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Abstract: In this paper, the rigid four-bar linkage with clearance joint has been
examined. The effects of design parameters have been analyzed separately.
Considering chaotic behaviour and undesirable vibrations of the system induced by
joint clearance, it has been suggested to use compliant joints for improving these
undesirable behaviours. Therefore, rigid four-bar linkage with clearance joint and
compliant joint is investigated by pseudo-rigid-body model. Subsequently, the
nonlinear behaviour of the compliant mechanism is examined, using fast Fourier
transform analysis, Poincare sections, and bifurcation diagram. Comparative
analysis of results clearly shows that using appropriate compliant joints causes
notable improvements in the behaviour of the system, reduction of sudden impacts,
and lower accelerations. 6 cycles simulations of mechanisms demonstrate the
decreasing 207 impacts to 33 impacts using compliant joint. Moreover, the results
report 87% decrease in follower top acceleration and 64% in clearance joint top
contact force. Although using the compliant joint makes limitations in the
workspace, but the appropriate and optimized design of the compliant joint results
in good improvement in the performance of the system.
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1 INTRODUCTION

The existence of joint clearance results in additional
degrees of freedom in the system and the mechanism
undergoes sudden impacts, causing undesirable
vibrations, lower accuracy, and chaotic dynamical
behaviour [1]. Therefore, by considering joint clearance
in mechanisms analysis, more accurate information can
be obtained and a better design of mechanism can be
achieved. Clearance phenomenon in joint causes three
modes of relative motion for journal and bearing: (i) free
flight mode, (ii) impact mode, and (iii) continuous
contact mode [2]. The massless link model [2] is unable
to predict these three modes, so to achieve more accurate
responses; a more perfect model is required for
dynamical analysis.

While ignoring the energy dissipation [3] results in a
great error in the response and reduces the accuracy, the
model developed by Lankarani and Nikravesh [4]
presented a hysteresis damping function in order to
account for the dissipated energy during contact, and all
motional modes are assumed. The computational and
experimental study [5-6] on revolute clearance joints is
developed for improving the accuracy of modeling and
using the model in applicable cases [7-9]. Respecting the
importance of clearance modeling in mechanisms,
Lankarani and Nikravesh model is used in [10] to
present the nonlinear dynamics of the four-bar linkage
mechanism with two clearance joints. Moreover, the
perfect contact model should consider other phenomena
like friction and lubrication. Javanfar and Bamdad [11]
presented a novel friction model for clearance joint
modeling to reduce the error of these models. Filipe
Marques et al. [12] examined several friction force
models for improving the accuracy of clearance joint
modeling.

As the researches and studies have been improved in the
field of clearance joints, special and practical works
have been done in dynamic analysis, control, and design
of mechanisms [13-20] to reduce undesirable vibration
of mechanisms with clearance joints. Studies [13-14]
demonstrate the chaotic behaviour of these mechanisms,
then the journal-bearing motion is stabilized by a control
method [13-14]. Using the genetic algorithm, the
appropriate values for variables design parameters are
determined in order to reduce undesirable system
vibrations [15]. However, the permanent contact model
is assumed in [15]. Sardashti et. al. [16] designed a rigid
planar four-bar linkage mechanism with clearance joints
via PSO algorithm that uses the massless link method.
Although, they [15-16] applied optimization method for
reducing vibration of mechanisms with clearance joint,
but their modeling is not accurate. Therefore,
considering all motional modes in the clearance joint
optimal design is used to remove impact in the clearance
joint [17]. Some practical examples relate the closed-
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chain mechanism dynamics to the necessity of the joint
clearance model [18-20]. Although mentioned papers
[13-20] used optimization and control methods in the
field of improving the dynamic behaviour of these
mechanisms, some studies using stiffness and flexibility
reduce the undesirable vibration of clearance joint in
mechanisms [21-22]. They report that the flexibility and
stiffness of the linkages [21] and joints [22] can improve
these mechanisms' behaviour. Because of limitations
and the high cost of optimization and control methods,
concentrating on the compliant joint for this goal is
efficient. Bending compliant joint is one of the flexible
links that has been noted because of their vast utility
such as MEMS, robotics, medical usage, and
biomechanics application [23].

