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Abstract: With the growing integration of nanotechnology into everyday life and
the importance of nanoelectromechanical systems, this article examines the non-
linear free vibrations of an Euler-Bernoulli (EB) composite beam reinforced with
graphene nanoplatelets (GN), considering the Non-Local Strain Gradient Theory
(NLSGT). First, the elastic properties of the nanocomposite reinforced with GN
were calculated using the rules of mixtures and the Halpin-Tsai (HT) model. Then,
the Equations describing the motion for the EB beam were obtained through the
virtual work law, the NLSGT, and the von Karman (VK) strain field, and were
analyzed through the homotopy technique. After solving the Equations, the obtained
results were compared with those available in other sources, showing a very good
agreement. Finally, the outcomes of varying the graphene plates (GPLs) weight
fraction, the GPLs distribution, and the proportional ratio of length to thickness of
the beam regarding the non-linear natural frequency (NF) were investigated where
one of the important results of this paper is that the highest non-linear NF occurs
first in the X-GPLRC distribution, then in the A-GPLRC distribution, and finally in
the O-GPLRC distribution.
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1 INTRODUCTION

Nanoelectromechanical systems (NEMS) are considered
one of the important branches of mechanical science,
and beams are one of the critical components in NEMS,
with widespread applications in nanocomposites. On the
other hand, the classical theories in continuum
mechanics have a limitation in studying the mechanical
behaviour of nanostructures. These theories overlook the
voids between atoms and the atomic forces within
particles, which cannot be ignored in nanoscale
problems. Therefore, considering the high cost of
experimental studies at the nanoscale, generalized
continuum mechanics theories have been proposed [1].
One such theory based on generalized continuum
mechanics is the NLSGT [1-2]. Several studies have
utilized this theory to solve various problems, including
the following examples.

Yin and colleagues [3] investigated the vibrational
behaviour of a curved nanotube subjected to supersonic
airflow and internal fluid flow. They used the NLSGT to
model the size-affected nanotube and derived the motion
Equations through the use of Hamilton's principle (HP).
To solve the Equations, the generalized differential
quadrature technique was utilized.

Guo and colleagues [4] introduced a computational
method to assess the non-linear electro-elastic wave
scattering features in a nanoscale sandwich tube. They
extracted the fundamental Equations of the problem by
employing the NLSGT, HP, and the first-order shear
deformation theory (FSDT). The Equations were then
resolved through the finite element technique and neural
networks to calculate the exact non-local functions and
length scales under various conditions affecting the tube.
Biswas [5] investigated the distribution of harmonic
plane waves in a non-local visco-thermo-elastic porous
medium according to the NLSGT. The governing
Equations were derived via the Green-Naghdi Type Il
model assumptions and the NLSGT. Finally, the impacts
of the nonlocality length factor, viscosity, and porosity
on phase speeds, damping factors, and wave infiltration
depth at different frequencies were studied.

Trabelssi and colleagues [6] studied wave distribution in
an EB nanobeam using the NLSGT. They employed HP
to derive the beam's motion Equations and investigated
the effects of the non-local factor and strain gradient
(SG) factor on wave distribution. Phung-Van and
colleagues [7] investigated the mechanical behavior of
an FG nanosheet by employing the NLSGT. The study
indicated that the mechanisms influencing stiffness in
the nanoplate can be controlled by optimizing the non-
local and SG factors. Liu and colleagues [8] investigated
the free vibrations of an aluminum plate considering the
NLSGT and molecular dynamics (MD) modelings. They
calibrated the size factors in the NLSGT using MD
modelings.
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Singh and colleagues [9] predicted the bending
specifications of an EB beam using the Moore-Gibson-
Thompson thermoelasticity model along with the
NLSGT. After deriving the governing Equations, they
employed the Laplace transform and the wavelet
estimation techniques to resolve these Equations. Behar
and colleagues [10] investigated and analyzed the
stability and vibrations of a rotating smart nanotube
under electrical loads. They derived the boundary
conditions and governing Equations using the NLSGT,
EB beam theory, and HP and solved them using the
Galerkin technique. Finally, they examined the impacts
of the length scale of the material, non-local factors,
rotational speed, boundary conditions, and external
voltage on the NF.

