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Abstract: The present study deals with the buckling analysis laminated composite
truncated conical sandwich shells with flexible core subject to combined axial
compressive load and external pressure. The higher order governing equations of
motion are presented for conical composite sandwich shells. They are derived from
the Hamilton principle. Then, by use of Improved Higher-order Sandwich Shell
Theory, the base solutions of the governing equations are obtained in the form of
power series via general recursive relations. The first order shear deformation theory
is used for the face sheets and a 3D-elasticity solution of weak core is employed for
the flexible core. By application of various boundary conditions such as clamped
and simply-supported edges, the natural frequencies of the conical composite
sandwich shell are obtained. The obtained results are compared with the numerical
results from FEM analysis and good agreements are reached. An extensive
parametric study is also conducted to investigate the effect of total thickness to
radius ratio on the buckling load.
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1 INTRODUCTION

Shell structures are widely used in engineering fields
because of their strength characteristics. Conical shells,
specifically circular cylindrical shells and annular
plates, play an important role in many industrial fields.
Typical sandwich structure consists of two thin face
sheets embedding thick and soft core. The most modern
aerospace structures are constructed of a composite
sandwich laminate, usually carbon/epoxy face sheets
over a honeycomb or foam core. Due to their
outstanding flexural stiffness-to-weight ratio compared
to other constructions, sandwich structures are widely
used in many fields of technology, such as aerospace,
aeronautic, marine, vehicles and etc. In many
applications the primary concern is the stability of the
structure and analytical solution is necessary to predict
the critical buckling load.

The buckling of circular sandwich shells subject to
various types of combined loading is of current interest
to engineers engaged in mechanical engineering
practice. It is of great technical importance to clarify
the buckling behavior of cylindrical and conical
composite sandwich shells under combined external
pressure and axial compression. The buckling of
isotropic  conical shells under various loading
conditions has been studied by many researchers. For
example, Seide [1] proposed a formula for buckling of
isotropic conical shell which is independent of
boundary conditions and best fits the behavior of long
shells. Singer [2] presented a solution for the buckling
of conical shells under external pressure. The stability
of simply supported isotropic conical shells under axial
load for four different sets of in-plane boundary
conditions using Donnell-type theory were investigated
by Baruch et al. [3]. Singer [4], [5] analyzed the
buckling of orthotropic conical shells. Weigarten and
Seide [6], [7] studied the stability of conical shells
under axial compression and external pressure.

Then, laminated composite materials have found
extensive industrial applications during the past
decades. Using Donnell-type shell theory, Tong and
Wang [8] proposed a power series based solution for
buckling analysis of laminated conical shells under
axial compressive load and external pressure. Eight
first-order differential equations were obtained for linear
buckling analysis of laminated conical shells. These
equations were solved by using the numerical
integration technique and the multi-segment method. By
analyzing the buckling of a series of conical shells, the
effects of boundary conditions, elastic coefficients and
the stretching-bending coupling, on the buckling loads
and circumferential wavenumbers, were investigated.
Sofiyev [9] found a theoretical formula for the buckling
of an orthotropic conical shell with continuously
varying thickness subjected to a time dependent external
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pressure. Donnell-type shell theory was assumed in his
work and Galerkin method and variational technique
were applied to obtain the solution. Li [10] considered
the stability of composite stiffened shell under axial
compression load. Static, free vibration and buckling
analysis of laminated conical shell using finite element
method based on higher order shear deformation theory
was carried out by Pinto Correia et al., [11]. Goldfeld et
al., [12] did a work that deals with the optimization of
laminate configuration of filament-wound laminated
conical shells for the maximum buckling load. Due to
the complex nature of the problem a preliminary
investigation was made into the characteristic behavior
of the buckling load with respect to the volume as a
function of the ply orientation. Patel et al., [13] studied
post buckling characteristics of angle-ply laminated
conical shells subjected to torsion, external pressure,
axial compression, and thermal loading using the finite
element approach.

Wu and colleagues [14] studied 3D solution laminated
conical shells subjected to axisymmetric loads using
the method of perturbation. Liang et al., [15] explored
the feasibility of using the transfer matrix method to
analyze a composite laminated conical plate shell.
Shadmehri et al., [16] proposed a semi-analytical
approach to obtain the linear buckling response of
composite conical shells under axial compression load.
A first order shear deformation shell theory along with
linear strain—displacement relations was assumed.
Parametric study was performed by finding the effect
of cone angle and fiber orientation on the critical
buckling load of the conical composite shells. Lavasani
[17] presented a simple and exact procedure using
Donnell-type shell theory for linear buckling analysis
of functionally graded conical shells under axial
compressive loads and external pressure. Sofiyev [18]
discussed the buckling analysis of composite
orthotropic truncated conical shells under a combined
axial compression and external pressure and resting on
a Pasternak foundation. The governing equations had
been obtained and solved by applying the
Superposition and Galerkin methods. The novelty of
present work was to achieve closed-form solutions for
critical combined loads.

