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Abstract: In this study, the problem of determining an optimal trajectory of a nonlinear
injection into orbit problem with minimum time was investigated. The method was based
on orthogonal polynomial approximation. This method consisted of reducing the optimal
control problem to a system of algebraic equations by expanding the state and control
vector as Chebyshev or Legendre polynomials with undetermined coefficients. The main
characteristic of this technique was that it converted the differential expressions arising
from the system dynamics and the performance index into some nonlinear algebraic
equations, thereby greatly simplifying the problem solution. Our research effort focused on
applying a Chebyshev series expansion to optimize the trajectory profile of a point-mass
Satellite Launch Vehicle (SLV). This paper is divided as follows: first, the Chebyshev and
Legender series expansion to optimization are introduced. Then, the flight mechanics
model of the point-mass SLV is given. Next, our optimization problem is described and
optimization results are presented and discussed.

Keywords: Chebyshev and legendre polynomials, Orthogonal functions, Point-mass SLV,
Trajectory

Reference: Shahmirzaee, S. J., Novinzadeh, A .B., and Pazooki, F., “Injection Into Orbit
Optimization Using Orthogonal Polynomials”, Int J of Advanced Design and
Manufacturing Technology, Vol. 9/No. 3 2016, pp. 65-75.

Biographical notes: S. J. Shahmirzaee received her PhD in aerospace engineering from
university of Tehran science and research Branch in 2015. She is currently assistant
professor at the department of aerospace and mechanical engineering, Parand University,
Parand, Iran. Her current research interests include optimal control. F. Pazooki is assistant
professor at the department of aerospace and mechanical engineering, university of Tehran
science and research branch. He received his PhD in aerospace engineering from 1AU
University, Science and Research Branch, Tehran, Iran. His core research interests are
optimal control, flight dynamics and simulation engineering. A . B. Novinzadeh is
associate professor of aerospace engineering at the K.N.Toosi University of Technology,
Tehran, Iran. He received the BSc in mechanical engineering from the University of
Bahonar, Iran, in 1991, and the MSc and PhD in aerospace engineering from the University
of Sharif, Iran, in 1996 and 2004 respectively. His core research interests are optimal
control, fuzzy control, orbital mechanics, flight dynamics and simulation engineering.

© 2016 1AU, Majlesi Branch


mailto:s.shahmirzaee@srbiau.ac.ir
mailto:pazooki-Fa@srbiau.ac.ir
mailto:Novinzaddeh@kntu.ac.ir

66 Int J Advanced Design and Manufacturing Technology, Vol. 9/ No. 3/ September —2016

1 INTRODUCTION

Trajectory Optimization is a complex and important
problem in all space missions and it has received a
considerable amount of attention in the past few decades.
Because of the complexity of most applications, trajectory
optimization is most often solved numerically. Numerical
methods for solving this problem and optimal control
problems date back to nearly five decades ago during the
1950s, starting with the work of Bellman [1]. Methods for
the trajectories have been broadly of two categories: indirect
and direct techniques or their combinations. In an indirect
method, first-order optimality conditions of the original
optimal control problem are derived. The indirect approach
leads to a Hamiltonian Boundary Value Problem (HBVP).
Moreover, the most common indirect methods are the
shooting method, the multiple-shooting method, and
Collocation methods. In a direct method, the states and/or
controls of the optimal control problem are discredited in
some manner and the continuous-time optimal control
problem is converted to a nonlinear optimization problem or
a nonlinear programming problem (NLP). The most
common direct methods are the direct shooting method, the
direct multiple-shooting method, and the direct Collocation
methods. In recent years, orthogonal functions and
polynomial series have received considerable attention in
dealing with various problems of dynamic systems such as
identification, analysis and optimal control.

The main characteristic of this technique is that it reduces
the differential equation involved in the problem to an
algebraic equation, thereby greatly simplifying the problem
solution. Moreover, pseudo spectral methods have enjoyed
much popularity. In a pseudospectral method, the states are
approximated using a global polynomial and collocation is
performed at the chosen points. Beforehand, a Chebyshev
pseudospectral method for optimal control problems was
presented and successfully applied on several problems [2].
This method employs Nth-degree Lagrange polynomial
approximations for the state and control variables with the
values of these variables at the Chebyshev—Gauss—Lobatto
(CGL) points as the expansion coefficients [2].

Brusch [3] addressed the trajectory optimization for
Atlas/Centaur launch vehicle by employing a classical
augmented Lagrangian method, in which the solution was
sought by alternately minimizing the augmented function
with respect to independent variables and adjusting the
Lagrange multipliers to satisfy constraints. Brauer et al. [4]
employed an accelerated projected gradient method. These
approaches involved considerable computer time for
convergence. Well and Tandon [5] effectively used the
recursive quadratic programming approach to three
dimensional trajectory optimization.