Merzouki and Houari [11] performed an in-depth
investigation of thermal vibrations in FG nanobeams,
taking into account the temperature-dependent
characteristics of the material. They used an extended
finite element method based on the NLSGT to solve the
problem and investigated 3 thermal loading categories.
Guerroudj and colleagues [12] studied the free
vibrations of an FG nanobeam. They extracted the
motion Equations using the higher-order SDT and the
NLSGT. They also evaluated simple boundary
conditions for the beam and examined the effects of
structural geometry, gradient parameter, and non-local
factors on the frequency of oscillation. Using
nanocomposites reinforced with GN can impart diverse
properties to the mechanical behavior of nanoplates and
nanobeams [13]. Some of the research that has utilized
these materials in the mechanical structures of
nanoplates and nanobeams includes the following:
Bahranifard and colleagues [14] studied the non-linear
vibration features and reactions of sandwich beams with
graphene-reinforced coating layers and a porous core
under moving loads. They extracted the motion
Equations based on the FSDT and resolved the issues by
the Newmark and Newton-Raphson methods. They
found that the softening effects due to porosity rely on
the arrangement of their distribution.

Safaei and colleagues [15] examined the out-of-plane
free vibrations and responses to moving loads of curved
sandwich beams with graphene-reinforced coating
layers and a porous core. They extracted the governing
Equations based on the FSDT and HP, and resolved
them by differential quadrature technique and
Newmark's technique. Numerical results showed that
adding a small quantity of GPLs to the coating layers and
core significantly changes the fundamental NF and
movement ranges subject to the moving loads.

Mirzaei [16] studied the vibrations of composite plates
reinforced with GN. The elasticity modulus of the plate
was achieved by the HT law. The Equations governing
the system were derived from the FSDT and addressed
through the Ritz technique.
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Ghatreh Samani and colleagues [17] investigated the
free vibrations of a sandwich plate with two coating
layers reinforced with GPLs. The motion Equations
were established through HP and solved using the
Navier technique. They ultimately examined the effect
of the graphene plate pattern and their weight ratio on
the natural frequencies.

Considering the research conducted on beams reinforced
with GN and the NLSGT, it is evident that very few
studies have been done on the use of GN combined with
the NLSGT. The present work investigates the non-
linear vibrations of an EB beam reinforced with carbon
nanoplatelets according to the NLSGT. Initially, using
the virtual work theory, classical deformation theory,
NLSGT, and the VK strain field, the non-linear
Equations of motion for the nanotube are derived. These
Equations are then solved using the Galerkin and
homotopy techniques [1]. Finally, after validating the
solution, results on the variations in NF with different
GPL distribution patterns, proportional ratio of length to
thickness, and SG and non-local factors will be
presented.

2 NON-LOCAL STRAIN GRADIENT THEORY
(NLSGT)

In NLSGT [18], both the non-local elastic stress and the
SG stress are considered. Therefore, the overall stress is
written as follows:

d
1- (ea)2|72)0.xx =E(1- lssz)gxx, V= a 1)

In this relation, E is the elastic modulus, ea is the non-
local factor, and I is the SG length.

3 SIZE-AFFECTED EQUATIONS OF MOTION FOR
AN EB BEAM

Figure 1 shows an EB beam with thickness h, length L,
and width b.

4

Fig.1  The EB Beam.

The displacement field governing the EB beam is
formulated as follows, where ux is the movement along

the direction of x, uy is the movement along the direction
of y, and u; is the movement along the direction of z.

_ ow(x,t)
U, (x,z,t) = ulx,t) + Z— @)

uy(x,z,t) =0, u,(x,zt)=w(xt)

Based on the VK strain theory and the movement field
provided in “Eq. (2)”, the non-linear strain field is
calculated as follows.
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To compute the motion Equations, the first-order
variation of the strain energy 86U, the first-order variation
of the kinetic energy SK, and the first-order variation of
the work done by external forces W are first calculated.
Then, using the calculus of variations and HP, the
Equations of motion are derived.