Xie Xiang et al., [19] focused on the free vibration
analysis of composite laminated conical, cylindrical
shells and annular plates with various boundary
conditions based on the first order shear deformation
theory, using the Haar wavelet discretization method.
Only few studies targeting the buckling behavior of
sandwich cylindrical shells have been hitherto
published. For instance, Neves et al. [20] used quasi-3d
higher-order shear deformation theory (HOSDT) and
mesh less technique to the static, free vibration and
buckling analysis of isotropic and sandwich FG plates.
Sofiyev [21] discussed the vibration and buckling of
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sandwich cylindrical shells covered by different types
of coatings and subjected to a uniform hydrostatic
pressure using first order shear deformation theory
(FOSDT).

Rahmani [22] studied vibration of the composite
sandwich cylindrical shell with flexible core by using a
higher order sandwich panel theory. The formulation
used the classical shell theory for the face sheets and an
elasticity theory for the core and included derivation of
the governing equations along with the appropriate
boundary conditions. Then, an improved higher order
sandwich plate theory, applying the first-order shear
deformation theory for the face sheets and
three-dimensional elasticity theory for the soft core,
was introduced by Malekzadeh et al., [23].

The analysis determined the damped natural
frequencies, loss factors, and local and global mode
shapes of plates. Biglari [24] proposed a refined higher
order sandwich panel theory to investigate
doubly-curved sandwich panels with flexible core. In
this theory, equations of motion were formulated based
on displacements and transverse stresses at the
interfaces of the core. Parametric study was also
included to investigate the effects of radius of curvature,
thickness and flexibility of core. Lopatin and Morozov
[25] presented an approximate analytical solution of the
buckling problem formulated for a composite sandwich
cylindrical shell under uniform external lateral pressure.
Both ends of the shell of finite length were fully
clamped.

The problem was solved using the Galerkin method.
The analytical formula for the critical load had been
obtained and verified by comparison with a
finite-element solution.

The work done in [8], [16-25] does not regard the
analysis of composite sandwich conical shells. Herein,
we concentrate on such buckling analysis of composite
sandwich truncated conical shells under combined
external pressure and axial compression load. Therefore,
there is no research on the analysis of buckling of
composite sandwich conical shell with transversely
compliant core under combined load. In this study, a
higher order sandwich shell theory is used for
analyzing the buckling of composite sandwich conical
shell, which is paramount to study of sandwich
structures with flexible core.

Herein, the first order shear deformation theory is used
for the face sheets and a 3D-elasticity solution of weak
core is employed for the flexible core, whose material
properties follow a power-low function. Furthermore,
the combined loading is applied by simultaneous axial
compressive load and external pressure, and equations
of motion are derived by utilizing Hamilton principle.
To the best knowledge of the researcher, it is the first
time that the higher order governing equations of

motion are presented for conical composite sandwich
shells.

2 GOVERNING EQUATIONS

Consider a circular truncated composite sandwich
conical shell as shown in Figure 1. Let R; and R,
indicate radii of the inner and the outer face sheets in
the middle of cone length in the normal to middle axis,
respectively. a denotes the semi-vertex angle of the
cone and L is the cone length along its
generator.

Fig.1 Geometry of the truncated conical composite sandwich
shell.

The displacements of any arbitrary point on the middle
surface of the shell are denoted by u, v and w in the x, 6
and z directions, respectively. In terms of these
variables the cone's radius at any point along its length
may be expressed as:

R; = R, + x sina = r,cosa
R, = Ry + x sina = r,cosa

d;
Tee =Tt — ?
dp
The = T1p + ? (1)
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The displacement components for face sheets in the
longitudinal direction x, circumferential 6 and the
thickness z based on first-order shear deformation
theory (FSDT) are considered as follows:

i, (x,0,z) = u;(x,0) + z,p,
((x,0,2) = Vv, (X,0) + 2,p, (2)
((x,6,2) =w,(x,0)

Where u; ,v; and w; are displacement components in the
middle surface of face sheets, vy, and g are the
rotations in the face sheets.

The kinematic equations for the strains in the face
sheets are as follow:

Exxi = Exxo0i T Zikxxi
€001 = €gp0i + Zikoo;

Yx6i = Yx60i + Zikyxoi
W; g = 1;COSQ

€9zi = Poi t
Z1l l Rl
Exzi = Yxi + Wiy
Ezzi = 0 (3)

The following strain-displacement relations and
curvature on the mid-surface face sheets are obtained

— 1.2
Exxoi = Ujxt Ewi,x

V; ¢t ujsinec+wi cose 1 Wig\2
£ L= + - (——
060i R; 2 ( R; )
Uu;, — Vi Sinx  wj .
i0 i ix Wjg
=\ o 4. , 4
Y x00i ixT R; T R; (4)
Kyxi = Wi x
Ko = ljJei'e+lijismoc
00i — R;
Wy — We;Sinx
kxei = WYoixt
, R;

Where (W)),x and (i), Symbols represent the
differentiations with respect to x and 6 variables,
respectively.