Studies [22-24], support the idea of adding compliant
joints to the mechanisms with clearance for improving
accuracy and reducing vibration, while they [22-24] do
not consider the nonlinear behaviour by Poincare
section, phase diagram, and FFT plot. Studies [21], [25]
suggest the link flexibility and passive vibration
absorber to improve the chaotic behaviour of the
mechanism considering nonlinear behaviour. Although
studies [21], [25] apply the link flexibility and passive
vibration absorber to improve nonlinear behaviour, they
do not use compliant joint, and studies [22], [24] apply
compliant joint to improve the dynamic behaviour of the
mechanism but do not present the nonlinear behaviour.
Therefore, in the present work, it is simply shown how
sudden impacts in the system are eliminated, undesirable
vibrations are decreased and chaotic behaviour is
improved using a compliant joint.

Although joint clearance has been gaining increasing
attention in recent years, most works have been devoted
to analyzing and controlling undesirable system
vibrations, and despite many studies have been carried
out in the area of compliant joints, simultaneous effect
of both in one mechanism and nonlinear behaviour of
them have never been addressed. Therefore, the analysis
of the mechanism predicts the influence of compliant
joint on the nonlinear dynamic behaviour of mechanisms
with clearance joint. The contribution of this paper is:
 Offering and examining a compliant joint to predict
the effect of the compliant joint on the behaviour of
mechanisms with clearance joint.

* Presenting the nonlinear behaviour of four-bar linkage
mechanism with clearance and compliant joint by
Poincare section, phase diagram, and FFT plot.

The rest of the paper is structured as follows. The
mechanism’s model is presented, and the stiffness of the
compliant joint is introduced in Section 2. Then, results
show the influence of compliant joint on the dynamic
behaviour of mechanism with clearance joint in section
3. The results including journal center trajectory and
input link required moment and concentrating on the
vibrations of mechanisms, nonlinear dynamics plots as
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the phase diagram, Poincare section, FFT analysis, and
bifurcation diagram are presented.

2 MODELING

In this section Equations of motions for different cases
are obtained. “Fig. 1” shows the schematic of the
clearance joint that demonstrates the contact point Pg
and P;, the center of journal 0;, the center of bearing O,
the clearance vector r and a.

P P,
[/ PBY~
| / o

Fig.1  Revolute clearance joint.

R; and Ry are the radius of journal and bearing, hence
indentation ¢ is calculated as:

§=r—(Rg—R) (1)
The Hertz law as proposed in [3]:
Fy = Ké&" (2)

Assuming circular and elliptical contacts n is set to 1.5.
The generalized stiffness K is written as:

1
Ko <&%>2 3)

a; and g; are material parameters. The values of them are
calculated by using Poisson's ratio v and the Young's
modulus E of each sphere as follows:

1-v2
E

o = L k=1i,j 4)

The normal contact force is finally expressed as [4]:

(5)

- 3k(1—C2)\ &
= o )50

For sphere to sphere contact or by similar expressions
for the contact of other types of geometry; C, is the
restitution coefficient and 6 is the initial normal
impact velocity where contact is detected. Note that the
direction of normal force is the same with the normal
vector (n) in “Fig. 2”. The contact force magnitude Q,
and its orientation « are defined contact force vector and
Q. is computed as:

(6)
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Fig.2  Equivalent clearance link.

A brief review of compliant joints and their application
are presented here. In order to design compliant joint,
some criteria should be noted like: (i) range of motion,
(i) stress concentration (iii) axial stiffness. Using these
studies of designing [26-28] and investigating [29-30]
the revolute joint and the translational compliant joint
are applied. The revolute compliant joint which is a
bending element, is supposed as a torsional spring,
whose stiffness can be calculated by using the
Castigliano's theory [30]. According to this theory, the
torsional spring coefficient of compliant joint according
to “Fig. 3” is calculated as [31]:

El El
== 10
K L  2RA6 (10)

Where, L is the length of the flexible segment, E is
elasticity modulus, | is moment inertia and R is beam
curvature radius.

The EoM (Equation of motion) for the mechanism of
“Fig. 4” is derived. It is assumed that joints have
clearance. Three cases are considered: (1) one clearance
joint, (b) one clearance and compliant joint, and (c) one
and two compliant joints. Moreover, the Euler-Lagrange
Equation is used to extract the EoM. Figure 4 shows the



mechanism with one clearance joint at joint 3 having the
3 degrees of freedom.