The first-order variation of the strain energy 6U is
calculated according to the NLSGT using the subsequent
Equation.

By substituting “Eq. (3) into Eq. (4)” and through the
method of integration by parts, the subsequent Equation
is obtained.
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By substituting “Eq. (3) into Eqg. (4)” and using the
method of integration by parts, the following Equation
is obtained.
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Where N is the resultant force and M is the resultant
bending moment, and they are calculated according to
the subsequent Equation.
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The first-order variation of the kinetic energy 6K is given
by the subsequent Equation.
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Where A is the area of cross-sectional and | is the
moment of cross-section inertia. Additionally, the first-
order variation of the work done by external forces is
given by the subsequent Equation.

SW = [ qéw dx ©)

To compute the motion Equations, HP is used, which is
given by the subsequent Equation.

J;2(8K — 8U + 6W) dt = 0 (10)

Based on the above Equation and “Egs. (6) and (7)”, the
boundary conditions and motion Equations, assuming
zero external forces, are obtained in the following form.
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In the above Equation, the stiffness coefficients A1 and
D1 are calculated according to the subsequent Equation.

O rhy E® E® ,
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(12)
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To obtain the differential conditions for dynamic
equilibrium in terms of displacement, it is assumed that
the in-plane inertia is negligible. Therefore, the first term
in “Eq. (11)” can be ignored [19]. Given that the beam
is clamped at both ends, the classical and higher-order
boundary conditions are provided by the subsequent
Equation.

L
suls=0, 6(X)| =0, swis=0
ulg (ax> 0 wlg (13)
NOE =0, MO =0
0 ! 0

Therefore, according to “Egs. (11) and (13)”, the
resultant force N is calculated using the subsequent
Equation.

bAiq (L (OW)\2
N =2 (5) dx (14)

Based on the above information, the second Equation of
“Eq. (11)” is rewritten regarding the displacements as
follows:

bDy, (1 — lzvz)“—w (-
(ea)?V 2)1V =1- (15)
(ea)’7?) (P’ svis — PASE)

To solve the above Equation, the function w(x) is
initially assumed as follows:

w(x,t) = Y ()P () (16)

Considering the beam's clamped ends, the function ym(x)
is assumed as follows [19]:

Xm(x) =1—cos (# x) 17

“EqQ. (16)” is substituted into “Eq. (15)”, and after
differentiating and using the Galerkin technique, the
subsequent Equation is obtained.
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“Eq. (18)” is the Duffing Differential Equation, and its
general initial conditions are as follows. To find the
solution to this Equation, the homotopy technique is
applied.

o) =W, Xm0l _g (23)

dt t=0

4 HOMOTOPY SOLUTION TECHNIQUE

The homotopy technique is considered one of the most
efficient semi-analytical techniques for solving non-
linear differential Equations, which has rapid and
successful convergence. Generally, a non-linear
differential Equation can be considered as shown below,
where N is the non-linear operator, g(x) is the unknown
operation, and x is the independent variable [20].

Nig(x)] =0 (24)

The homotopy combination is generally expressed by
the subsequent Equation [20].

Hu(x; q); go(x), H(x), h, q] =
(1 = {L[u(x; q) — go()]} (25)
— qhH ()N [u(x; q)]
Where go(X) is the primary guess function for g(x), H(x)
is a non-zero supplementary function, h is a non-zero
supplementary factor, and L is a linear differential
operator. Additionally, by varying the factor q from zero
to one, the solution transitions from the primary guess
function to the exact solution. When the right side of
“Eq. (25)” is set to zero, the zero-order deformation
Equation is obtained [20].

