path well by determining the 

appropriate control force and has good resistance to 

initial disturbances. This controller is designed according 

to the if-then rules in the following form: 
 

(19) is C  is B, then  is A and If 

 

The "and" and "or" operators are defined as follows: 
 

(20) 

 

𝜇𝐴∪𝐵 = 𝑚𝑎𝑥( 𝜇𝐴(𝑢), 𝜇𝐵(𝑢)) 
𝜇𝐴∩𝐵 = 𝑚𝑖𝑛( 𝜇𝐴(𝑢), 𝜇𝐵(𝑢)) 
𝜇𝐴∪𝐵 = 𝑚𝑎𝑥( 𝜇𝐴(𝑢), 𝜇𝐵(𝑢)) 
𝜇𝐴∩𝐵 = 𝑚𝑖𝑛( 𝜇𝐴(𝑢), 𝜇𝐵(𝑢)) 

In the proposed controller, Mamdani fuzzy inference 

system was used along with the defuzzification method 

of the centroid. In the first step, the fuzzy controller, after 

receiving the inputs, performs the fuzzification process, 

then combines the membership functions based on 

is is iu
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Mamdani inference using the fuzzy operator. In the next 

step, the values of the membership functions combine 

and the outputs are defuzzification. The input of the fuzzy 

system was selected as an error and its derivative of the 

desired value at a given time. The membership functions 

of these inputs were considered Gaussian functions. 

Position and velocity errors of the robot were selected as 

five functions [-2 -1 0 +1 +2], where the range of the 

changes between [-1 1]. This selection is a general case 

and a coefficient is assigned to the system error to change 

the velocity and position error range. For the output of the 

fuzzy system, which is the same control force required 

for the robot to move in the path, according to the 

Mamdani method, the membership functions of these 

outputs were considered Gaussian functions. Finally, a 

representation of the fuzzy system inputs and outputs is 

shown in “Fig. 4”.  

 

 
Fig. 4 Input and output membership functions of the 

Mamdani fuzzy system. 

 

A set of fuzzy rules was chosen to extract the appropriate 

control force in “Table 2”. 

5 SIMULATION RESULTS 

In this research, after the kinematic and dynamic 

modelling of the 3PRR rehabilitation robot, a designed 

controller was applied to the dynamic model. For this 

purpose, Equation (18) was used as the system. The 

values in Table 3 were used for simulation. 

 
Table 2 Fuzzy Rules 

 

Number Fuzzy rules   

1 

If "e" 

is 

-2 

and "de" 

is 

 

-2 

then "u" 

is 

+4 

2 -2 -1 +3 

3 -2 0 +2 

4 -2 +1 +1 

5 -2 +2 0 

6 -1 -2 +3 

7 -1 -1 +2 

8 -1 0 +1 

9 -1 +1 0 

10 -1 +2 -1 

11 0 -2 +2 

12 0 -1 +1 

13 0 0 0 

14 0 +1 -1 

15 0 +2 -2 

16 +1 -2 +1 

17 +1 -1 0 

18 +1 0 -1 

19 +1 +1 -2 

20 +1 +2 -3 

21 +2 -2 0 

22 +2 -1 -1 

23 +2 0 -2 

24 +2 +1 -3 

25 +2 +2 -4 

 
Table 3 Value of robot parameters 

Parameter symbol Unit value 

Jacks’ course a (m) 0.8 

Radius of the moving platform b (m) 0.2 

Length of the links l (m) 0.5 

Mass of the moving platform M (kg) 1 

Mass of the links m (kg) 0.1 

Gravitational acceleration g (m/s2) 9.8 

 

Due to the nature of the robot rehabilitation, the angle of 

the end-effector (𝜑) around the x-axis was considered as 

a sine wave with an amplitude of 20 degrees (0.35 rad). 

During this movement, the other angles of the end-

effector should remain zero. Also, the motion of the end-

effector in the directions x and z should be constant and 

zero. Such a move is desirable and will meet all 

rehabilitation needs. According to the expressed 

movement needs, and considering the inverse kinematic 

simulation, the movement path of the robot sliders is 

considered as follows, and was used to simulate the 

performance of the fuzzy controller in the tracking 

operation. 
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(21) {

𝑠1 = −0.05 − 0.42𝑠𝑖𝑛(𝑡)
𝑠2 = 0.6 − 0.42𝑠𝑖𝑛(𝑡)

𝑠3 = −0.3 + 0.42𝑠𝑖𝑛(𝑡)
 

 

To bring the control scenario as close as possible to the 

real state, an external force of 20 N was applied to the 

end-effector in the opposite direction of the y-axis. This 

force can be equated to the condition in which an 80 N-

weight patient enters the robot during a rehabilitation 

operation (half of the patient's weight will be borne by the 

harness system). The control force was determined using 

a fuzzy system designed and applying the existing rules 

in “Table 2” to the position and velocity error of the 

intended path and is applied to the robot prismatic 

actuators. The position and velocity of these actuators are 

shown in “Fig. 5”. 

 

 
Fig. 5 Position and velocity of prismatic joints. desired 

path (d), the path taken by the controller (a). 

 

As shown in the figure above, the fuzzy controller has 

been able to track the path required for rehabilitation and 

has followed it well. The application of an external force 

initially causes a small error in the position of the 

prismatic actuators, but fuzzy control has corrected this 

error by applying appropriate oscillations to the velocity 

of the sliders. The control forces applied to each prismatic 

actuator are shown in “Fig. 6”. 

As it turns out, the control force is applied uniformly and 

smoothly, and is well able to handle external loads 

(patient weight). The smoothness of the applied control 

force indicates the capability of the implemented 

controller. In addition, the minimum-maximum control 

force is obtained smoothly and the direction of force is 

gently sloping. This is very important in the use of control 

instruments and prevents possible breakdowns in the 

drive motors. 

 

 
Fig. 6 Control forces, applied by a fuzzy controller. 

6 CONCLUSIONS 

In this study, kinematic and dynamic analysis of the 

3PRR rehabilitation robot was performed and robot 

Equations of motions were obtained by the Lagrange 

method. Finally, robot control in tracking operations was 

performed without using system dynamic Equations and 

only using fuzzy logic. For this purpose, a fuzzy 

controller was designed based on Mamdani's inference. 

Using the obtained model and the controller designed for 

this parallel rehabilitation robot, the required path for 

rehabilitation of the patient's ankle in the presence of 

external force (patient weight) was well-traveled. During 

this operation, the tracking error is less than 3% and the 

applied control force has good smoothness and a gentle 

slope. 
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