Fig.3  Compliant joint.

., Cloarance ot

v Chearance raduds

Ly
Fig. 4  Four bar linkage mechanism with one clearance
joint.

The Equations of motion for this system is as follows:

(13 + m3a321L%)é3 - m3a3L3L2é22 COS(HZ
=03 —43)

11
+ myasLigcos(fs + A3) (11)
= —L3Q,sin(63 — )
(I, + mya3l3)6, + mya,L,g cos(6, + 1,) (12)

= QcL4sin(0, — )
The required moment to drive the crank is obtained as:

(I, + mya2l3 + m,L3
+ mgazL;L,05 cos(6,
—63))6,
+ mgazLsL,06, (53 cos(6,
“0) -0 (13)
— 65)sin(6, — 63) 05)
—msasL;L,0,05 sin(6,
—03) + myga,L, cos 6,
+ msgL, cos 9,
+ Q.L,sin(6, —y) =M
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The schematic of the mechanism adding a compliant
joint to case (i) is demonstrated in “Fig. 5. Joint 2 is
compliant, while joint 3 is clearance joint.

5 Clearuecs radhos

I

Fig.5  Four bar linkage mechanism with one clearance
joint and one compliant joint.

As mentioned in modeling section, compliant joint
modeled as torsional spring, so four-bar linkage
mechanism  via  pseudo-rigid-body  model s
demonstrated by “Fig. 6.

S{karance radivos

Torsional spring [+ \ _;,"'.
& ideal ;omt/ N -
- N @ ¥ | 4 \ L

Ly
Fig.6  Modeling of four bar linkage mechanism with one

clearance joint and one compliant joint according pseudo-
rigid-body model.

According pseudo-rigid-body model of compliant
mechanisms, the Equations of motion for this case can
be expressed by following Equations.

(I3 + m3a3°13)6; '
— mgazL;L,02 cos(6,

- 93 - 13) 15
+ mgaszLi;g cos(63 + 13) (15)
—ko(6, —63)
= —L3Q.sin(6; — )

(I + myatl3)0, + mya,L,gcos(6, + Ay) (16)

= QcLysin(0, — )

The required moment driving the crank is written as:
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(I, + mya2l3 + myL3
+ msazL;L,605 cos(6,

— 63))6, o
+ msaslsL,0, (93 cos(6,
—6)-(6,

— maazL;L,0,0; sin(6,
—03) + myga,L, cos 6,
+ mygL, cos 0,

+ QcLz sin(6; — )

+ Ko (6, — 05

— (620 — 930)) =M,

The Eom of mechanism with compliant joints is
presented here. In this case, similar to a four-bar
mechanism without clearance, the mechanism has a
single degree of freedom (DoF). The kinematics solution
of the system is the same as the case with ideal joints,
however, the required crank moment is different. Figure
7 demonstrates the mechanism with two compliant
joints. Compliant joint was modeled as torsional spring,
so four-bar linkage mechanism via this modeling
demonstrated by “Fig. 8”.

Complant pnt<<—

Ly
Fig. 7  Four bar linkage mechanism with two compliant
joint.

Torsiondl spring

Ly

Fig. 8  Modeling of four bar linkage mechanism with two
compliant joint

Using kinematic solution of mechanism, the value of
kinematic specification of mechanism's links are
obtained, so the crank moment of mechanism is
calculated by using these values. These values are
calculated as:

Lzeiez + L3ei93 = Lleiel + L4ei94

(15)
0
_ L2 . Sln(92 - 94)
L3 2 Sll’l(93 - 94)
Lo ., cos(6, —6,)
+6,(6, — 6,) S0, — 6y (16)
. ., cos(6, —6,) cos(8; — 6,)
—0,(6; -6 .
2( 3 4) sin?(0; — 9,)
0,
_ L2 . Sln(GZ - 93)
N L4 2 Sll’l(94 - 93)
Lo ., cos(f, —63)
+6,(6, — 65) Sn(8, =0, 17)

. . . Sin(GZ - 93) COS(64 - 63)
=0, (94 h 93) sin?(6, — 63)

Moreover, in this case the input crank moment is
determined as:

L3 5
IGZ + mz Z + m3L2

LZ 2 L23 Sln(gz - 94) 2
+ (E) <1G3 s 4 ) \sin(6; — 6,)
Sln(gz - 94)
Sln(93 - 94)
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Ly\? 18
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+

(6 - 9‘4))
sin(6, — 6,)
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ms ZSln( 3 2) Sin(93 _94)

(65— 62)
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6,

Where Kg, and K, are torsional stiffness coefficient of
joints 2 and 3. The Equation of mechanism with one
compliant joint can be achieved considering Ko, = 0.