Adimurthy [6] solved the 3D trajectory optimization
problem through a diagonalized multiplier method in which
multiplier update formula of Tapiaand Hanis was employed
over a BFGS Hessian update.
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Vathsal and Swaminathan [7] utilized a minimax technique
by which an optimum pitch steering program could be
designed for a SLV in the presence of large uncertainties in
thrust, weight, aerodynamic coefficients, atmospheric
density, and wind velocity experienced by the wvehicle.
Beltracchi [8] described a new approach to solve the all-up
(ground to mission) trajectory optimization problem. The
algorithm proposed in this paper does not require any all-up
trajectories to be explicitly optimized, but separately
simulates the booster and upper stage. The algorithm is
based on solving the maximum transferable throw weight to
a park orbit (for the booster), maximum transferable
payload from the park orbit to the mission orbit (for the
upper stage), and a coordination problem that adjusts the
park orbit parameters to find the all-up optimum
(maximum) payload to the mission orbit.

Weigel and Well [9] investigated an optimal ascent
trajectory for a multistage SLV for dual payload problems.
The optimization problems were formulated as multiphase
problems with boundary and path constraints. Solutions
were obtained using a direct multiple shooting method. Ping
[10] proposed an inverse dynamics approach for trajectory
optimization which could be useful in many difficult
trajectory optimization and control problems. About using
orthogonal functions and polynomial series, typical
examples are the Walsh functions [11,12], the block-pulse
functions [13,14], the Laguerre polynomials [15,16], the
Legendre polynomials [17,18], the Chebyshev series [19
,20], the Chebyshev wavelets [21], the Taylor series [22
,23], and the Fourier series [24,25,26].

Our research effort focused on applying a numerical
Chebyshev approach to optimize the trajectory profile of a
point-mass SLV. A numerical algorithm based on a
Chebyshev series expansion of control and state converts
differential and integral expressions from the system
dynamics and the performance index, the boundary
conditions and other general constraints into systems of
(non-linear) algebraic equations with unknown coefficients.
The main characteristic of this technique was that it
converted the differential expressions arising from the
system dynamics and the performance index into some
nonlinear algebraic equations, thereby greatly simplifying
the problem solution. This paper is divided as follows: first,
the Chebyshev and Legender series expansion to
optimization are introduced. Then, the flight mechanics
model of the point-mass SLV is given. Next, our
optimization problem is described; optimization results are
presented and discussed too. Finally, conclusions are drawn.

2 CHEBYSHEV AND LEGENDRE SERIES EXPANSION
TO OPTIMIZATION

Recently, orthogonal functions and polynomial series have
received considerable attention in dealing with various
problems of dynamic systems. In order to provide proper
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background, Chebyshev and Legendre polynomials are
explained in this section.

Chebyshev and Legendre polynomials

To facilitate the presentation of the Chebyshev and
Legendre algorithms, here we present some background on
the Chebyshev and Legendre polynomials [19]. The
Chebyshev polynomials of the first type are defined on the
time interval t e[—11]as follows [27]:

T,(t)=Cos(r0), 6=Arccost, ~1<t<1 (1)

Which are orthogonal with respect to the weight
functionw(t) =1/1—1? on the interval [—1,1]and [19]
[28]:

) 0, forn=m
.[ijirnz(r)drz n/2 forn=m=0 )
3 vl-t 7T, forn=m=0

Therefore, the first few Chebyshev polynomials are [27]:
T,(t)=1

Tl(‘t) =T,

T,(1)=27"-1 ®)
T..(1)=2rT,(v)-T ,(v)

Hence, the Legendre polynomials are defined on the time
interval te [— 1,1] as follows [29]:

L 2
,[ L, (X)L, (X)dx = 50 (4)

3., is Kronecker delta [29]:
5 1 m=n 5
™ 10 m=n ®)
Which are orthogonal with res[)ect to the weight

functionw(t)=1 on the interval —1,1]. Therefore, the
Legendre polynomials are [29]:

Lo(r)=1
L,(t)="
LO=57 -5 ©)
LE=2v-3s
With this recursive formula [29]:
A= ()L () U

A functionf(t) can be approximated by Chebyshev or
Legendre polynomials of length m as follows [27]:

fO-2aT,0+XaT.0 ®)

Where the coefficients a,,n=012,....,m are unknown.
Moreover, the following property of polynomials will also
be used [29]:

If

(ORI RACID XRAC ©
Then

h = 1+ (-1)

[fyde=1,->" el (10)

Mathematical formulation

The behavior of a dynamic system can be represented by the
following set of ordinary differential equations [9]
((ij_X =F(X(z),U(1),7) 0<t<T,
T
X(0) = X, (11)
X(Tf) = Xf

And the state variable inequality constraints (SVIC) [1]:
S(X(1),1)<0,0<1<T, (12)

Where x and wuare the vector functions of 1,
(X,,X,,....X,) are the state variables, and (U ,U,,...,U, ) are
the control variables.