(1= MLl ) ~ 9o @]} = 26)
qhH(x)N[u(x; )]
In the above Equation, if the value of q is set to zero,
1(X;0)=go(x) is obtained. Since the auxiliary function and
auxiliary factor are non-zero, when g equals one,
w(x;1)=g(x) is obtained. Additionally, the m-th
derivative of g(x) is calculated as follows [20]:

1 0™Mu(x;q)
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According to Taylor's theorem, the function g(x) can be
expanded as a series according to the subsequent
Equation.

g(x) = Xito g (x) (28)

Additionally, the governing Equation for gm(x) is
expressed as follows:

L[gm(x)] = XmL[gm— (x)]
FRHCO R (s (60, (29)

In the above Equation, ym and Rm are calculated
according to the subsequent Equations.
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Using this method, “Eq. (18)” with the initial conditions
given by “Eq. (23)” is solved [19], and the non-linear NF
is calculated as follows:
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“Eq. (32)” is non-dimensionalized as follows:
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5 MECHANICAL PROPERTIES OF GPLRCS

The beam’s material properties are shown in “Table 1”.

Table 1 The material properties [13
Material properties Epoxy GPL
E (GPa) 3.0 1010
p (Kg/im?) 1200 1062.5
v 0.34 0.186

In the present work, 3 pattern categories for the
graphene-reinforced composite beam are considered.
The X and O patterns represent symmetric distributions
of GPLs, while the A pattern represents an asymmetric
distribution of GPLs in the composite beam. The
arrangement of these patterns is outlined in “Fig. 2”.
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Fig.2  Beam's GPL Distribution Patterns.

In this paper, it is assumed that N is an even number of
layers of the graphene-reinforced composite. Vepe is the
GPLs volume fraction, which is computed for various
patterns through the subsequent Equations [13].

[2i-Np—-1]
Np

X — GPLRC: VY, = 2V, (34)

0 — GPLRC: V) = 206, (1 - Z2021) — (35)

Ny,

- 2i-1]

A= GPLRC: V), = Vop, =
L

(36)

In these Equations, VG(I?L is the GPLs volume fraction for

the i-th beam layer. V,p, is the total GPLs volume
fraction in the beam, and it is computed through the
subsequent Equation, where WepL is the total GPLs
weight fraction in the beam [13].

WepL
D
WGPL+(1—WGPL)(%)

VGPL = (37)

To compute the effectiveness of each layer Young's
modulus of the graphene-reinforced composite beam,
the altered HT micromechanics framework is employed,
which is expressed by the subsequent Equation [17].

0)
: 1 V,
E® =3 <—+$Lm (f)P—L> En +

8\ 1-mLVgpy,
O]
5 1+ST77TVGPL
5(1émVepL |\ g
8< l_nTVggL> m (38)
(%g2L)-1 (Cg2L)-1
nL =75 , T = 7E
ety "7 e

In the above Equation, &_and &r are the GPLs geometric
factors, which are computed using the subsequent
Equation. In this Equation, tepr bepe, and agpL are the
thickness, width, and length of the GPL nanofillers,
sequentially.

g =25, g =2(2) (39)

tGpL tGpL
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Based on the mixtures rule, for each layer of the
graphene-reinforced composite beam, the density p®
and Poisson's ratio v are computed using the

subsequent Equations. In these Equations, V,,(f) =1-
VG(;,)L is the matrix volume fraction for every layer.

PO = Vil + pep, V(,‘(pl’)L (40)

v = v D v, Vi), (41)

6 ASSESSMENT OF SOLUTION INDEPENDENCE
WITH RESPECT TO THE NUMBER OF LAYERS

Figure 3 illustrates the alteration of the dimensionless
non-linear NF w* with respect to the maximum non-
dimensional transverse displacement W'=W/h for the
case, where Ay =ea/L=0.01<Asc=ls/L=0.02 and with an
X-GPLRC distribution. Table (1) provides the
mechanical specifications, with L/h=20 and the number
of layers ranging from 6 to 14.