The kinematic relations used for the core, assuming
small linear deformations, take the following form:

_ Weg—Vc COSQ _
Yorc = vc,r + R ” Erre = Wc,r

Yerc = Wex + Ucyr (5)

In this equations, E is elastic modulus of core and G,
Ggcare shear modulus at X and 6 axis directions,
respectively.

The compatibility conditions, which ensure perfect
bonding between the faces and the core at the interface
layers for both the outer and inner faces, are:
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— — d;
Uc (r:ric): Uep = U +(_1)k?1lpxi

- - di
Ve (r=ric) = Vo =v; +(=1)* g (6)
W (r:ric) = Wi =W

Where d; (i = t,b) are the thickness of the outer and the
inner face sheets, respectively, and k = 1 when i = t,
and k = 0 when i = b. The constitutive equations for
each face sheet based on classical lamination theory are
given by the following stress resultant—displacement
relations [24]:

N{é A1 A1z Agei] (Exxoi
Né) = [A12i Az Az {SWPOJ}
Ny Arsi  Azei Ageid Vxpoi

Bi1i Bizi Biei Koxo,i

+ |Bi2i Baai  Basi|{ Kpwos

Bisi Basi  Besid \ Kxgo,
M’? Bi1i Bizi  Biei](Exxoi
My b = |Bizi By Baei {‘E(P(POJ}
M, Bisi  Basi  Bgeil \Yxgos

Di1; Dipi Digi] (Kxos

+ [D12i D2z Dagi| 4 Kopposi

Digi Daei  Deeid \ Kxgoi

(7

Where N;q and My are stress and moment resultants in
the outer and inner face sheets, respectively, Amn, Bmn
and Dy, are extensional, coupling and bending
rigidities, respectively, and Ego; and Kkyo,; are the
mid-plane strains and the curvatures of the shell. The
core material is assumed to behave as a linear elastic
and specially (transversely) orthotropic solid material
with the following constitutive relations:

Orrc = Ecgrrc
Tere= Gxc¥are 8
Torc— Gecyerc

In this paper a particular set of laminated cones, namely,
regularly anti-symmetric  cross-plied cones, are
numerically studied. The coefficients in the constitutive
Egs. (7) for this lamination are

Apyg=Apy = %(Qni + Q2200 A12; = Quzih, Agei =
Qssih

Bi1j = =By = iﬁ(Qni - szi)hzf By =0

D1y = Dyp; = i(Qni + Q220)h°, Dy = 1_120121'}13

1 3
Deg; = 7 Qesiht”,

Ak6i = Bk6i = Dk6i =0 where k = 1,2 (9)

To derivate the governing equations of motion and the
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boundary conditions by the Hamilton principle, the
energy functional of the conical shell must be obtained
that is defined as:

S(U+V)=0 (10)

Where U is the potential energy of the body, V is the
potential of external loads. The first variation of the
potential energy can be expressed as:

6U = ffth(O—xxtsgxxt + 699t6566t + TthSYth +
Tazt OV xzt + To2e0V02¢)AVe + fﬂyb( OxxbO&xxp +

066b8599b + Tx6b8yx6b + szbSszb +
Tozb0YV0zp) AV + fffvc( TarcO€xre + Torc0€grc +
OrrcO€rrc)dVe (11)

Wh_ere Oxxi»000i» Tx0i Yx0i: €06i: 8xxi(i = t, b)are
the in-plane normal and shear stresses and strains in the
outer and inner face sheets, respectively:

Orrcr Torc s Errcr Yores Yxrer Yxre € the radial and
shear stresses and strains in the core, respectively, and

V,, Vy, V. are the appropriate volumes of the outer and
inner face sheets and the core, respectively. The
in-plane stress components containing Tye:, Tgec
Oxxcin core are disregarded.

l
‘W:'f_{; fg(‘ﬁ R:6w, + g7 Ry 6wy, + qLR Su, +
2
q2R,6uy, + q5R.8v, + g5 R,6v,) dx d (12)

Where u;, v;, w; (i = t,b) are displacements components
of the face sheets and ql, q},,q, are force components
on the outer and inner face sheets.