The problem of optimal control is then to find the control
U,,i=12,..,r transferring the system Egq. (11) from the
position X, = X, (z,) to the position X, = X,(t,) within the
time(rf—ro) while satisfying Eq. (12) and vyielding the
optimum of the performance index I, as given by [30]:

I = HIX(T). T, ]+ [ GIX(x), U(x), d < (13)

The vector function F,S and the scalar functions Hand
Gare generally nonlinear, and are assumed to be
continuously differentiable with respect to their arguments.
In order to use the Chebyshev polynomials of the first order
(or Legender), which are defined onte[-11], t<[0,T,] is

transformed into te [— 1,1] by using the below
transformation [10] [21]:
T= 12f(1+ t) (14)

It follows that those Eq. (11) and Eq. (13) are replaced by
[10]:
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HfxOuO, ~1t1

X(-1) =X, =X, (15)
X+ =x, =X,

| = D@2+ [ gb(®) u(t) et (16)

s[x(),t]<0, -1<t<1 17)
The approximate solution of this optimal control problem is
represented by Chebyshev (or Legender, Hereinafter, for
simplification, “or Legender” can be ignored) series of order
m for both the state and control [28]:

X (t) = %aOTO )+ ianTn ) .

R LRACED FRAC

Wherea = (a,,a,,...4,), B=(b,,b,,...b,) are the unknown
coefficients. By substituting the Chebyshev approximations
for the state and control from the Eq. (18) into Eq. (15) to
Eq. (17), considering B, (o,3,T;) and C (o, T;)to be
the Chebyshev coefficients of g[x,_(t),u, (t),t] and
h[x,,(1),1] respectively, and using the property of Eq.
(10), the following approximation for | is obtained [28]:

I(a,B,Ty)

— L@ T)+ Y C. (T )+ By(eB.T,) (19)

2
e N°—

—iﬁﬁ%&m&m

For computational reasons, the infinite series is truncated at
order m and we can calculate {B, } and {C,}by means of

the following equations [28]:

k
C,(a,T,)= EZh(xm(Cosei),Tf) Cosne,
i=1

B,(a,B,T,) =
EZg(xm(Cosei),um(Cosei),Tf) Cosne, (20)
n=01...N ;k>N;6, =E.E
k 2

Where t; =Cos6, refers to the roots of the Chebyshev
polynomial of order K.

Approximation of the system dynamics

If the Eq. (18) is substituted into the Eq. (15) and if the
Chebyshev series expansion of the right-hand side of
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Eqg. (15) is truncated after the term of order M, the following
is obtained [28]:

d;” =1, (%, (O, (O.L.T,) “

Where

fﬁmmmmmﬂké&mﬁﬁmm

) (22)
+ ZAH ((X, '31 -I-f )Tn (t)
with
A (oBT)=
2 |
E;fM(xm(Cose.), u,(Cosb,), T,) Cosné; )
n:O,l ..... M,k>N’eI:E£
k 2

The left-hand side of the Eq. (21) is of degree, m—1while
on the right-hand side, the polynomial is of degree m. If f
is non-linear, m is set to be equal to m-1, but if f is linear,
M is set to be equal to [28]. If {a'} represents the
Chebyshev coefficients of dx_/dt, then equating the
coefficients of same-order Chebyshev polynomials yields
[28]:

a;=A,a =A,.a  =A

A, =0..A,=0 24)

The relationship between {a'} and {a, } can be expressed by
[28]:
a,=A,a =A,.a ,=A

A, =0..A,=0

m-1 (25)

In which, by Eq. (25), the following relationships in terms
of ocand 3 can be written [28]:

Fa=A (0B T)+
A, .(0,B,T,)-2na, =0 ;n=12,..m

anl = Anfl((x'! B! Tf) + (26)
A, (B T)=0 ;n=m+1..,M+1

AM+1(a7BYTf) = AM+2(al Ble) =0

These equations are the approximations for the system
dynamics.

Approximation of the initial and final conditions
Another property of Chebyshev polynomials is:
T.(-D=(D"and T,M) =1,n=12,...