3 RESULTS AND DISCUSSION

The influence of the compliant joints on the dynamic
results of mechanism is investigated. The variable
angular displacement of crank is:

0, = Ocoswt + 0,, (19)

Where, © and 6, are the amplitude of oscillation and
initial configuration. Mass and geometric properties of
links are mentioned in “Table 1”. Properties of the
journal and bearing are mentioned in “Table 2. It is
clear that the compliant joint cannot have complete
rotation, hence crank must has oscillation. For
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. . 441
considered mechanism, © and 6,, are selected as ?;T

and 2.1, respectively. And “Table 3”, shows the
specifications of the compliant joint.

Table 1 The specification of different links.

Body number Length (m) Mass (kg) a
1 0.08 - 0.5
2 0.01 1.405 0.5
3 0.075 7.866 0.5
4 0.055 6.407 0.5

Table 2 Geometrical and structural properties of journal and

bearing.
Bearing | Clearance | Restitution | Young's | Poisson's
radius size coefficient | modulus ratio
207
0.001 0.0005 0.9 0.5
(Gpa)

Table 3 The specification of compliant joint.

Modulus of elasticity E =207 x 10°pa
Radius of curvature R=0.1981m
widths W=0.01m
thickness t=0.001m
joint stiffness K=4.05

In “Fig. 97, the time histories of the magnitude of the
clearance vector are demonstrated. It is obvious that the
joint experiences three motional modes. However, in
continuous contact mode, the dynamic behaviour of the
system is improved, so based on this concept, compliant
joint is applied in order to have journal and bearing
experience continuous contact mode more than the case
that mechanism without compliant joint. Actually, “Fig.
9”, shows the clearance trajectory for several stiffnesses
of compliant joints, also this figure demonstrates that
using proportional stiffness of compliant joint stabilizes
the clearance joint in continuous contact mode.
Moreover, “Fig. 9b” confirms that using compliant joint
impact and free flight mode are decreased. Generally,
this figure proves the idea that using proportional
compliant joint increases the continuous contact mode.
Moreover, the advantage of these figures allowed the
investigation of using compliant joints in order to
eliminate the undesirable vibration of the mechanism.
The influence of clearance size and input link velocity
are investigated separately, therefore “Fig. 107
demonstrates the journal center trajectory relative to
bearing in several input link velocities, and “Fig. 11~
shows the variation of clearance with time in several
input link velocities.
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Fig.9  Variation of clearance with time: (a): four bar linkage mechanism with one clearance joint at joint 3, and four bar linkage
mechanism with one clearance joint at joint 3 and compliant joint at joint 2 with stiffness of, (b): 4 N.m, (c): 1 N.m, (d): 10 N.m.
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Fig. 10 Journal center trajectory relative to bearing (red circle shows the clearance size) with input link velocity:
(@): 20 rpm, (b): 70 rpm, (c): 150 rpm.
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Fig. 11 Variation of clearance with time with input link velocity: (a): 20 rpm, (b): 70 rpm, (c): 150 rpm.

Figure 12 demonstrates the Journal center trajectory
relative to bearing in several clearance sizes and “Fig.
13” shows the variation of clearance with time in several
clearance sizes. Actually based on physical concepts
increasing these parameters is undesirable. Also, the

w10 107
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1
15 nd
1 0 1 4 2
X (m) «10°
(@

advantage of these figures verifies that increasing
clearance size and input link, velocity is not desirable in
fact, increasing these parameters causes more impact
and major clearance radius.

Yy, im)
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Fig. 12 Journal center trajectory relative to bearing (red circle shows the clearance size) with clearance size of: (a):
0.0001 m, (b): 0.0004 m (c) 0.0008 m.
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Fig. 13 Variation of clearance with time with clearance size of: (a): 0.0001 m, (b): 0.0004 m (c) 0.0008 m.
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Figures 14 and 15 give the required moment of driving
input link for the case of mechanism with clearance joint
and with compliant joint. It is obvious when the angular
velocity and clearance size are increased, the vibration

of the mechanism is increased.
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Fig. 14 Crank moment for different angular velocities.
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Fig. 15 Crank moment for different clearance sizes.