Hence, by using from the obtained relations and
applying Hamilton principle, equilibrium equations of
conical sandwich shell are derived as follows:

-Nfsina— R.Nf ,—Nig o+ Ngsina + (13)
Trc(F=Tge)TecCOSA+ G5 R, =0

b i b b b

- NP sin a — RyN2, - NYg + Ng sina — (14)
— bp —
Txrc(r_rbc)rbccosa"'QxRb_o

2N}gsina—R Nig .- (15)
Ngo -
Qezt COSU+Tgy¢ (r:T'tC)T'tCCOSO('Fqé Rt =0

2N2Zpsina—R, N2y - (16)
NGb,G + Qezb COSOH'TBrc (r:Tbc)TbCCOSOH'qub =0

Ngcosa—sztsina—Rt szt,x_Qezt,G' (17)
1
[(RtNag Wex + N;GWt,B)'x-l_ (R_t NetWt,e +

t — —
NxG Wt,x) 0 ] +0rrc(r_rtc)rtcCOSO(+Q1€RI:_O

NGbCOSO‘_szbSinO(_Rb szb,x_QBZb,G' (18)
1
[(RbN)?Wb,x + NiWh o )xt (E Nlgwy 5 +

b — bp —
Nxewb,x)!e ]' O-Trc(r_rbc)rbccosa + qr Rb_o

“R;Qze— MLsina—R ML, +Mgsina—MLg o— 19)

d
TeeTare(F=Tec ) COSO‘?t =0

RyQyzp—MEsina- RyME,  +  Mgsina-M2,,— (20)
d

rbchrc(r:Tbc) COSO(; =

RtQSzt_Mg,G - ZM;GSina—RtMig‘x— (21)

d
TecTore(I=Tic )Cosa—F =0

RyQoz—Mg g — 2M7psina—R, My, ,— (22)

d
TvcTore (r:rbc )COSO( 7b:0

TorcCOSU + (1Tg,-COSA),, =0 (23)
(rtypcC0sa),,.=0 (24)
(T‘L’erCOS(X),x'F Torco™t (TO'rrCCOSO(),rZO (25)

Where NI, and ML (k = x,80), (i = t,b) are the force
and moment resultants respectively. Qy,; iS shear
forces out of plane per unit length that they are defined
as:

N Ny, Nyp)= (26)
e
_diz/z(o-xxi'

O_BGi.'TxGi) dz; )
(My , My , My)=
di/z
_di/ (Uxxi ’
2

O99i » Txoi) ZidZ;

d.
i/ @7)
szi = _diz/ Txzi dz
2

Qezi = f—di; Tz dz
2

In addition to extraction equilibrium equations using
the energy method, boundary conditions also are
obtained for the truncated conical composite sandwich
shells.

The corresponding boundary conditions for the
clamped and simply-supported edges are considered as
Clamped-Clamped (C-C):
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Uu; = 0, v; = O,Wi (28)

=0,w; = 0,9y
= 0'lp0i =0

When x = +2 (i=tb)
Simply-Supported (S-S):

. 29
N;ZO,U,ZZO,W,ZZ ( )

0,M. =

0,M, =

0, Txre = 0
when X =
+2  (i=tb)

The obtained equations reduce to the governing
equations of cylindrical sandwich shells if the
assumption of a = 0 is applied. Evidently, the higher
order governing equations for a conical shell are too
complex and obtaining the exact analytical solutions
sounds impossible. In the following section the solution
procedure of the power series is presented to obtain an
exact solution to the problem.

3 SOLUTION METHODOLOGY

In order to solve the equations of conical composite
sandwich shell with a transversely flexible core, first
values of stress and moment resultants are deployed in
the Egs. (13)-(25) according to face sheets
displacement components in the longitudinal,
circumferential and radial directions. Then the system
of partial differential equations of motion in a way that
follows the structure is obtained. Thus the equations in
terms of the values of an unknown problem involve
displacement of longitudinal, circumferential and radial
middle plane procedures and component rotation
procedures and  shear  stresses  of  core,
To, T Yoi, Wiir Wi, vy, u;(i = t,b) offered. As seen
from Egs. (30)-(39), the equations of motion are
formulated in terms of the following twelve unknowns:
The circumferential and longitudinal displacements of
the outer and the inner face sheets (ui, vi, i = t,b), the
radial deflections of the outer and the inner face sheets
(wi, i = t, b), rotation components of the outer and the
inner face sheets in the longitudinal and circumferential
direction (Wg;, ¥y;,i = t,b) and the two radial core
shear stresses (ty, Tg), respectively

_Allt[ut,xSina + Rtut,xx] - A12t[vt,x9 + Wt,xcosa] - A16t[Rtvt,xx + zut,xe] - Bllt[lth,XSina + Rtl‘Uxt,xx]

sinoa

— B12:%otx0 — Blﬁt[thJGt,xx + zth,xe] + Ay R [Vt,e + u;sina + WtCOSO(]
¢

. sin®a 1
+ Az | Ve SiNA — Ve — R (vt_gg + wt_gcosoc)
t
sina . sin®a 1 1 )
+ Boye —— |PorxSina — ——Wo; — = Wyr 00| — Aot [Vexo + 5 (ut,ae - vtjgsmot)
R, R, R, R,

1 .
— Bgot [%t_xg + R (prt‘gg - llfgt_gsmoc)] + 7,(0,x)cosa =0
t

(30)

_Allb[ub,xSina + Rbub,xx] — Aqzp [Vb,xe + Wb,xcosa] - A16b[RbUb,xx + 2ub,x9] — Bi1p ['be_xsina + Rbl‘uxb,xx]