Therefore, the initial and final conditions of the Eq. (15) are
replaced by [28]:
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1 C n
Fualo) = an +Z(_1) a,—x,=0
-1

L = (27)
Fu.2(0) Zan +Zan =%, =0
n=1
Equality and inequality constraints
Equality and inequality constraints of the form [21]:
C(U,7) =0
C(X,1)=0 0<t<T,
C(X,U,7)=0
Ineq : (28)
S(U,1)<0
S(X,1)<0 0<t<T,
S(X,U,7)<0

can be handled like the system dynamics: Xn(V) andfor

U, (1) are substituted, CO) andfor SO are expanded in the
Chebyshev series, and the Chebyshev balance principle is
applied. In order to use Chebyshev polynomials, by using
Eq. (14) [21]:

c(u(t),t)=0
c(x(t),t)=0
c(x(t),u(t),t)=0
Ineq : (29)
s(u(t),t) <0
s(x(t),1) <0
s(x(t),u(t),t) <0

-1<t<1

-1<t<1

We define an auxiliary function y(t) by [21]:
s(x(t), u(t), t) = —%yj (t) -1<t<1 (30)

y(t)is approximated by a Chebyshev series of order m with
the unknown coefficients {r 1, i.e., [21]:

1 m
Ya(t)= 2 ANOR z rT.(t) (31)
Where p=(r,,r,...r,)refers to the unknown coefficients.

By substituting Eq. (31) and Eq. (18) into Eg. (30) and
applying the Chebyshev balance, the principle is applied.

D, (o,B,p)=0 (n=012,...m,) (32)
Where {D_}are the coefficients of the Chebyshev series
expansion of s(x(t),u(t),t)+%y2 (t) ,as truncated after

the term of orderm,. They are calculated very accurately
by means of the following formula [21] [27]:

Dn(a,ﬁ,m{

« | 8(x,(Cos6;),u,, (Cosh,),Cos;)+
Cosno;; (33)

1.,
=y (Cosb,
2ym( )

n=01..., mz;k>m2;6i:E.E
k 2

Approximation of the performance index

The optimal control problem has been reduced to a
parameter optimization problem which can be stated as
follows. Find o, and T, (if free) so that J(a,B,T,) is
minimal, or maximal, according to the constraints Eq. (26)
and Eqg. (27). Many mathematical programming techniques
can be used to solve this constrained problem. The solution
proposed by Lagrange is to form an unconstrained problem
by appending the constraints to the performance index, by
means of Lagrange multipliers. If we define [27]:

L((I,B, ple) = ‘](avBle) +

SOF BT+ 3D, (0Bp) (34)

Where { | represents the Lagrange multipliers and the
necessary conditions for the stationary are given by:

oL

=0 =01,....m
oa, N
oL
=0 =0J1,....m
o,
L _0 n=01..m (39)
arn
F,;j=0 v=0L1..,M+1 j=number of states
D,,=0v=01..,m, k=number of Constraint

Hence, the determining equations for the unknowns are
[21]:

o) oF,
+ > A =0 =01,...,m
oa, ZV: ‘oa, n

oF,

ol

—+ > A =0 =01,....m

o, 2 ‘o, "

Doy Fg n-ot..m (36)
or, S ar,

F,;=0,v=01..,M+1 j=number of state
D,, =0,v=0L..m,

k = number of Constrains
If the final time T, is free, then an additional equation is
given by:

x_,

T (37)
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Control historyfor U by m=3
] T T T T 1
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-0.24 e
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""" Legender expansion — — Chebyshev expansion

Exact solution

Fig. 1 The state variable for the Example 1 is illustrated.

X by m=3
1.0
%
094
“:‘-

0.5 Nt

'\.\"‘
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".\;._.
061
0.5 N
0.4 i
S|
0.3 e -
T T T T =
02 04 0.6 0.8 1
T
""" Legender expansion — — Chebyshev expansion

Exact solution

Fig. 2 The control variable for the Example 1 is illustrated.

Example 1

Find u(z) that minimizes:

|:1j(x2+u2)dr
20

(:TX=—X+U 0<t<1 (38)
T

X(0) =1

The exact solution of this example can be found by
Pontryagin's maximum principle method as follows:

(D) = sinh(v2(t 1))
- V2 cosh(/2) +sinh(+/2)

V2 cosh(v/2(t - 1)) —sinh(x/2( - 1))
2 cosh(v/2) +sinh(+/2)

(39)

X(t) =

© 2016 1AU, Majlesi Branch

It can be seen that the Chebyshev and Legendre expansion
with m = 5 can already offer a very precise result. A
comparison between the results for the fifth-order
Chebyshev, Legender approximation and the exact solution
showed (Fig. 1 and Fig. 2) that the error in the Chebyshev
series expansion was smaller than the Legender series
expansion, because the Chebyshev series expansion was
coincided to the exact solution. Therefore, the Chebyshev
series expansion was used to solve the main Injection into
Orbit Problem, as presented in the next section.