In this part, two cases are examined. In the first case, a
four-bar linkage mechanism with one clearance joint
between links 3 and 4 (i) (according to “Fig. 4”), and in
the second case (ii) a four-bar linkage mechanism with a
clearance joint between links 3 and 4 and a compliant
joint between link 2 and 3 (according to “Fig. 57) are
considered. Figure 16 shows dynamic behaviour of the
second case in several stiffnesses. The yellow curves of
“Figs. 16¢ and 16d” illustrate that the sudden changes of

acceleration and moment curves are decreased by
applying the compliant joint and this causes the
enhancement in the useful life and dynamic behaviour of
the system. According to “Fig. 16”, the compliant joint
with k=4 shows better behaviour than the case of k=10.
These figures show that by optimizing the stiffness of
compliant joint, the acceleration curve is improved.

However, by other stiffness far away from the region of
proportional stiffness, the behaviour of mechanism is not
improved impressively. Although the sudden change of
acceleration and severe collision in clearance joint is not

canceled, the behaviour of mechanism via optimized
compliant joint stiffness is improved by decreasing

impact in clearance joint and maximum acceleration
amplitude of linkages.
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Fig. 16  Angular position, velocity and acceleration of the
coupler of case (ii): (a): couple angle displacement, (b):
couple velocity, (c): couple acceleration, (d): input torque.

According to previous sections, there are some
parameters that affect the clearance in joints like the
stiffness of joint, clearance size, and input link velocity.
The present study focuses on the effect of compliant
joint stiffness. Moreover one of the important ways to
improve clearance influence on the vibration of
mechanism is selecting the optimized stiffness of
compliant joint. Therefore, in this section based on a
number of impacts in the clearance joint the stiffness of
the compliant joint is optimized. Figure 17 shows the
number of impacts in the clearance joint according to the
stiffness of the compliant joint. This figure demonstrated
the range of stiffness for minimum impact. Therefore,
the advantage of this figure is used to optimize the
compliant joint in order to eliminate the undesirable
vibration of the mechanism with clearance joint.
Subsequently, the nonlinear dynamics of the mechanism
are investigated in the following section.
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Fig. 17 Impact number versus compliant joint stiffness.

Figyre 18 shows the crank moment in the two mentioned
cases. The sudden changes appeared in “Fig. 18” are
because of the impact existed in the clearance joint.
Figure 16 clearly illustrates that the dynamic behaviour
of the system with clearance joint will be improved by
using the compliant joint with proper bending
coefficient. Figure 18 shows that by using the compliant
joint, the clearance joint experiences fewer free flight
and impact modes, therefore, the impact of the system
and the sudden changes of the moment curve are
decreased.
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Fig. 18 Crank Moment of case (i) and (ii).

Table 4 The comparative numerical results

. Number Follower Maximum
Considering -
of maximum contact
case . .
impact acceleration force
4-bar linkage
with one 207 2.053 x 105 9988
clearance
4-bar linkage
with one
clearance and 33 2.57 x 10* 3587
one compliant
joint
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Consequently, the system performance is improved and
the useful life of the system is increased. As a
quantitative result, applying optimized compliant joint,
84% of impacts, 87% of follower maximum
acceleration, and 64% of Maximum contact force are
decreased. "Table. 4 shows the comparative numerical
results. The phase diagram is the graph that is commonly

03 (rad/s)

w— 0@ clearnnce joirt
one clearance jolnt & one compliant joint
ideal joints

o, (rad/s)

0, (rad)
(©

Figure 20 shows the Poincare section for cases (i) and
(ii). Nonlinear behaviour of these cases because of
clearance is proved, since if the Poincare section of the
system does not include finite discrete points; nonlinear

used for nonlinear vibration analysis. Figure 19
demonstrates the phase diagram of the ideal mechanism
and the two mentioned cases for both 6 cycles (0s-5.16s)
and one cycle (1.93s-2.79s). There are undesirable
changes in the plots of the two mentioned cases, because
of clearance. However, this phenomenon is not seen in
ideal mechanism plots.