— B12v%opx6 — Bion [RoWobxx + 2%xbxe| + Azap Ry [vp,6 + upsina + wycosa]

| ) sin®a 1 sina )
+ Ayep |Vp xSINOX — vy — R (Ubﬂg + wbygcosa) + By R [11’9,,,9 + lz”xbsma]
b b
. sina 1 1 _
+ Bap | PopxSina — ——Wop = 5~ Pop00 | — Acen [Ub,xe e (upo0 — Ub,esma)]
b b b

- Bﬁﬁb

sina

[ 1
Yopxo + e (‘be'gg - ‘}’gb‘gsina)] —7,(0,x)cosa =0
! b
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1 1
=AU o~ Azt R [vwg + Uy gsina + wt‘ecosa] —Aset [th,xe + ug,Sina + wy cosa + R—ut’gg
t t

sina ) 1 . )
+ R (ugsina + WtCOSO()] _Blthjxt,xG_BzztR_ [‘Ifm_gg + ‘Ifxt‘gslnoc]—B%t [ZVfgt_xg + Wt xSina
t t
1 sina
+ R_ Wyt 00 T+ R—l}lxt] _A16t[2ut,x5m0‘ + Rtut,xx]_AGGt [vt‘xsina + RiVppx + Upxo
t
smoc
(utg vtsm(x)] Bth[Zlthxsma + RVt xx] Beot [‘Ifgtxsma + Wytxo + ReWor xx
smoc

W; g — V,COSU 79(6,x)
——— | cosa + ———cosa = 0

(qjxt 0 — lllgtsmo()] —kGgzed, <lpet
Rt rtc
(32)
1
—A12pUp o —A22b — [Ub’gg + uy gsina + Wb,gCOS(X] —Ayep [va,xg + uy ,sina + wy, ,cosa + — R —Up 9o
b

sm 1 )

+ R (upsina + wycosa) [ —B12¥xp x6 —Baab R [Wob,00 + Pappsina]—B,ep [le'eb,xe
b b

sina

1
+ W,p xSina + R—‘be‘gg + R—ll’xb] —Aléb[Zub_xsinoc + Rbub‘xx]—A%b [vb_xsina + RpUp xx
b b

sina
tUupxg +—— R, (upp — Ubsma)] —Bi6p[2%xb SN + Ry Wi x|~ Besn [llueb xSina+ ¥yp vo
sina Wp g — VpCOSA T9(0,x)
+ R Wopx + (‘be 0 — ll’gbsma)] —kGopd, (‘1’9,, —) cosa — cosa
Ry The
=0
(33)
cosa
Ajppup yCOS0t+Agy —— R, [Vtg + u;sina + WtCOSO(] +A56¢ [vtxcosa
cosa )
+ —(utg vtsma)] +Blzt'{’xtxcosa+322t —_— ['}’9”9 + 'thsma]+B26b [B”etxcosa
cosa
(lluxte lluetsma)] —kGyzed, ('luxt + wy x)sma R kaztdt('thx +we xx) kGg,edy (lluett
Wt,99 Vt,pCOSK 1
t—— (RtNafth,x + Nfeowt,e) + —Netth,e + N;Eeth,x
R, x " \R, .
T Tee — T Tte — The E

0.0 e TII:C + 1] cosot — Ty, e —— ° + 7y | cosat + —— (w, — wy)cosa =0

T:cCOSU rbcln( < In ( ¢ n (ﬂ)
Ttc

(34)

cosa
AjzpUp COSU+As,p R [Ub‘g + upsina + WtCOSO(] +A,6; [Ut,xCOSO(
b

cosa ) cosa
+— (ut 0 — vtsm(x)] +Blzt‘l’xtxcosa—322t ['}’9“9 + 'thsm(x]+BZ6t ['mecosa

cosa

(L‘Uxt o — Lp@t‘Slna)] kaztd (lpxt + Wt x)Sll’lO( R kaztdt(lthx + We xx) kGGztdt (lpet 6

ng Ut gCOSK 1

t——p > - [(RbeoWb,x + NigoWnp) , + (R_ NygoWn,o + NxgoWs x) ]
t ! b 0
T Tie — 1 Tic — T E.
6.6 £ P4 1|cosa+ Tyx Lo bey Tpe | cOst — ———~ (wp, — wy)cosa = 0
TpcCOSA 11, In (rbc) In (M) n (Tb”)
Ttc Ttc Ttc

(35)
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_Bllt[ut,xSina + Rtut,xx] - Bth[vt,xe + Wt,xcosa] — Biet [Rtvt,xx + Zut,xe] - Dllt[lpxt,xSina + Rtlpxt,xx]
sina )
— D12:Worxo — D16t[Rth6t,xx + zlth,xe] + Byt R, [Vt,e + ugsina + WtCOSO(]
t
. 1 o 1 sina .
+ Byt [vt‘xsm(x — R—vtsm o— R (Ut,ee + wtlecosa)] + Dy, R [‘Pgt,t + lI’xtsm(x]
t t t