3 INJECTION IN TO ORBIT PROBLEM MODEL

Point-mass SLV definition

Consider an idealized point-mass SLV at the origin of
inertial frame (x,y) att =0, moving under the action of a
constant propulsive force making a control angle p(t)with
the horizon. Obviously, the position and velocity vector of
the vehicle will change due to the action of forces acting on
it. The problem is to determine the optimal thrust-direction
control to place the SLV at a given altitude with zero
vertical velocity and the maximum horizontal velocity [31]
[32].

b X

D

Fig. 3 Nomenclature for Injection into Orbit problem [5]

Dynamic model

The governing state-space equations for injection into the
orbit problem are (see Figure 3):

dx
—=u
dt
&
dt

(40)
d_u =aCosp
dt

dv .
— =aSinf -
pm B-g

Where g is the gravitational constant, h is the height of the
target orbit, u is the horizontal component of velocity, v is
the vertical component of velocity, x is satellite downrange,
and vy is satellite altitude.
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3.3. Initial and terminal conditions
With its appropriate boundary conditions [31]:
u(t=0)=0,v(t=0)=0

(41)
y(t=0)=0,x(t=0)=0
ut=t)=U,, v(t=t,)=0
y(t=t)=h,x(t=t)=D (42)

Non-dimensionalzing

Now, for a better physical understanding, the governing
equations and the associated boundary conditions are non-

dimensionalzed wusing a set of assumed reference
parameters(u”,y",t") [31]:
U=—t V=r v x-X
u u y y
43
Lt 1q )
t'dt tde

For optimal control problems where T, is free, one usually
utilizes the final time as a referencing condition for
determining non-dimensional parameters. In addition, the
reference parameters are [31]:

. . . h
u:Uf,y:h,t:U— (44)

f

Now, by eliminating the first equation provided in the Eq.
(40) and using the above non-dimensional state variable
equations, the transformed equations become [31]:

t:j_'j =, Cosp

d—V=mISinB—co2 (45)
dt

ELOPNY

dt

Where:

- (46)

With non-dimensional boundary conditions [31]:
U(t=0)=0,V(t=0)=0,y(x=0)=0

U(t=1,)=1,V(t=1,)=0,y(r=71,)=1 (“47)

For a set of the assumed values of the parameters,
(h,D,a,g) the geometrical parameters(w,,w,,m,) can be

determined. For example, if h=D =a =1, and g=0.33,

the geometrical parameters are o, =, =1 ®, =0.33.

4  TRAJECTORY OPTIMIZATION PROBLEM
DESCRIPTION

Cost function

Different cost functions can be formulated for SLV
trajectory profile optimization problem. One of the most
common is the maximization of the final payload for a fixed
SLV gross launch weight, minimization of fuel to be
expended in flight and maximization of injection velocity
for a given altitude or any of the significant orbital
parameters. The payload optimization problem of directly
maximizing the final mass has been dealt in the literature
extensively [7]. However, for the present research effort, the
problem was determining the control action of p=p(t)
required for transferring the point-mass SLV to the
specified orbit with minimum time, so that the performance
measure could be defined as:

ct—

dt (48)

Computational procedures

The task is now to use the equations presented in order to
find the control history p(t) which will propagate the initial
state values, using the state differential equations and
meeting specified point conditions while reaching the
minimum amount of time. This formulation results in a
problem of open loop optimal control. Transforming t to
the interval [-11]:

,:Ljdt (49)
2 1

d—UZLCOSB

a 2

av T, o

—=-—"(Sinp-0.33

m 5 (Sinp ) (50)

Wy _T,

d 2

ut=-1)=0,v(t=-1)=0, y(t=-1)=0

ut=1)=1,v(t=1)=0,yt=n=1 (51)

We first write analytically the Chebyshev series expansion
of the third order m =3. Choosing M =m-1=2for the
first and second equations of Eq. (50) and M=m=3 for
the third equation of Eq. (50), we come to

PO = SaT. 0+ ZaT (®
1 3
v(t) = > b, T, (t) + Z b,T (1)

) 3 (52)
y(O) =T () + D e T

u(t) = %eOT0 )+ ienTn )
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The following expressions present the Taylor series for
Sinp and Cosp about the base point t=0:

Bw)

Sinﬁ(t)zﬁ(t)*T

2 (53)
Cosp(t) ~1- 7([3(2'[! )

The unknown’s o=(a,a,a,..a,)
v=(c,,C,,C,,...c,,)and n=(e,e,e,...e,) Mmust satisfy the
constraints:

F.=A+A, -2b, =0
':1,1 = A1,1 + A3,1 - 4b2 =0 (54)
F.=A, +A, —6b,=0
A, =0
F.=A,,+A,,-2c,=0
F,=A,+A,,—4c,=0 (55)
F.=A,,+A,,-6c,=0
A,,=0
F:=A,+A,, -2 =0
F.=A,+A,,—-4e,=0
Fz,s = Az,s + A4‘3 - 6e3 =0 (56)
F3,3 = A3,3 + AS,S = 0
A4,3 = A5,3 = O
With its appropriate boundary conditions:
Lo+ ()
F,==b,+» (-1)b, -0=0
31 2 0 ; (57)
1 3
F. Ezbo +Z b, -0=0
1 2 N
Fe=2¢ +;(—1) c,-0=0
.. (58)
F,== -1=0
4,2 2 CO + "Z::‘Cn
F,= leo +i(—1)"e -0=0
' 2 n=1 !
L (59)
F.= PR +;en -1=0

With h=0andg=0.5T,, the approximate performance
index to be minimized is:

L(a,B,ym T) =T,

3m+6 60
+ Z}\'VFV (aiﬁiy7an) ( )
v=0

Computational results
Eqg. (35) or Eq. (36) and Eq. (54) to Eq. (59) give (Tm+12)
the determining equations for (7m+12) the unknowns

© 2016 1AU, Majlesi Branch

(T 0B, 2, i =12.,m ,j=012,.,3m+6 -

These nonlinear equations are solved with the iterative
Newton method. It should be emphasized that the following
solution (Table 1) is readily obtained for m=9 and m=11.
For m = 9 and K = 20, the final results were obtained after
10.4 s computer time, whereas for m = 11 and K = 25,
running time was 14.5 s. Hence, for m = 9, the parameter K
was increased from 20 to 25, and it had no effect on the first
five decimals of the results while the computer time was
increased from 10.4 s to 12.6 s. It can be seen that with
these coefficients, boundary conditions have been satisfied
(Table 2).

Table 1 Chebyshev coefficients for m=9 and m=11

Ninth-order Chebyshev approximation (m=9, K=20)

T, 2.21145 sec
a, =0.66752, a, = —1.47354, a, = —0.38009,
50 a, =0.17378, a, =0.18288, a, =0.02218,
a, =-0.07004, a, =—0.02725,
a, =0.01023, a, = 0.02838
b, = 0.65853, b, = 0.06694, b, = —0.35734,
v(t) b, =-0.09710, b, =0.01772, b, =0.02952,
b, =0.00364, b, =—0.00922,
b, = -0.00745, b, = 0.00091

¢, =0.93114, ¢, = 0.56160, c, = 0.04516,

yo ¢, =-0.07672, ¢, =—0.01970, ¢, =—0.00140,
¢, =0.00239, ¢, =0.00111,

¢, =-0.00069, ¢, = —0.00067

e, =0.85021 e, =0.52997¢,=0.1181§

e,=-0.01296 e, =—0.02822 e, =-0.01189

e, =0.00314 e, =0.0042Q

e, =0.00237e, =-0.00174

Eleventh-order Chebyshev approximation (m=11, K=25)

T, 2.21131 sec

a, =0.67372, a, =—1.48189, a, =—0.37478,
a, =0.16386, a, =0.18885, a, =0.01151,

u(t)

PO a, =—0.06193, a, =-0.04071, a, =0.01969,
a, =0.01068, a,, =0.01371, a,, =—0.02895
b, = 0.66447, b, =0.07914, b, = -0.35337,
b, =—0.08785, b, =0.01959, b, =0.037469,
v(t) : : :

b, =0.00537, b, =-0.00145, b, = —0.00633,
b, =0.00813, b,, =0.00170, b,, =0.01058
¢, = 0.93104, ¢, = 056422, ¢, = 0.04475,
y(o ¢, =—0.07433, ¢, =—0.02057, c, =0.00083,
¢, =0.00154, ¢, = 0.00321,c, =—0.00154,
¢, =0.00135, ¢, =-0.00125, c,, = 0.00248
e, =0.84843, e, = 0.53193, e, = 0.11633,
e, =-0.01151, e, =—0.02997, e, =-0.01031,
e, =0.00131, e, =0.00610,e, = 0.00072,
e, =0.00074, e, =—0.00195, e , = 0.00045

u(t)
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Table 2 shows that the errors on the boundary conditions are State variable Y vrs time
negligible and our solutions for point-mass SLV problem 2 r=m—
are sufficiently accurate. Hence, it can be concluded that o m=i

Eleventh-order Chebyshev series expansion gives better
results. Therefore, we find that we can get more accurate
results by increasing m.