As can be seen from the graph, the curves for 10 to 14
layers converge, indicating that the solution becomes
independent of the number of layers for 10 or more
layers.
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Fig. 3. Variation of the dimensionless non-linear NF
regarding the maximum non-dimensional transverse
displacement of the beam for (a) WepL=0.3%, (b)
WepL=0.5%, and (c) WeprL=0.7% for various numbers of
layers.

7 SOLUTION VALIDATION

To validate the solution for an isotropic material, the
results of the dimensionless non-linear NF w* regarding
the maximum non-dimensional transverse displacement
W" are compared with the results of Faghidian [19] for
two cases: Ant=0.01<Asc=0.02 and An =0.02>Ass=0.01,
assuming L/h=20. The comparison shows very good
agreement. Figure (4) illustrates the result of this
comparison.

232
— Faghldian=Ay, <Ag;
211 Faghidinn=Ay, > Ao
— Present Work—Ay <Ay
230 — Presest Work—Aa>Asq
.:\ = _____—"_--——
29
228 ot
zzi o0 0.02 0.04 0.06 0.08 010

wr
Fig. 4. Alteration of the dimensionless non-linear NF
regarding the maximum non-dimensional transverse
movement of the beam.

8 RESULTS AND DISCUSSION

In this section, the effects of variations in Wgp, non-
local factors, the SGT, and the ratio L/h on the
dimensionless non-linear NF are examined. Table 1
provides the mechanical specifications considered for
the present work. Figure 5 illustrates the impact of
varying Wepr on the dimensionless non-linear NF for O-
, X-, and A-GPLRC distributions with L/h=20.

M
n
3
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W
(©
Fig.5  Effect of varying WepL on the dimensionless
non-linear NF for: (a): O-GPLRC, (b): X-GPLRC, and (c):
A-GPLRC distributions.

As illustrated in the Figure, increasing Wgp. from 0.3%
to 0.7% results in a rise in the NF. This can be attributed
to the ibeam'’s enhanced rigidity as Wep. increases for all
three GPL distributions. Additionally, the NF is higher
in the case where An. =0.01<Asc =0.02 compared to
when Ane =0.01>Asg =0.02. Moreover, the highest
dimensionless non-linear NF occurs first in the X-
GPLRC distribution, then in the A-GPLRC distribution,
and finally in the O-GPLRC distribution. Figure 6
illustrates the effect of changing the L/h ratio on the



dimensionless non-linear NF for O-GPLRC, X-GPLRC,
and A-GPLRC distributions, with Wgp =0.5% and Anc
=0.01<ksc =0.02. As seen from the figure, for all three
distributions, O-GPLRC, X-GPLRC, and A-GPLRC, the
dimensionless non-linear NF reduces with rising L/h
ratio.
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Fig.6  Impact of varying L/h ratio on the dimensionless
non-linear NF for: (a): O-GPLRC, (b): X-GPLRC, and (c):
A-GPLRC distributions.
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the NLSGT. The elastic properties of the graphene

nanoplatelet-reinforced nanocomposites were computed

through the mixtures rule and the HT model. The
governing Equations for the EB nanobeam were
extracted through the virtual work law, NLSGT, and the

VK strain field. Finally, the governing Equations were

solved through the homotopy technique, and the impacts

of varying GPL weight fraction, GPL distribution
patterns, and the L/h ratio on the non-linear NF were
examined. A summary of the findings is as follows:

e For all three GPL distributions, increasing WepL
yields in rising in the non-linear NF. This results
from the increased beam stiffness caused by the
higher WopL.

e The NF is higher when An <Asg compared to when
ANC>AsG.

e The highest non-linear NF occurs first in the X-
GPLRC distribution, then in the A-GPLRC
distribution, and finally in the O-GPLRC
distribution.

e In all three GPL distributions, the non-linear NF
reduces with a rise in the L/h ratio.

10 NOMENCLATURE

Definition

Elastic modulus
Density

Poisson’s ratio
non-dimensional natural
frequency

Volume fraction
Weight fraction
non-local factor

SG length

Parameters

g§< e, <X m
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