05 (rad/s)

0, (rad/s)

(d)
Fig. 19 Phase diagram: (a):65 — 65, (b): 83 — 85 for one cycle, (c): 6, — 64, (d): 8, — 8, for one cycle.

system behaviour will be likely [10]. By comparing the
two cases, it is evident that the system with a complaint
joint has less chaotic behaviour given its fewer and finite
discrete points.



Figure 21 shows the Poincare section based on the
coupler’s velocity in terms of clearance size for the two
mentioned cases. This figure suggests that the number of
discrete points increases with the increase in the
clearance size, which in turn leads to a more chaotic

-

Int. J. Advanced Design and Manufacturing Technology

24

system. By conducting a comparison between “Fig. 21a
and 21b”, the number of Poincare points in “Fig. 21b” is
lower than that of “Fig. 21a”, hence, the system in the
state shown in “Fig. 21b” has less nonlinear behaviour
in comparison to “Fig. 21a”.
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and one compliant joint.

Figure 22 gives the FFT analysis of the coupler’s
velocity for cases (i) and (ii) for different compliant joint
stiffness. The number of frequencies in the mechanism
with a compliant joint is fewer than that of the
mechanism with only one clearance joint, leading to
fewer vibrations in the mechanism with a compliant
joint, while the amplitude of these vibrations is larger.
Therefore, the compliant joint improves the system

behaviour and reduces undesirable vibrations. As can be
seen, the number of frequencies in the mechanism with
a compliant joint is fewer when comparing the optimized
stiffness case to others. However, the amplitude of
vibration is larger for this case. Figure 23 shows the
phase diagram, it can be concluded for optimized
compliant joint stiffness that the curve of the phase
diagram is smoother.
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one compliant joint at joint 2 and four bar linkage mechanism
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A four-bar mechanism with two compliant joints
according to “Fig. 24” is considered. The required
moment for the movement of the input link in the
mechanism with compliant joints is larger than the ideal
one; however, this value is significantly lower compared
to that of the mechanism with the clearance joint.
Therefore, although compliant joints increase the
required moment but the advantages of them in
mechanism with clearance joint is preferable. Moreover,
it is noteworthy that increasing the number of compliant
joints in the system increases the value of the required
input moment.

4 CONCLUSION

The main goal of this paper is to examine the influence
of compliant joints on the nonlinear dynamics of
mechanisms with the clearance joint. Lagrange
Equations are used to derive EoM, and Lankarani-
Nikravesh model is used for contact force calculation.
Considering the addition of a clearance joint to a four-
bar linkage mechanism with one DoF, three DoFs are
obtained, and since the compliant joint is assumed a
torsion spring, no change in the number of DoF occurs.
Moreover, the Runge-Kutta 4th order method is applied
to solve EoM.

The results reveal the significant efficiency of applying
a compliant joint for reducing undesirable vibration due
to the clearance joint. Furthermore, the outcome of
increasing input link velocity and clearance size is the
increase of undesirable system vibrations.

Moreover, present research represented that by using a
proper bending compliant joint, an improved dynamical
behaviour can be achieved. So by concentrating on the
bending stiffness of a compliant joint, dimensions of this
joint are selected in order to improve dynamical
behaviour. The simulation of the mechanism in 6 cycles
demonstrates the 207 impacts in clearance joint for
mechanism without compliant joint, however compliant

joint decreases impacts to 33, the follower maximum

acceleration is 2.053 x 105(?—2'1) for the mechanism

without compliant joint, however compliant joint
decreases follower maximum acceleration to 2.57 x
10%, and the maximum contact force in clearance joint
is 9988 for the mechanism without compliant joint,
however compliant joint decreases maximum contact
force to 3587. According to the quantitative results, the
compliant joint can increase the life of mechanisms with
the clearance joint. Moreover, examining nonlinear
behaviour analysis confirmed our conclusion.

Apparently, there are some limitations in our proposed
model in terms of considering axial stiffness and
translation of compliant joint, and lubrication effect in
clearance joint to achieve more accurate models.



However, the suggestion can be extended by considering
the 3D vector of clearance radius to simulate 3D
mechanisms and robotic systems to eliminate the
undesirable effect of clearance joint by using compliant
joint.
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