Table 2 The errors in the boundary conditions for m=9 and m=11

N
m Ini or fina value |Error|
v (-1) -0.0052075 5.207500e-003
v (1) -0.0321069 3.210690e-002
u(-1) -0.0130064 1.300640e-002
9 u(l) 1.0282297 2.822970e-002
y (-1) 0.0088051 8.805100e-003
y (1) 0.9766552 2.334480e-002 02
v (-1) -0.0046831 4.6831006-003 0 08 ! s 2 25
v (1) 0.0212223 2.122200e-002 i
u(-1) -0.0065543 6.5543006-003 (©
11 u (1) 1.0281744 2.817439¢-002 State variable X wrs time
y (-1) -0.0083327 8.332700e-003 1 E=S—
y (1) 0.9862312 1.376880e-002 09 o me11
State variable X wrs time
! —HB—m=9
0.9 & m=11

X @)

25

(d)
Fig. 4 State variables for the point-mass SLV problem are illustrated.

25 f . N
. The comparisons between ninth-order and eleven-order Chebyshev series
expansion are illustrated.
(a) Control variable  wrs time
State variable U s time 1.5 ‘:
1.2 |
—H—m=9 )
S m=11 1
0.5
ICEN]
— (<=1
)
o}
-0.5
-1
-1.5
0 0.5 1 15 2 2.5
-0.2 T
0 0.5 1 1.5 2 25 . A )
T Fig. 5  Control variable for the point-mass SLV problem. The
(b) comparison between the ninth-order and eleven-order Chebyshev

series expansion is illustrated.
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Also, there was an excellent agreement between our results
and Ref®! solutions in the magnitude of the final time. In the
Ref®!, the final time or cost function was found to be 2.2347
second and in this research, it was 2.21131 second for m=11
and 2.21145 second for m=9. Also, by using figures in
[31]’s work, it could be seen that there was excellent
agreement between our time histories (for state and control
variables) and [31]’s work.

5 CONCLUSION

In this research, single objective trajectory optimization of a
point-mass SLV was conducted using Chebyshev series
expansion approach. It was a minimum flight time problem.
The main feature of using Chebyshev (or Legender) series
expansion was that it converted the differential expressions
arising from the system dynamics and the performance
index into algebraic equations. Thus, the trajectory
optimization of a point-mass SLV was reduced to a problem
of solving a system of algebraic equations. Hence,
Examplel denoted that we could get more accurate results
by increasing the order of series expansion. Moreover, the
effectiveness of the Chebyshev approximation with respect
to Legender approximation was proved. Also, the suggested
strategy is not complicated and can be implemented without
too much fuss.

REFERENCES

[1] Rao, V. Anil., “A survey of numerical methods for optimal
control,” (Preprint) AAS 09-334, 2009.

[2] Fahroo, F., and Ross, I. M., “Direct trajectory optimization by
a Chebyshev pseudospectral method,” J. Guidance, Control
and Dynamic, Vol. 25, No. 1, 2002, p. 160-166.

[3] Brusch, R. G., “Trajectory optimization for the Atlas/Centaur
launch vehicle,” J. Spacecraft Rockets, Vol. 14, 1977, p. 550-
555.

[4] Brauer, G. L., Cornick, D. E., and Stevenson, R., “Capabilities
and applications of the program to optimize simulated
trajectories (POST),” NASA CR-2770, 1977.

[5] Well, K. H., and Tandon, S. R., “Rocket ascent trajectory
optimization via recursive quadratic programming,” J. Astron.
Sci, Vol. 30, 1982, p. 101-116.

[6] Adimurthy, V., “Launch vehicle trajectory optimization,” Acta
Astronautica, Vol. 15, No. 11, 1987, p. 845-850.

[7] Vathsal, S., and Swaminathan, R., “Minimax approach to
trajectory optimization of multistage launch vehicles,” TEEE
Transactions On Aerospace and Electronic Systems, IEEE.
AES-13, Vol. 2, 1977, p. 179-187.

[8] Beltracchi, TJ., “Decomposition approach to solving the Ail-
Up trajectory optimization problem,” Journal of Guidance,
Control, and Dynamics, Vol. 15, 1992, p. 707-716.

[9] Weigel, N., and Well, K. H., “Dual payload ascent trajectory
optimization with a splash-down constraint,” Journal of
Guidance, Control, and Dynamics, Vol. 23, 2000, p. 45-52.

© 2016 1AU, Majlesi Branch

[10] Ping, Lu., “Inverse dynamics approach to trajectory
optimization for an aerospace plane,” Journal of Guidance,
Control, and Dynamics, Vol. 16, No.4, 1993, p. 726-732.

[11] Chen, C. F., and Hsiao, C. H., “Design of piecewise constant
gains for optimal control via Walsh functions,” IEEE
Transactions on Automatic Control, Vol. 20, No. 5, 1975, p.
596-603.