1 1 1
+ Dy [‘I’gt,xsina R lI’é;,[sinztx R ll”et,ee] —Bget [Ut,xe sino + 7 (U0 — vt,gsina)]
t t t

1 . dt
— Deet [lpet,xa + R (l[jxt,GG - lpat,esmo‘)] + Rthxztdt(lext + Wt,x) — 7,(6,x) P} cosa =0
t
(36)

—By1p [Up £SING + RpUp x| = By2p|Vpxe + W xCOSA| — B16b[Rbe,xx_+ 2up vo| = Dy1p [P £SING + Ry Py 2|
sina _
— D125%6px6 — Dion[Ro%opxx + 2¥xnx6] + Baab R, [Vi,6 + upsina + wycosa]

) 1 o 1 sina )
+ Byep [vb‘xsma - R, vpSin“a — R, (Ub‘gg + Wb_gcosa)] + Dyypy —— [ll’gb_x + lP’xbsma]
b b b

. 1 . 1 1 .
+ Da6p |PopxSINA — — — Wy, sin’a — — lPHb,HG] — Bssp [Ub,xe + — (up,p0 — vb,GSIHO()]
Ry Ry Ry

1 ] dp
— Desp [l‘UGb,xG + R, (Wi oo — lpﬂb,BSan‘)] + RpkGzpdy(Wap + Wh ) — T2(0,%) — cosa = 0
(37)

Voo T U gSINA + W, gCOSA .
—Bi5tUsxo—Ba2t R =Bt |2Vt 40 T+ UgySina + wy ccosa
¢

lp‘gt'gg + "let'g sina
R,

U g + Ugsin®a + wysinacosa
+ R —D12t Wt xo—Daat
t

Yye00 + Presin®a
R,

—Det [leat,xe

+ W, Sina +

] _316t [Zut_xSinO( + Rtut'xx] _Bﬁﬁt [‘Ut,xSiI’IO( + ut,xg + Rtvt,xx

U gsina — v,sin®a
R,
Y, gSina — Py, sin’a
+
R,

] —Dyet [quxt,xSina + Rtlpxt,xx]_Déét [l}’gt_xsinoc + RiWorxx + Prexo

Weg — VpCOSQ\  Tg dy
—————— | ———cosa=0
R,

(38)
Vp,9g+Up,gSina+wp gcosa
Rp

| =D126 %5t 26— Dz

] —Ble[Zub,xsina + Rbub‘xx]—B“b [vb‘xsina + Uy + RpVpax +

—Bi2pUpxo—Bazp —Byep [va'xg + up,sina + wy, ccosa +

ub'99+ubsin2a+wbsinacosa
Rp
lI—’xb'gg+lI’bein2(x
Rp
. 2 : in2
Up gsina—vpsin“a xb,9Sina—¥gpsin a] +

. . L4
Rp ] _D16b [wab,x51na+Rbbe,xx]_D66b [I‘UGb,xSIHa + Rbl’UGb,xx + llUxb,xe + Rp

Wp g—VpCosa d
Rkaezbdb (llugb + %) - :_baC?bCOS(x = 0 (39)

l[’gb'gg +lllxb'gsinoc
Rp

—~Dagb [2¥sp,x0 + Papcsine +

Following the solution procedure outlined in [8], let us ®
assume the solutions of Egs. (30)-(39) as the following: w;(x,0) = z CniX™COSNO

m=0

Yri(x,0) = Yo _g dmix™cosnbd (40)

o)

u;(x,0) = Z AmiXx™cosnd
m=0

Pgi(x,0) = Z finix™sinnB
m=0

vi(x,0) = z b x™sinn® o
m=0 T, (x,0) = Z Imx™cosnd
m=0
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d of the equations, it is not possible to obtain a closed
7o(x,0) = Z hinx™sinn® form recursive expression. Fortunately, since the

m=0 governing equations are linear, the superposition
principle can be utilized to simplify the solution. A total
number of 22 base functions (fundamental solutions)
are needed. The final solution is in fact the summation
of the fundamental solutions.
Recurrence relations  allow  that  unknown
constants  awi, bmir Cmis dmis fmis 8m @and hy,  (i=t,b)
and (m > 2) are expressed in terms of ay;, ay;, boj, by,
Coi» C1i» doi» dqis foi f1, 8o and g, . Therefore,  the
solutions to Egs. (13)-(25) are:

Where n is an integer representing the circumferential
wave number of the buckled shell, aui, bmi, Cmi, dmi, fnis
Om and hy, (i=t,b) are constants to be determined by
means of recursive expressions.
Substituting Egs. (40) into Egs. (30)-(39) for a finite
number of terms in the series, using Egs. (1), and
matching the terms of the same order in x, we develop
twelve linear algebraic equations and obtain the
recursive relations. As a consequence of the complexity
u;(x,0) = [uy(®ag, + uz(X)ay, + uz(Xagy + us(X)agp + us(X)bo + ug(X)by + u7 (X)bgp + ug(x)byp + ug(X)co;
+ uyo(X)C1e + ur1 (X)Cop + gz (X)C1p + w3 (X)dot + g (X)dye + uys(X)dop + uy6(x)dyp
+ Uy, (Dfoe + g (Dfye + u9(Dfop + uz0 (D + Uz1(X)go + Uz (X)g1Jcosn® (i =1tb) 1)

v;(x,8) = [vi(Xag: + v2(X)age + v3(X)agy + va(X)asp + vs(X)bge + v (x) by + v (X)bgp, + vg(x)byy, + Vo (X)cop
+ vip(X) 1 + Vi1 (X cop + Viz () eqp + Vi3 (X doe + V14 (X)dyi + Vs (X)dop + Vi6(X)d1p
+ vi7 (foe + vig (Dfie + vie(Dfon + Voo (D fip + Vo1 (X)go + Va2 (x)g]cosn® (i =t,b)
(42)

w;(x,0) = [wy(X)ag + wy(X)age + wi(X)agy + wa(x)ag, + ws(x)bge + we(x)bye + W, (x)bgp, + Wg(x)byp,
+ Wo(X)Cor + Wio(X)Cqe + Wiy (X)Cop + Wiz (X)Cip + Wiz (X)dor + Wi (X)dye + Wis(X)dgp
+ Wis(X)dqp + Wiz (Dfor + Wig (O fye + Wig () fop + Wao(X)f1p + woq (X)g0
+ wy,(x)g ]cosn® (i =1tb)
(43)

Pi(x,0) = [Py (Mage + Pro(®age + Pz (Xagy + Pra(¥)agy + Prs (X)bor + Pye (Db + Py () bgp, + Pig ()1,
+ Yo (X ot + Pyio (X Cre + P11 (X Cop + Pr2(X)c1p + Pr3(X)doe + P14 () dye + P15 (X)dop
+ W16 (¥ d1p + Pya7 (Dfor + Pras(Ofie + Prio (Do + Prao (D1 + Pra1 (X80
+ Wip,(x)gq]cosn® (i =t,b)
(44)

Vi(%,0) = [Po1(Nage + Por(X)age + Pz (X)ag, + Pea(X)arp + Pos () bor + Po (X)b1e + Wor () bop + Pog () byp
+ Woo (X ot + P10 (X1t + P11 (X cop + Po12(X)Cp + Por3 () dor + Po14(X)dye + Po15(X)dop
+ ¥o16 (X dyp + Po17 (Dfor + Pors (D f1e + Po10(Xfon + Pozo Xf1p + Po21(X) 80
+ Wy, (x)gq]sinn® (i =1t,b)
(45)

7;(%,0) = [Tx1 (Mage + Tyo(Mage + Tz (Xagp + Tea (¥)agp + Tys (X)boe + Tye ()bye + Tye7 (X)bgp, + Tyg (X) by
+ Txo(X) ot + Tx10 (X Cre + Tyq1 (X)Cop + T2 (X cqp + Ti3(X)doe + T1a(X)dye + Tr5(X)dop
+ Ty16(¥)d1p + Tya7 (ot + Txag (Ofie + Tx1o(Dfop + Tiao f1p + Tya1 (X80
+ Tyz2(x)g1]cosn® (i =t,b)
(46)

7i(%,0) = [To1 (X)ags + Tz (X)asy + Tez(X)agp + Toa(X)asp + Tos (X)bor + Toe (X)b1¢ + Toy (X)bgp + Tog (X)byy,
+ T (X)Cot + To10(x) 1 + To11(X)Cop + To12(X)Cip + To13(X)dor + Po14(x)dy¢ + To15(x)dgp
+ To16(x)d1p + To17 (X for + Tors (1 + Tor10(X)fop + Toz0 (O fip + To21(X)g0

+ Tg22(x)g,]cosnbd i=tb)
(47)
Where  u;, vi, wi, Wi, Woi, T To (i = t,b) are  the uy (%), vi (%), wy (%), W1 (%), o1, Ty and Ty, are
fundamental solutions of the equations of motion. obtained in terms of the natural frequency by assuming
As an example, the first base functions that
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dot = 1
a1¢ = Agp = A1p = Dot = by = bop = byp = Co¢ = €1t
= Cop = C1p = dot = dy = dgp
= dyp, = for = f1c = fop = f1p = 8o
=g =0
(48)

Now, to determine the unknown coefficients, the
boundary conditions are applied to the Egs. (41)-(47).
To have a nontrivial solution for the unknown
coefficients, the determinant of the coefficient matrix
obtained from applying the boundary conditions at both
ends of the cone must vanish which gives the critical
buckling loads of the conical composite sandwich shell.