[12] Chen, W. L., and Shih, Y. P., “Analysis and optimal control
of time-varying linear systems via Walsh functions,”
International Journal of Control, Vol. 27, 1978, p. 917-932.

[13] Hsu, N. S., and Cheng, B., “Analysis and optimal control of
time-varying linear systems via block-pulse functions,”
International Journal of Control, Vol. 33, No. 6, 1981, p. 1107-
1122.

[14] Hwang, C., and Shih, Y. P., “Optimal control of delay
systems via block-pulse functions,” Journal of Optimization
Theory and Applications, Vol. 45, No. 1, 1985, p.101- 112.

[15] Clement, P. R., “Laguerre functions in signal analysis and
parameter identification,” Journal of the Franklin Institute,
Vol. 313, No. 2, 1982, p. 85-95.

[16] Hwang, C., and Shih, Y. P., “Laguerre series direct method
for variational problems,” Journal of Optimization Theory and
Applications, Vol. 39, No. 1, 1983, p. 43-149.

[17] Hwang, C., and Chen, M. Y., “Analysis and optimal control
of time-varying linear systems via shifted Legendre
polynomials,” International Journal of Control, VVol. 41, No. 5,
1985, p. 1317-1330.

[18] Wang, ML., and Chang, R. Y., “Optimal control of lumped-
parameter systems via shifted Legendre polynomial
approximation,” Journal of Optimization Theory and
Applications, Vol. 45, No. 2, 1985, p. 313-324.

[19] Paraskevopoulos, P. N., “Chebyshev series approach to
system identification analysis and optimal control,” Journal of
the Franklin Institute, VVol. 316, No. 1, 1983, p. 135-157.

[20] Chou, J. H., and Horng, I. R., “Application of Chebyshev
polynomials to the optimal control of time-varying linear
systems,” International Journal of Control, Vol. 41, No. 1,
1985, p. 135-144.

[21] Shahmirzaee, S. J., Novinzadeh, A. B., and Pazooki, F.,
“Multiple stage satellite launch vehicle ascent optimization
using Chebyshev wavelets,” Aerospace Science and
Technology, Vol. 46, 2015, p. 321-330.

[22] Mouroutsos, S. G., and Sparis, P .D., “Taylor series approach
to system identification, analysis, and optimal control,” Journal
of the Franklin Institute, Vol. 319, 1985, p. 359-371.

[23] Razzaghi, Mo., and Razzaghi, Me., “Taylor series direct
method for variational problems,” Journal of the Franklin
Institute, Vol. 325, No. 1, 1988, p. 125-131.

[24] Paraskevopoulos, P. N., Sparis, P. D., and Mouroutsos, S. G.,
“The Fourier series operational matrix of integration,”
International Journal of Systems Science, Vol. 16, No. 2, 1985,
p. 171-176.

[25] Razzaghi, M., “Fourier Series direct method for Variational
Problems,” International Journal of Control, Vol. 48, No. 3,
1988, p. 887-895.

[26] Razzaghi, M., “Optimal Control of Linear time-varying
systems via Fourier series,” Journal of Optimization Theory
and Applications, Vol. 65, No. 2, 1990, p. 375-384.



Int J Advanced Design and Manufacturing Technology, Vol. 9/ No. 3/ September — 2016 75

[27] Razzaghi, M., and Marzban, H. R., “Direct method for
variational problems via hybrid of block-pulse and Chebyshev
functions,” Mathematical problems in Engineering, Vol. 6,
1999, p. 85-97.

[28] Handscomb, DC., Methods of numerical approximation, 1nd
ed., Oxford university computing laboratory, Pergamon, press
Itd, 1966, p. 50.

[29] Adibi, H., and Assari, P., “Chebyshev wavelet method for
numerical solution of Fredholm integral equation of the first
kind,” Mathematical problems in Engineering, ID 138408,
2010.

[30] EL-Gindy, T. M., and EL-Hawary, H. M., “A Chebyshev
approximation for solving optimal control problems,”
Computers & Math with Applic, Vol. 29, No. 6, 1995, p. 35-
45.

[31] Afshari, H., Nasehi, H., Novinzadeh, A. B., and Roshanian,
J., “A wvariational approach in determination of explicit
neighboring optimal guidance law for injection into orbit,”
International Review of Automatic Control, Vol. 1, No. 2,
2008, p. 248-257.

[32] Bryson, Jr. A., and Yu-Chi, Ho., Applied optimal control
optimization, estimation, and control, 1nd ed., Massachusetts,
Toronto, London, Blaisdell Publishing Company, 1969, p. 194.

© 2016 1AU, Majlesi Branch