4  VALIDATION AND NUMERICAL RESULTS

As the first case study, the convergence of the solution
procedure is studied. To this aim, the two boundary
conditions  of  clamped-clamped (C-C) and
simply-simply (S-S) edges are considered and the
convergence of the critical buckling load is studied.
Tablel shows that the number of expansion terms for
the C-C boundary conditions is less than those of S-S
boundary conditions.
Table 1 Effect of expansion terms on the convergence of the
critical buckling load (o =30, h =0.02)

n=0 n=1 n=2
S- S- S-
m C-C S C-C S Cc-C S

10 0.25e¢6 0.35e6 0.05e6 0.25¢6 0.15e6 0.15€6
20 0.05e6 0.15e6 0.15e6 0.25e6 0.15e6 0.05e6
30 0.05e6 0.25e6 0.05e6 0.05e6 0.35¢6 0.05e6
40 0.15e6 0.05e6 0.15e6 0.15¢6 0.05e6 0.05e6
50 0.05e6 0.15e6 0.15e6 0.25¢6 0.05e6 0.05e6
60 0.05e6 0.25e6 0.15e6 0.25e6 0.15e6 0.35e6
70 0.05¢6 0.15¢6 0.15e6 0.25e6 0.15e6 0.05€6
80 0.05e6 0.05e6 0.15e6 0.25e6 0.15e6 0.05e6
90 00566 0.05e6 0.15e6 0.25e6 0.15e6 0.05e6
100 0.05e6 0.05e6 0.15e6 0.25e¢6 0.15e6 0.05e6

Material properties of conical sandwich shell applied
for buckling analysis in this research are listed in Table
2.
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Table 2 Material properties of conical sandwich shell for
buckling analysis [22]

Face sheets Core

E1=131Gpa, E1=E2=E3=0.00689Gpa

E2:E3:10.34Gpa 612:G23:G13:O.00345Gpa
6122623:6.895Gpa v =0
G15=6.205Gpa p=97kg/m?>
U 12=U 1320.22
V 2320.49

p=1627kg/m*

In order to show the validity and feasibility of the
buckling analysis of composite sandwich conical shells
using improved higher-order sandwich shell theory,
some comparisons are made with the results of a finite
element software. After buckling analysis on each
boundary condition, the frequency parameters are
obtained by using solid elements (6 degrees of
freedom). The obtained results from the FEM software
and exact solution are tabulated in Table 3.

Therefore,  anti-symmetric  cross-ply  laminated
composite sandwich conical shells (L/R; = 8) having
lamination  schemes as  (0/90/core/0/90) and
(0/90/0/90/core/0/90/0/90) with simply supported and
clamped boundary conditions are considered. Some
geometric parameters such as thickness have significant
effects on the dynamic behavior of the shell. The effect
of thickness on the buckling loads is considered in
Table4. To this aim conical shell with the semi-vertex
angle of a = 30° is considered which have h/R; = 0.1 to
h/R; = 0.4. Assuming R; and face thickness to core
thickness ratio are constant, It is shown that any
increase in the thickness ratio results in an increase in
the buckling load. Results also show that for any of the
C-C and S-S boundary conditions and at any thickness
ratio, increasing the thickness to radius ratio increases
the corresponding frequency parameter.

Table 3 Comparisons of buckling loads obtained via analytical and FEM methods

S-S Cc-C
Analytical FEM Analytical FEM
Lamination/ critical loads Pa(N) G (PA)  Pe(N) Ger (P2) Per(N) Qer (Pa) Pa(N) Qe (P2)
(0°/90°/0°/90°/core/0°/90°/0°/90°)  2.9e5 1.2e5 2.98e5 1.21e5 2.85e5 1.2e5 2.97e5 1.21e5
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(0°/90°/core/0°/90°) 1.3e5 0.9e5 1.31e5 0.9471e5 1.3e5 0.9¢5 1.31e5 0.9477e5
7. eigarten, V. I, Seide, P., “Elastic Stability of Thin

Table 4 Effect of thickness on frequency parameter for the
conical composite sandwich shell

S-S Cc-C
h/R1  Analytical FEM Analytical FEM

0.1 0.77 0.77978 0.78 0.78009
0.2 1.5 1.5062 1.501 1.5064
0.4 3 3.013 3.01 3.0131

5 CONCLUSION

Buckling analysis of conical composite sandwich shells
has been performed through an Improved Higher-order
Sandwich Shell theory. The buckling analysis of
composite truncated sandwich conical shells with
higher- order theory are presented for the first time.
The principle of minimum potential energy has been
used to obtain the governing equation and to find the
solution for buckling problem. Results show that the
implemented method gives the exact results with a
finite number of expansion terms. As the thickness ratio
increases, the number of terms needed for a reasonable

convergence decreases, and the buckling load increases.

The results obtained by the analytical method have
been compared with the numerical results from FEM
analysis and good agreements have been reached.
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